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Chapter I

Martin-Lof’s dependent type theory

1 Dependent type theory

Dependent type theory is a system of inference rules that can be combined to make derivations.
In these derivations, the goal is often to construct a term of a certain type. Such a term can be a
function if the type of the constructed term is a function type; a proof of a property if the type
of the constructed term is a proposition; an identification if the type of the constructed term is
an identity type, and so on. In some respect, a type is just a collection of mathematical objects
and constructing terms of a type is the everyday mathematical task or challenge. The system
of inference rules that we call type theory offers a principled way of engaging in mathematical
activity.

1.1 Judgments and contexts in type theory

An inference rule is an expression of the form

Hi Ho ... Ha
C
containing above the horizontal line a finite list H1, Hy, ..., Hy of judgments for the hypotheses,

and below the horizontal line a single judgment C for the conclusion. A very simple example
that we will encounter in §2 when we introduce function types, is the inference rule

'kFa:A I'-f:A—=B
I'tf(a):B

This rule asserts that in any context I' we may use a term a : A and a function f : A — B to
obtain a term f(a) : B. Each of the expressions

I'Fa:A
'-f:A—B
I'f(a):B

are examples of judgments. There are four kinds of judgments in type theory:

(i) Aisa (well-formed) type in context I. The symbolic expression for this judgment is

I' = A type

1



2 CHAPTER I. MARTIN-LOF'S DEPENDENT TYPE THEORY

(ii) A and B are judgmentally equal types in context I'. The symbolic expression for this judg-
ment is
I' - A= Btype

(iii) a is a (well-formed) term of type A in context I'. The symbolic expression for this judgment is

I'ta: A

(iv) a and b are judgmentally equal terms of type A in context I'. The symbolic expression for this
judgment is
l'a=0b:A

Thus we see that any judgment is of the form I' - 7, consisting of a context I" and an expression
J asserting that A is a type, that A and B are equal types, that a is a term of type A, or thata
and b are equal terms of type A. The role of a context is to declare what hypothetical terms are
assumed, along with their types. More formally, a context is an expression of the form

X1 Al, X2 . Az(xl), ey, Xyt An(xl,. . .,xn,l) (11)

satisfying the condition that for each 1 < k < n we can derive, using the inference rules of type
theory, that

x1: Ay, xp 0 Ap(xy), o, Xt Apo1 (X1, Xk 2) F Ag(x, ..., X6 1) type. (1.2)

In other words, to check that an expression of the form Eq. (1.1) is a context, one starts on the
left and works their way to the right verifying that each hypothetical term x is assigned a
well-formed type. Hypothetical terms are commonly called variables, and we say that a context
as in Eq. (1.1) declares the variables xq, ..., x,. We may use variable names other than x4, ..., x;,
as long as no variable is declared more than once.

The condition in Eq. (1.2) that each of the hypothetical terms is assigned a well-formed type,
is checked recursively. Note that the context of length 0 satisfies the requirement in Eq. (1.2)
vacuously. This context is called the empty context. An expression of the form x; : Aj is a
context if and only if A; is a well-formed type in the empty context. Such types are called closed
types. We will soon encounter the type IN of natural numbers, which is an example of a closed
type. There is also the notion of closed term, which is simply a term in the empty context. The
next case is that an expression of the form x1 : A1, x5 : Ap(x7) is a context if and only if A; is a
well-formed type in the empty context, and A, (x1) is a well-formed type, given a hypothetical
term x; : Aj. This process repeats itself for longer contexts.

It is a feature of dependent type theory that all judgments are context-dependent, and indeed
that even the types of the variables may depend on any previously declared variables. For
example, when we introduce the identity type in §5, we make full use of the machinery of type
dependency, as is clear from how they are introduced:

I'- Atype
Ix:Ay:AF x=ytype

This rule asserts that given a type A in context I', we may form a type x = y in context
I''x : A,y : A. Note that in order to know that the expression I, x : A,y : A is indeed a
well-formed context, we need to know that A is a well-formed type in context I', x : A. This is an
instance of weakening, which we will describe shortly.
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In the situation where we have
I,x:AF B(x) type,

we say that B is a family of types over A in context I'. Alternatively, we say that B(x) is a type
indexed by x : A, in context I'. Similarly, in the situation where we have

I[,x:AbFb(x): B(x),

we say that b is a section of the family B over A in context I'. Alternatively, we say that b(x) is
a term of type B(x), indexed by x : A in context I'. Note that in the above situations A, B, and
b also depend on the variables declared in the context I, even though we have not explicitly
mentioned them. It is common practice to not mention every variable in the context I in such
situations.

1.2 Inference rules

In this section we present the basic inference rules of dependent type theory. Those rules are
valid to be used in any type theoretic derivation. There are only four sets of inference rules:

(i) Rules for judgmental equality
(ii) Rules for substitution
(iii) Rules for weakening

(iv) The “variable rule”

Judgmental equality

In this set of inference rules we ensure that judgmental equality (both on types and on terms) are
equivalence relations, and we make sure that in any context I', we can change the type of any
variable to a judgmentally equal type.

The rules postulating that judgmental equality on types and on terms is an equivalence
relation are as follows:

I'F Atype ' A=A type 't A= Atype ' A = A" type
't A= Atype '+ A = Atype I'-A=A"type

F'ta:A Fta=d:A lta=d:A ra=d":A
tFa=a:A Fd=a:A TFa=d":A

Apart from the rules postulating that judgmental equality is an equivalence relation, there
are also variable conversion rules. Informally, these are rules stating that if A and A’ are
judgmentally equal types in context I', then any valid judgment in context I', x : A is also a
valid judgment in context I', x : A’. In other words: we can convert the type of a variable to a
judgmentally equal type.

The first variable conversion rule states that

't A=A type I,x:A AF B(x) type
I,x: A", AF B(x) type
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In this conversion rule, the context of the form I', x : A, A is just any extension of the context
Ix:A.

Similarly, there are variable conversion rules for judgmental equality of types, for terms, and
for judgmental equality of terms. To avoid having to state essentially the same rule four times,
we state all four variable conversion rules at once using a generic judgment J, which can be any
of the four kinds of judgments.

't A=A type [Lx:AAFT
[x:A,A-T

An analogous term conversion rule, stated in Exercise 1.1, converting the type of a term to a
judgmentally equal type, is derivable using the rules for substitution and weakening, and the
variable rule.

Substitution
If we are given a term a : A in context I, then for any type B in context I, x : A, A we can form
the type Bla/x] in context I', A[a/ x|, where B[a/x] is an abbreviation for

B(x1,..., Xn—1,8(X1, ..., Xn—1), Xpi1s -+ Xnpm—1)-

This syntactic operation of substituting a for x is understood to be defined recursively over the
length of A. Similarly we obtain for any term b : B in context I', x : A, A a term b[a/x] : B[a/x].
The substitution rule asserts that substitution preserves well-formedness and judgmental equal-
ity of types and terms:

TFa:A Tx:AART
T,Ala/x|F Jla/x]

Furthermore, we postulate that substitution by judgmentally equal terms results in judgmentally
equal types

Sa

Tta=d:A Ix:A AF Btype
[,Ala/x] - Bla/x] = B[a'/x] type

and it also results in judgmentally equal terms

Tta=d:A Ix:A,AFDb:B
T,Ala/x] t bla/x] =bla’/x] : Bla/x]

When B is a family of types over A and a : A, we also say that B[a/x] is the fiber of B at a. We
will usually write B(a) for Bla/x].

Weakening

If we are given a type A in context I', then any judgment made in a longer context I', A can
also be made in the context I', x : A, A, for a fresh variable x. The weakening rule asserts that
weakening by a type A in context preserves well-formedness and judgmental equality of types
and terms.

I'F Atype LA-T
Tx:AAFT 4
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This process of expanding the context by a fresh variable of type A is called weakening (by A).
In the simplest situation where weakening applies, we have two types A and B in context I'.
Then we can weaken B by A as follows

I' - A type I' - B type
Ix:AF Btype

in order to form the type B in context I', x : A. The type B in contextI', x : A is called the constant
family B, or the trivial family B.

The variable rule

If we are given a type A in context I, then we can weaken A by itself to obtain that A is a type in
context I', x : A. The variable rule now asserts that any hypothetical term x : A in context I is a
well-formed term of type A in context I, x : A.

I'- Atype
Tx:AFx:A A

One of the reasons for including the variable rule is that it provides an identity function on the
type A in context I'.

1.3 Derivations

A derivation in type theory is a tree in which each node is a valid rule of inference. We give
two examples of derivations: a derivation showing that any variable can be changed to a fresh
one, and a derivation showing that any two variables that do not depend on one another can be
swapped in order.

Thus, we will see some examples of new inference rules that can be derived using the rules
of type theory. Such inference rules are called admissible. Since derivations tend to get long and
unwieldy, we declare that admissible inference rules are also valid to be used in derivations.

Changing variables

Variables can always be changed to fresh variables. We show that this is the case by showing
that the inference rule

Ix:AA-T
[,x' A AX /x| B T[x'/x]

x'/x

is admissible, where x’ is a variable that does not occur in the context ', x : A, A.
Indeed, we have the following derivation using substitution, weakening, and the variable
rule:

I' - A type 5 I' = A type Ix:AART

Ix:AFx:A A Tx:Ax:AAFT
[,x' A A[X /x| = T[x'/x]

Wa

Sy

In this derivation it is the application of the weakening rule where we have to check that x” does
not occur in the contextI', x : A, A.
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Interchanging variables

The interchange rule states that if we have two types A and B in context I', and we make
a judgment in context I',x : A,y : B, A, then we can make that same judgment in context
Iy :B,x: A, A where the order of x : A and y : B is swapped. More formally, the interchange
rule is the following inference rule

I' = B type I'x:A,y:B,AF T
Iy:B,x: A AR T

Just as the rule for changing variables, we claim that the interchange rule is an admissible rule.
The idea of the derivation for the interchange rule is as follows: If we have a judgment

I'x:Ay:BAFJ,

then we can change the variable y to a fresh variable iy’ and weaken the judgment to obtain the
judgment
T,y:B,x: Ay :BAY/y|- Ty /y].

Now we can substitute y for y to obtain the desired judgmentI',y : B,x : A,A F J. The formal
derivation is as follows:

I+ B type I'x:Ay:BAFT y
Ty Bry.B Tx: Ay BAy /- Ty 'Y
Ty BxAly:B "W Ty B Ay BAY/FIY/ o
T,y Bx:AAF T Waly)

Exercises

1.1 Give a derivation for the following term conversion rule:

I'-A=Atype I'Fa:A
F'a:A

1.2 Consider a type A in context I'. In this exercise we establish a correspondence between
types in context I, x : A, and uniform choices of types B;, where a ranges over terms of A
in a uniform way. A similar connection is made for terms.

(a) We define a uniform family over A to consist of a type
A, T = B, type
for every context A, and every term A, T I a : A, subject to the condition that one can
derive
A+d:D Ay:D,Tka:A
A,F [ Bu[d/y] = Ba[d/y] type

Define a bijection between the set of types in context I', x : A modulo judgmental
equality, and the set of uniform families over A modulo judgmental equality.
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(b) Consider a type I',x : A - B. We define a uniform term of B over A to consist of a

type
AT I b, : Bla/x] type

for every context A, and every term A, I" - a : A, subject to the condition that one can
derive
AFd:D Ay:DTkFa:A
AT+ bald/y] = bgjayy) : Bla/x][d/y]

Define a bijection between the set of terms of B in context I, x : A modulo judgmental
equality, and the set of uniform terms of B over A modulo judgmental equality.

2 Dependent function types

A fundamental concept in dependent type theory is that of a dependent function. A dependent
function is a function of which the type of the output may depend on the input. They are a
generalization of ordinary functions, because an ordinary function f : A — B is a function of
which the output f(x) has type B regardless of the value of x.

2.1 Dependent function types

Consider a section b of a family B over A in context I, i.e.,
T[,x:AFDb(x):B(x).

From one point of view, such a section b is an operation, or a program, that takes as input x : A
and produces a term b(x) : B(x). From a more mathematical point of view we see b as a choice
of an element of each B(x). In other words, we may see b as a function that takes x : A to
b(x) : B(x). Note that the type B(x) of the output is dependent on x : A. In this section we
postulate rules for the type of all such dependent functions: whenever B is a family over A in
context I', there is a type

IT(x:a)B(x)

in context I, consisting of all the dependent functions of which the output at x : A has type B(x).
There are four principal rules for II-types:

(i) The formation rule, which tells us how we may form dependent function types.

(if) The introduction rule, which tells us how to introduce new terms of dependent function

types.

(iii) The elimination rule, which tells us how to use arbitrary terms of dependent function
types.

(iv) The computation rules, which tell us how the introduction and elimination rules interact.
These computation rules guarantee that every term of a dependent function type behaves
as expected: as a dependent function.

In the cases of the formation rule, the introduction rule, and the elimination rule, we also need
rules that assert that all the constructions respect judgmental equality. Those rules are called
congruence rules.
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The I'I-formation rule

Dependent function types are formed by the following I'l-formation rule:

I,x:AF B(x) type
I'FTT(xa)B(x) type

The congruence rule for II-formation asserts that formation of dependent function types
respects judgmental equality of types:

' A=A type I,x:AF B(x) '(x) type

; =5 IT-eq.
FFH(J{:A)B( )_H (x:A”) B( )type

There is one last rule that we need about the formation of I1-types, asserting that it does not
matter what name we use for the variable x that appears in the expression

[T (x:a)B(x).

More precisely, when x’ is a fresh variable, i.e., which does not occur in the context I', x : A, we
postulate that

I,x:AF B(x) type
I H(x:A)B(x> = H(x’:A)B(x/) type

IT-x'/ x.
This rule is also known as a-conversion for II-types.

The I'T-introduction rule

The introduction rule for dependent function types is also called the A-abstraction rule. Recall
that dependent functions are formed from terms b(x) of type B(x) in context I, x : A. Therefore
the A-abstraction rule is as follows:

T,x:AFb(x):B(x)
[ Ax.b(x) : T (x.4)B(x)

A

Just like ordinary mathematicians, we will sometimes write x — f(x) for a function f. The
map 1 — n? is an example.

The A-abstraction is also required to respect judgmental equality. Therefore we postulate the
congruence rule for A-abstraction, which asserts that

[,x: AFb(x) =b'(x):B(x)
['FAx.b(x) = Ax.b'(x) 1 TT (x.a)B(x)

A-eq.
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The II-elimination rule

The elimination rule for dependent function types provides us with a way to use dependent
functions. The way to use a dependent function is to apply it to an argument of the domain
type. The Il-elimination rule is therefore also called the evaluation rule. It asserts that given a
dependent function f : [T (x.4)B(x) in context I we obtain a term f(x) of type B(x) in context
I',x : A. More formally:

I+ f : H(X:A)B(x) -
[,x:Ab f(x):B(x)

Again we require that evaluation respects judgmental equality:

TEf=f:Tl(¢a)B(x)
[x:AF f(x) = f'(x): B(x)

The II-computation rules

The computation rules for dependent function types postulate that A-abstraction rule and the
evaluation rule are mutual inverses. Thus we have two computation rules.
First we postulate the B-rule

T,x:AFb(x):B(x)
Ix:AF (Ay.b(y))(x) =b(x) : B(x)

B.

Second, we postulate the #-rule

I+ f : H(x:A)B(x)
I'EAx f(x) = f: 11 (xn)B(x)

This completes the specification of dependent function types.

.

2.2 Ordinary function types
In the case where both A and B are types in context I', we may first weaken B by A, and then
apply the formation rule for the dependent function type:

I' = A type I' = B type
Ix: AF Btype
I 1T (x.4)B type

The result is the type of functions that take an argument of type A, and return a term of type B.
In other words, terms of the type [] (x.4)B are ordinary functions from A to B. We write A — B

for the type of functions from A to B. Sometimes we will also write B4 for the type A — B.

We give a brief summary of the rules specifying ordinary function types, omitting the
congruence rules. All of these rules can be derived easily from the corresponding rules for
II-types.

I' = A type I' - B type .
I'-A — Btype
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I' - B type I“,x:AI—b(x):BA r-f:A—=B
I'Ax.b(x): A— B Ix:AF f(x):B

ev

I' - B type T,x:AFb(x)
[x:AF (Ay.b(y))(x) = b(x)

THf:A—B
'-Ax.f(x)=f:A—B

:B
:B'B

2.3 The identity function, composition, and their laws

Definition 2.3.1. For any type A in context I, we define the identity functionid4 : A — A
using the variable rule:

I'- Atype
I''x:AkFx: A
F'Fidg :=Ax.x: A— A

Note that we have used the symbol := in the conclusion to define the identity function. A
judgment of the form I' - a := b : A should be read as "b is a well-defined term of type A in
context I', and we will refer to it as a".

Definition 2.3.2. For any three types A, B, and C in context I', there is a composition operation
comp: (B—C) = ((A—=B)—=(A—=C)),
i.e., we can derive

I' - A type I' = B type I' = C type
I'comp:(B—C)— ((A—=B)— (A—=Q))

We will write g o f for comp(g, f).

Construction. The idea of the definition is to define comp(g, f) to be the function Ax. g(f(x)).
The derivation we use to construct comp is as follows:
I' = B type I' = C type
I'E A type I' - B type I,g:CBy:Blg(y):C
[,f:BAx:AlF f(x):B [,g:CB,f:B4y:Brg(y):C
[,g:CB,f:BAx:AF f(x):B [,g:CB,f:BA,x:Ay:Brgy):C
[,g:CB f:BAx:AFg(f(x)):C
[,g:CB f:BAF Ax.g(f(x)): CA
I,g:B—CkHAf.Ax.g(f(x)): BA — CA
T I comp:= Ag. Af.Ax.g(f(x)): CB — (BA — C4)

O

The rules of function types can be used to derive the laws of a category for functions, i.e., we
can derive that function composition is associative and that the identity function satisfies the
unit laws. In the remainder of this section we will give these derivations.

Lemma 2.3.3. Composition of functions is associative, i.e., we can derive
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I'-f:A—B I'+g:B—=C 'th:C—=D
I'-(hog)of=ho(gof):A—D
Proof. The main idea of the proof is that both ((ho g) o f)(x) and (ho (go f))(x) evaluate to

h(g(f(x)), and therefore (ho g) o f and h o (g o f) must be judgmentally equal. This idea is made
formal in the following derivation:

'g:B—=C
I'Ff:A—>B Iy:BFgy):C TFh:C—D
Ix:AF f(x):B Ix:Ay:BkFgy):C I,z:Ckh(z):D
Ix:AFg(f(x)):C Ix:Az:Ckh(z):D
Lx:AFh@E(f(x)):D
Lx: AR h(g(f(x)) = h(g(f(x)) : D
Lx:Ar (og)(f(x) = h((go f)(x)): D
Lx:Ar ((hog)of)(x) = (ho(go f))(¥) : D
I'(hog)of=ho(gof):A—D.
O
Lemma 2.3.4. Composition of functions satisfies the left and right unit laws, i.e., we can derive
THf:A—B
I'tidgof=f:A—B
and
I'-f:A—B
'k foidg=f:A—B
Proof. The derivation for the left unit law is
I' = B type
I'-f:A—B ILy:Bridg(y)=y:B
Ix:AF f(x):B Ix:Ay:BlFidg(y)=y:B
[,x:AFidp(f(x)) = f(x):B
I[x: Ak (idgof)(x)=f(x):B
I'Fidgof=f:A—B
The right unit law is left as Exercise 2.1. O

Exercises

2.1 Give a derivation for the right unit law of Lemma 2.3.4.
2.2 Show that the rule

I,x: AFb(x):B(x)
I'FAx.b(x) = Ax".b(x') 1 TT (x.0)B(x)

A-x!/x

is admissible for any variable x’ that does not occur in the context T, x : A.
2.3 (a) Construct the constant function
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I' - A type
Iy:Btconsty: A— B

(b) Show that

'-f:A—B
Iz:CFconst;of =const;: A—C

(c) Show that

I'= A type '-¢g:B—=C
I'y: B goconst, = consty(,) : A —= C

2.4 In this exercise we generalize the composition operation of non-dependent function types:

(a) Define a composition operation for dependent function types

r }_f:H(x:A)B(JO r l_g :H(x:A)H(y:B(x))C(x'y)
ITEgo fill(a)Clx, f(x))
and show that this operation agrees with ordinary composition when it is specialized
to non-dependent function types.

(b) Show that composition of dependent functions agrees with ordinary composition of
functions:

I'-f:A—B I'g:B—=C
'k (Ax.g)o' f=gof:A—C

(c) Show that composition of dependent functions is associative.
(d) Show that composition of dependent functions satisfies the right unit law:

IT'FfTT () B(x)
r- (/\Xf) of idy = f H H(x:A)B(x)

(e) Show that composition of dependent functions satisfies the left unit law:

I-‘|_/[:1—I(JC:A)B(X)
r+ (/\deB(x)) O/f = f : H(x:A)B(x)

2.5 (a) Given two types A and B in context I', and a type C in contextI', x : A,y : B, define
the swap function

Io: (]—I (x;A)H(y:B)C(x'y)) - (H (y:B)H(XZA)C(x’y))

that swaps the order of the arguments.
(b) Show that

'ocoo=id: (H (x:A)H(y:B)C(x'y)> — (H (x:A)H(y:B)C(xry))'
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3 The natural numbers

The set of natural numbers is the most important object in mathematics. We quote Bishop, from
his Constructivist Manifesto, the first chapter in Foundations of Constructive Analysis [2], where
he gives a colorful illustration of its importance to mathematics.

“The primary concern of mathematics is number, and this means the positive integers.
We feel about number the way Kant felt about space. The positive integers and their
arithmetic are presupposed by the very nature of our intelligence and, we are tempted
to believe, by the very nature of intelligence in general. The development of the theory
of the positive integers from the primitive concept of the unit, the concept of adjoining
a unit, and the process of mathematical induction carries complete conviction. In the
words of Kronecker, the positive integers were created by God. Kronecker would
have expressed it even better if he had said that the positive integers were created by
God for the benefit of man (and other finite beings). Mathematics belongs to man,
not to God. We are not interested in properties of the positive integers that have no
descriptive meaning for finite man. When a man proves a positive integer to exist,
he should show how to find it. If God has mathematics of his own that needs to be
done, let him do it himself.”

A bit later in the same chapter, he continues:

“Building on the positive integers, weaving a web of ever more sets and ever more
functions, we get the basic structures of mathematics: the rational number system, the
real number system, the euclidean spaces, the complex number system, the algebraic
number fields, Hilbert space, the classical groups, and so forth. Within the framework
of these structures, most mathematics is done. Everything attaches itself to number,
and every mathematical statement ultimately expresses the fact that if we perform
certain computations within the set of positive integers, we shall get certain results.”

3.1 The formal specification of the type of natural numbers

The type IN of natural numbers is the archetypal example of an inductive type. The rules we
postulate for the type of natural numbers come in four sets, just as the rules for I1-types:

(i) The formation rule, which asserts that the type IN can be formed.
(if) The introduction rules, which provide the zero element and the successor function.

(iii) The elimination rule. This rule is the type theoretic analogue of the induction principle for
IN.

(iv) The computation rules, which assert that any application of the elimination rule behaves
as expected on the constructors On and succy of IN.
The formation rule of N

The type IN is formed by the N-formation rule

W IN—form

In other words, IN is postulated to be a closed type.
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The introduction rules of N

Unlike the set of positive integers in Bishop’s remarks, Peano’s first axiom postulates that 0 is
a natural number. The introduction rules for N equip it with the zero term and the successor
function.

FOon:IN Fsucey :IN — IN

Remark 3.1.1. We annotate the terms O and succyy of type IN with their type in the subscript,
as a reminder that Ony and succyy are declared to be terms of type IN, and not of any other type.
In the next chapter we will introduce the type Z of the integers, on which we can also define a
zero term Oz, and a successor function succz. These should be distinguished from the terms Oy
and succyy. In general, we will make sure that every term is given a unique name. In libraries of
mathematics formalized in a computer proof assistant it is also the case that every type must be
given a unique name.

The elimination rule of IN

To prove properties about the natural numbers, we postulate an induction principle for N. For a
typical example, it is easy to show by induction that

1

Similarly, we can define operations by recursion on the natural numbers: the Fibonacci sequence
is defined by F(0) =0, F(1) =1, and

F(n+2)=F(n)+F(n+1).

Needless to say, we want an induction principle to hold for the natural numbers in type theory
and we also want it to be possible to construct operations on the natural numbers by recursion.

In dependent type theory we may think of a type family P over IN as a predicate over IN.
Especially after we introduce a few more type-forming operations, such as X-types and identity
types, it will become clear that the language of dependent type theory expressive enough to find
definitions of all of the standard concepts and operations of elementary number theory in type
theory. Many of those definitions, the ordering relations < and < for example, will make use of
type dependency. Then, to prove that P(n) ‘holds’ for all n we just have to construct a dependent
function

I1 (n:IN) p (n)

The induction principle for the natural numbers in type theory exactly states what one has to

do in order to construct such a dependent function, via the following inference rule:

I,n:NF P(n) type

It Po : P(ON)

I'F ps I () P(n) — P(sucen(n))

I'Findn(po, ps) : TT (nan) P(1)
Just like for the usual induction principle of the natural numbers, there are two things to be
constructed given a type family P over IN: in the base case we need to construct a term pg : P(0n),
and for the inductive step we need to construct a function of type P(n) — P(succn(n)) for all

n : IN. And this comes at one immediate advantage: induction and recursion in type theory are
one and the same thing!

IN-ind
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Remark 3.1.2. We might alternatively present the induction principle of IN as the following
inference rule

I,n:INF P(n) type
T+ indy : P(ON) — ((]—[(H:N)P(n) . P(such(n))) — H(H:N)P(n))

In other words, for any type family P over IN there is a function indy; that takes two arguments,
one for the base case and one for the inductive step, and returns a section of P. Now it is
justified to wonder: is this slightly different presentation of induction equivalent to the previous
presentation?

To see that indeed we get such a function from the induction principle (rule IN-ind above),
we note that the induction principle is stated to hold in an arbitrary context I'. So let us wield
the power of type dependency: by weakening and the variable rule we have the following
well-formed terms:

L, po: P(On), ps : [T (nnyP(n) = P(sucen(n)) b po : P(ON)
T, po: POON), ps : TT (mn) P(1) = P(sucen(n)) F ps : TT () P(11) — P(sucen(n)).
Therefore, the induction principle of IN provides us with a term
T, po: P(ON), ps : IT () P(n) = P(sucew(n)) F indn(po, ps) « IT () P(n)-

By A-abstraction we now obtain a function

indny : P(ON) = ( (T (u) P(n) = Psucen(n)) ) = I () P(1))

in context I'. Therefore we see that it does not really matter whether we present the induction
principle of IN in a more verbose way as an inference rule with the base case and the inductive
step as hypotheses, or as a function taking variables for the base case and the inductive step as
arguments.

The computation rules of N

The computation rules for IN postulate that the dependent function indy (P, po, ps) behaves as
expected when it is applied to O or a successor. There is one computation rule for each step in
the induction principle, covering the base case and the inductive step.

The computation rule for the base case is

I,n:INF P(n) type

I'F po: P(0N)

I'E ps : T1 () P(n) — P(sucen(n))
I indn (po, s, ON) = po : P(ON)

Similarly, with the same hypotheses as for the computation rule for the base case, the computation
rule for the inductive step is

[,n:INFindn(po, ps,sucen () = ps(n,indnN (po, ps, 1)) : P(sucen (1))

This completes the formal specification of IN.
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3.2 Addition on the natural numbers

Using the induction principle of N we can perform many familiar constructions. For instance,
we can define the addition operation by induction on IN.

Definition 3.2.1. We define a function
addy : N — (N — N)

satisfying addn (On, 7) = n and addn (sucen (), 1) = sucen(addy(m, n)). Usually we will
write n + m for addn (1, m).

Informal construction. Informally, the definition of addition is as follows. By induction it suffices
to construct a function add-Op : IN — IN, and a function

add-sucen(n, f) : IN — N,

for every n : N and every f : N — IN.

The function add-Opy : IN — IN is of course taken to be idy, since the result of adding 0 to n
should be 7.

Given n : N and a function f : N — IN we define add-sucen (7, f) := suce © f. The idea is
that if f represents adding m, then add-succyy (71, f) should be adding one more than f did. O

Formal derivation. The derivation for the construction of add-succy looks as follows:

F N type F N type F N type
Fcomp : NN — (NN — NN)
succyy : NN g:IN — N F comp(g) : NN — NN
- comp(succyy) : NN — NN
n:IN F comp(succy) : NN — NN
I add-succpy := An.comp(sucey) : IN — (NN — INN)

We combine this derivation with the induction principle of IN to complete the construction of
addition:

n:INF NN type F add-Op := idpy : NN F add-succyy : N — (NN — INN)
I addpn = indp(add-Opy, add-suceyy) : IN — NN
The asserted judgmental equalities then hold by the computation rules for IN. O

Remark 3.2.2. When we define a function f : [T (,.n) P(1), we will often do so just by indicating
its definition on Oy and its definition on succy (1), by writing

f(ON) = po
f(sucew(n)) := ps(n, f(n)).

For example, the definition of addition on the natural numbers could be given as

addN(O]N,n) =n
addp (suce (m), 1) := sucen (addy (m, 1)).
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This way of defining a function is called pattern matching. A more formal inductive argument can
be obtained from a definition by pattern matching if it is possible to obtain from the expression
ps(n, f(n)) a general dependent function

ps 1 () P(n) = P(sucen(n)).

In practice this is usually the case. Computer proof assistants such as Agda have sophisticated
algorithms to allow for definitions by pattern matching.

Remark 3.2.3. By the computation rules for IN it follows that
ON+n=mn, and  sucen(m) 4+ n = sucen (m + n).

However, the rules that we provided so far are not sufficient to also conclude that n 4- O = n
and n + succy (m) = suce (1 + m). Nevertheless, once we have introduced the identity type in
§5 we will nevertheless be able to identify n + On with 1, and n + succ (m) with sucen (1 + m).
See Exercise 5.5.

Exercises
3.1 Define the binary min and max functions
minp, maxy : IN — (IN — IN).
3.2 Define the multiplication operation
muly : N — (N — IN).

3.3 Define the exponentiation function n, m — m" of type N — (N — IN).
3.4 Define the factorial operation n — n!.
3.5 Define the binomial coefficient () for any n, k : IN, making sure that (}) = 0 when n < k.

3.6 Define the Fibonacci sequence 0,1,1,2,3,5,8,13,... as a function F : N — IN.

4 More inductive types

Analogous to the type of natural numbers, many types can be specified as inductive types. In
this lecture we introduce some further examples of inductive types: the unit type, the empty
type, the booleans, coproducts, dependent pair types, and cartesian products. We also introduce
the type of integers.

4.1 The idea of general inductive types

Just like the type of natural numbers, other inductive types are also specified by their constructors,
an induction principle, and their computation rules:

(i) The constructors tell what structure the inductive type comes equipped with. There may
any finite number of constructors, even no constructors at all, in the specification of an
inductive type.

(if) The induction principle specifies the data that should be provided in order to construct a
section of an arbitrary type family over the inductive type.
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(iif) The computation rules assert that the inductively defined section agrees on the constructors
with the data that was used to define the section. Thus, there is a computation rule for
every constructor.

The induction principle and computation rules can be generated automatically once the con-
structors are specified, but it goes beyond the scope of our course to describe general inductive

types.

4.2 The unit type

A straightforward example of an inductive type is the unit type, which has just one constructor.
Its induction principle is analogous to just the base case of induction on the natural numbers.

Definition 4.2.1. We define the unit type to be a closed type 1 equipped with a closed term
*x:1,

satisfying the induction principle that for any type family of types P(x) indexed by x : 1, there is
a term

indq : P(*) —1T11 (le)P(X)
for which the computation rule
ind1(p,x) =p
holds. Sometimes we write A % . p for indy (p).
The induction principle can also be used to define ordinary functions out of the unit type.

Indeed, given a type A we can first weaken it to obtain the constant family over 1, with value A.
Then the induction principle of the unit type provides a function

indi : A — (1 — A).

In other words, by the induction principle for the unit type we obtain for every x : A a function
pt, :=ind1(x) : 1 — A.

4.3 The empty type

The empty type is a degenerate example of an inductive type. It does not come equipped with
any constructors, and therefore there are also no computation rules. The induction principle
merely asserts that any type family has a section. In other words: if we assume the empty type
has a term, then we can prove anything.

Definition 4.3.1. We define the empty type to be a type @ satisfying the induction principle that
for any family of types P(x) indexed by x :, there is a term

indg : IT (x:0) P(x).
The induction principle for the empty type can also be used to construct a function
00— A

for any type A. Indeed, to obtain this function one first weakens A to obtain the constant family
over @ with value A, and then the induction principle gives the desired function.

Thus we see that from the empty type anything follows. Therefore, we we see that anything
follows from A, if we have a function from A to the empty type. This motivates the following
definition.
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Definition 4.3.2. For any type A we define negation of A by
“A=A—Q.

Since —A is the type of functions from A to @, a proof of —A is given by assuming that
A holds, and then deriving a contradiction. This proof technique is called proof of negation.
Proofs of negation are not to be confused with proofs by contradiction. In type theory there is no
way of obtaining a term of type A from a term of type (A — @) — @.

4.4 The booleans

Definition 4.4.1. We define the booleans to be a type 2 that comes equipped with
0p:2
12 12

satisfying the induction principle that for any family of types P(x) indexed by x : 2, there is a
term

inda : P(02) = (P(12) = TT (x) P(x))
for which the computation rules

ind2(po, p1,02) = po
ind2(po, p1,12) = ;1

hold.

Just as in the cases for the unit type and the empty type, the induction principle for the
booleans can also be used to construct an ordinary function 2 — A, provided that we can
construct two terms of type A. Indeed, by the induction principle for the booleans there is a
function

indy : A — (A — A?)
for any type A.
Example 4.4.2. Using the induction principle of 2 we can define all the operations of Boolean
algebra. For example, the boolean negation operation neg, : 2 — 2 is defined by
negy(12) := 02 negy(02) := 1.

The boolean conjunction operation — A — : 2 — (2 — 2) is defined by

I A1y =1y 02 Aly:=0,

1o AOy := 0y 02 AOg := 0,.
The boolean disjunction operation — V — : 2 — (2 — 2) is defined by

1, V1 =1, 02V1y:=1,

1, V0 =1y 02 VO3 := 0,.
We leave the definitions of some of the other boolean operations as Exercise 4.3. Note that the
method of defining the boolean operations by the induction principle of 2 is not that different
from defining them by truth tables.

Boolean logic is important, but it won’t be very prominent in this course. The reason is simple:
in type theory it is more natural to use the ‘logic” of types that is provided by the inference rules.
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4.5 Coproducts and the type of integers
Definition 4.5.1. Let A and B be types. We define the coproduct A 4 B to be a type that comes
equipped with

inl:A— A+ B
inf:B—>A+B

satisfying the induction principle that for any family of types P(x) indexed by x : A + B, there is
a term

inds ¢ (T (x.a)P(in1(x)) ) = (TT () P(inr(y)) ) = T za) P(2)

for which the computation rules

ind1(f, g, inl(x)) = f(x)
inr+(f, ginr(y)) = g(y)

hold. Sometimes we write [f, ¢] for ind (f, g).

The coproduct of two types is sometimes also called the disjoint sum. By the induction
principle of coproducts it follows that we have a function

(A=X)— (B> X)—= (A+B—X))

for any type X. Note that this special case of the induction principle of coproducts is very much
like the elimination rule of disjunction in first order logic: if P, P/, and Q are propositions, then
we have

(P=Q) = ((P'=Q)— (PVP = Q).

Indeed, we can think of propositions as types and of terms as their constructive proofs. Under this
interpretation of type theory the coproduct is indeed the disjunction.
An important example of a type that can be defined using coproducts is the type Z of integers.

Definition 4.5.2. We define the integers to be the type Z := IN + (1 + IN). The type of integers
comes equipped with inclusion functions of the positive and negative integers

in-pos := inroinr
in-neg :=inl,

which are both of type IN — Z, and the constants

—1z = in-neg(0)
0z := inr(inl(%))
1z := in-pos(0).

In the following lemma we derive an induction principle for Z, which can be used in many
familiar constructions on Z, such as in the definitions of addition and multiplication.

Lemma 4.5.3. Consider a type family P over Z. If we are given

p-1:P(-1z)
p—s : I () P(in-neg(n)) — P(in-neg(sucen(n)))



4. MORE INDUCTIVE TYPES 21

po : P(0z)
P : P(1z)

Ps : T (nny P(in-pos(n)) — P(in-pos(sucen(n))),

then we can construct a dependent function f : T1 (.z)P (k) for which the following judgmental equalities
hold:

f(in-pos(sucen (1)) = ps(n, f(in-pos(n))).
Proof. Since Z is the coproduct of IN and 1 + IN, it suffices to define
Pini * H(nIN)P(ml(n))
Pinr H(t:1+]N)P(inr(t))'

Note that in-neg = inl and —17 = in-neg(On). In order to define p;,; we use induction on the
natural numbers, so it suffices to define

p-1:P(-1)
p—s : IT () P(in-neg(n)) — P(in-neg(sucen(n))).

Similarly, we proceed by coproduct induction, followed by induction on 1 in the left case and
induction on IN on the right case, in order to define p;,,,. O

As an application we define the successor function on the integers.

Definition 4.5.4. We define the successor function on the integers succy : Z — Z using the
induction principle of Lemma 4.5.3, taking

succz(—1z) :==0n
succyz (in-neg(succ(n))) = in-neg(n)
succz(0z) == 1N
succz(1z) = in-pos(1N)
succz (in-pos(succ (1)) := in-pos(succ (sucen (1))).

4.6 Dependent pair types

Given a type family B over A, we may consider pairs (a,b) of terms, where a : A and b : B(a).
Note that the type of b depends on the first term in the pair, so we call such a pair a dependent
pair.

The dependent pair type is an inductive type that is generated by the dependent pairs.

Definition 4.6.1. Consider a type family B over A. The dependent pair type (or Z-type) is
defined to be the inductive type }_.4) B(x) equipped with a pairing function

(= =)+ T ey (B(x) = L) BW)).
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The induction principle for Y ,.4) B(x) asserts that for any family of types P(p) indexed by
P L(x:a) B(x), there is a function
indy; : (H (x:A)H(y:B(x))P(xfy)) - (H (p:Z(X:A)B(x))P(p))'
satisfying the computation rule
indx(f, (x,y)) = f(x,y).
Sometimes we write A(x,y). f(x,y) for inds (Ax. Ay. f(x,y)).
Definition 4.6.2. Given a type A and a type family B over A, the first projection map

pry (Z(x:A)B(x)) — A
is defined by induction as
pri = A(x,y). x.
The second projection map is a dependent function
P2 IT (pix ) B B(PP1(P))
defined by induction as
pro = A(x,y). y.
By the computation rule we have
pri(x,y) =

X
prZ(Xfy) Y.

4.7 Cartesian products

A special case of the 2-type occurs when the B is a constant family over A, i.e., when B is just a
type. In this case, the inductive type Y,.4) B(x) is generated by ordinary pairs (x,y) where x : A
and y : B. In other words, if B does not depend on A, then the type } ;.4 B is the (cartesian)
product A x B. The cartesian product is a very common special case of the dependent pair type,
just as the type A — B of ordinary functions from A — B is a common special case of the
dependent product. Therefore we provide its specification along with the induction principle for
cartesian products.

Definition 4.7.1. Consider two types A and B. The (cartesian) product of A and B is defined as
the inductive type A x B with constructor

(-,-):A— (B— AXB).
The induction principle for A x B asserts that for any type family P over A x B, one has
ind : (H )1 (y:)P(a, b)) — (H (p:AxB)P(P))
satisfying the computation rule that

indx (f, (x,y)) = f(xy)-

The projection maps are defined similarly to the projection maps of X-types. When one thinks
of types as propositions, then A x B is interpreted as the conjunction of A and B.
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Exercises

4.1

4.2

4.3

44
4.5

4.6

4.7

Write the rules for 1, @, 2, A + B, Y(x:A) B(x), and A x B. As usual, present the rules in
four sets:

(i) A formation rule.
(ii) Introduction rules.
(iii) An elimination rule.
(iv) Computation rules.

Let A be a type.

(a) Show that (A +—A) — (—-—A = A).
(b) Show that ~——A — —A.

Define the following operations of Boolean algebra:
exclusive disjunction pdq
implication p=q
if and only if pEq
Peirce’s arrow (neither ... nor) plg
Sheffer stroke (not both) rlq

Here p and g range over 2.
Define the predecessor function predy : Z — Z.
Define the group operations

addz :Z — (Z — Z)
negy : Z — Z,

and define the multiplication
muly : Z — (Z — Z).

Construct a function F : Z — Z that extends the Fibonacci sequence to the negative
integers
...,5-3,2,-1,1,0,1,1,2,3,5,8,13, ...

in the expected way.
Show that 1 + 1 satisfies the same induction principle as 2, i.e., define

to: 141
t1:14+1,

and show that for any type family P over 1 + 1 there is a function
indy+1 : P(ty) — (P(t1) — H(t:1+1)P(t)>
satisfying

ind1+1(po, p1,to) = po
ind111(po, p1, 1) = p1.

In other words, type theory cannot distinguish between the types 2 and 1 + 1.
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4.8 For any type A we can define the type list(A) of lists elements of A as the inductive type
with constructors

nil : list(A)
cons: A — (list(A) — list(A)).

(a) Write down the induction principle and the computation rules for list(A).
(b) Let A and B be types, suppose that b : B, and consider a binary operation u : A —
(B — B). Define a function

fold-list(p) : list(A) — B

that iterates the operation y, starting with fold-list(y, nil) := b.
(c) Define a function length-list : list(A) — IN.
(d) Define a function
sum-list : list(IN) — IN

that adds all the elements in a list of natural numbers.
(e) Define a function
concat-list : list(A) — (list(A) — list(A))

that concatenates any two lists of elements in A.
(f) Define a function
flatten-list : list(list(A)) — list(A)

that concatenates all the lists in a lists of lists in A.
(g) Define a function reverse-list : list(A) — list(A) that reverses the order of the elements
in any list.

5 Identity types

From the perspective of types as proof-relevant propositions, how should we think of equality in
type theory? Given a type A, and two terms x,y : A, the equality x = y should again be a type.
Indeed, we want to use type theory to prove equalities. Dependent type theory provides us with a
convenient setting for this: the equality type x = y is dependent on x, y : A.

Then, if x =y is to be a type, how should we think of the termsof x =y. Atermp: x =y
witnesses that x and y are equal terms of type A. In other words p : x = y is an identification of
x and y. In a proof-relevant world, there might be many terms of type x = y. Le., there might
be many identifications of x and y. And, since x = y is itself a type, we can form the type p = ¢
for any two identifications p, g : x = y. That is, since x = y is a type, we may also use the type
theory to prove things about identifications (for instance, that two given such identifications can
themselves be identified), and we may use the type theory to perform constructions with them.
As we will see shortly, we can give every type a groupoidal structure.

Clearly, the equality type should not just be any type dependent on x,y : A. Then how do we
form the equality type, and what ways are there to use identifications in constructions in type
theory? The answer to both these questions is that we will form the identity type as an inductive
type, generated by just a reflexivity term providing an identification of x to itself. The induction
principle then provides us with a way of performing constructions with identifications, such
as concatenating them, inverting them, and so on. Thus, the identity type is equipped with a
reflexivity term, and further possesses the structure that are generated by its induction principle
and by the type theory. This inductive construction of the identity type is elegant, beautifully
simple, but far from trivial!
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Table I.1: The homotopy interpretation

Type theory Homotopy theory
Types Spaces
Dependent types Fibrations
Terms Points
Dependent pair type Total space
Identity type Path fibration

The situation where two terms can be identified in possibly more than one way is analogous
to the situation in homotopy theory, where two points of a space can be connected by possibly
more than one path. Indeed, for any two points x, y in a space, there is a space of paths from x to
y. Moreover, between any two paths from x to y there is a space of homotopies between them,
and so on. This leads to the homotopy interpretation of type theory, outlined in Table I.1. The
connection between homotopy theory and type theory been made precise by the construction
of homotopical models of type theory, and it has led to the fruitful research area of synthetic
homotopy theory, the subfield of homotopy type theory that is the topic of this course.

5.1 The inductive definition of identity types

Definition 5.1.1. Consider a type A and let a : A. Then we define the identity type of A at a as
an inductive family of types a =4 x indexed by x : A, of which the constructor is

refl, : a =4 a.

The induction principle of the identity type postulates that for any family of types P(x, p) indexed
by x: Aand p : a =4 x, there is a function

path-ind, : P(a, refl) = IT (x.a)I1 (pia= ) P(x, P)

that satisfies path-ind,(p, a, refl,) = p.

A term of type a =4 x is also called an identification of a with x, and sometimes it is called a
path from a to x. The induction principle for identity types is sometimes called identification
elimination or path induction. We also write Id 4 for the identity type on A, and often we write
a = x for the type of identifications of 2 with x, omitting reference to the ambient type A.

Remark 5.1.2. We see that the identity type is not just an inductive type, like the inductive types
N, @, and 1 for example, but it is and inductive family of types. Even though we have a type
a =4 x for any x : A, the constructor only provides a term refl; : 2 =4 a4, identifying a with itself.
The induction principle then asserts that in order to prove something about all identifications
of a with some x : A, it suffices to prove this assertion about refl, only. We will see in the
next sections that this induction principle is strong enough to derive many familiar facts about
equality, namely that it is a symmetric and transitive relation, and that all functions preserve
equality.

Remark 5.1.3. Since the identity types require getting used to, we provide the formal rules for
identity types. The identity type is formed by the formation rule:

I'Fa:A
Ix: Al a=4xtype
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The constructor of the identity type is then given by the introduction rule:

F'a:A
IF'krefl,:a=4a

The induction principle is now given by the elimination rule:

I'ta:A [,x:Ap:a=4xt P(x,p)type
I' = path-ind, : P(a, refls) = TT (x:4) [T (pa= ) P(x, P)

And finally the computation rule is:

I'a:A I,x:Ap:a=4xF P(x,p) type
I' - path-ind, (p, a, refl;) = p : P(a, refl,)

Remark 5.1.4. One might wonder whether it is also possible to form the identity type at a variable
of type A, rather than at a term. This is certainly possible: since we can form the identity type in
any context, we can form the identity type at a variable x : A as follows:

I'x:AFx: A
Ix:Ay: Al x=4ytype

In this way we obtain the ‘binary” identity type. Its constructor is then also indexed by x : A. We
have the following introduction rule

I''x:AFx: A
Fx:AbFvrefly :x=4x

and similarly we have elimination and computation rules.

5.2 The groupoidal structure of types

We show that identifications can be concatenated and inverted, which corresponds to the transitivity
and symmetry of the identity type.

Definition 5.2.1. Let A be a type. We define the concatenation operation
concat : [ (yyz.a)(x=y) = (y=2) = (x=2).
We will write p * g for concat(p, q).
Construction. We construct the concatenation operation by path induction. It suffices to construct
concat(refly) : [T (z.a)(x = 2) = (x = z).
Here we take concat(refly); = id(,_.). Explicitly, the term we have constructed is
Ax.path-ind, (Az.id(x—z)) : TT (x y:n) (X =y) = T (za)(y = 2) = (x =2).

To obtain a term of the asserted type we need to swap the order of the arguments p : x = y and
z : A, using Exercise 2.5. O
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Definition 5.2.2. Let A be a type. We define the inverse operation
inv : IT (g yea) (x =y) = (y = x).
Most of the time we will write p~! for inv(p).
Construction. We construct the inverse operation by path induction. It suffices to construct
inv(refly) : x = x,
for any x : A. Here we take inv(refly) := refly. O

The next question is whether the concatenation and inverting operations on paths behave as
expected. More concretely, is path concatenation associative, does it satisfy the unit laws, and is
the inverse of a path indeed a two-sided inverse?

For example, in the case of associativity we are asking to compare the paths

(prq)=r and  pr(q-7)

foranyp:x=vy,q:y =z andr:z = winatype A. The computation rules of path induction
are not strong enough to conclude that (p+¢) *rand p+ (q+r) are judgmentally equal. However,
both (p=q)+rand p- (- r) are terms of the same type: they are identifications of type x = w.
Since the identity type is a type like any other, we can ask whether there is an identification

(pra)r=p-(q-r).

This is a very useful idea: while it is often impossible to show that two terms of the same type
are judgmentally equal, it may be the case that those two terms can be identified. Indeed, we
identify two terms by constructing a term of the identity type, and we can use all the type theory
at our disposal in order to construct such a term. In this way we can show, for example, that
addition on the natural numbers or on the integers is associative and satisfies the unit laws. And
indeed, here we will show that path concatenation is associative and satisfies the unit laws.

Definition 5.2.3. Let A be a type and consider three consecutive paths

P q r
X y z w

in A. We define the associator
assoc(p,q,7) s (p=q)=r=p=(q-7).
Construction. By path induction it suffices to show that
I1 (z:A)H (q:x:z)n (w:A)H (r:z:w)(reﬂx ' q) 7= refly - (q ' 7”).
Let g : x = zand r : z = w. Note that by the computation rule of the path induction principle we
have a judgmental equality refl, g = g. Therefore we conclude that
(refly=q)=r=q-r.

Similarly we have a judgmental equality refl, = (7+7) = g r. Thus we see that the left-hand side
and the right-hand side in
(refly=q)=r=refly=(q-7)

are judgmentally equal, so we can simply define assoc(refly, q,7) := refl,. . O
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Definition 5.2.4. Let A be a type. We define the left and right unit law operations, which assigns
to each p : x = y the terms

left-unit(p) : refly=p=p
right-unit(p) : p+refl, = p,
respectively.

Construction. By identification elimination it suffices to construct

left-unit(refly) : refly = refly = refl,
right-unit(refly) : refly = refly = refl,.
In both cases we take refl,og . O
Definition 5.2.5. Let A be a type. We define left and right inverse law operations

left-inv(p) : p~ L+

right-inv(p) : p=p~ ! = refl,.

p = refly

Construction. By identification elimination it suffices to construct

left-inv(refly) : refl; ! = refl, = refl,

right-inv(refly) : refly = refl; 1 = refl,.
Using the computation rules we see that
reﬂ;1 * refly = refly » refl, = refly,
so we define left-inv(refly) := refl,oq . Similarly it follows from the computation rules that
refly = refl; 1 = refl;! = refl,
so we again define right-inv(refly) := refl g . O

Remark 5.2.6. We have seen that the associator, the unit laws, and the inverse laws, are all proven
by constructing an identification of identifications. And indeed, there is nothing that would stop
us from considering identifications of those identifications of identifications. We can go up as far
as we like in the tower of identity types, which is obtained by iteratively taking identity types.

The iterated identity types give types in homotopy type theory a very intricate structure. One
important way of studying this structure is via the homotopy groups of types, a subject that we
will gradually be working towards.

5.3 The action on paths of functions

Using the induction principle of the identity type we can show that every function preserves
identifications. In other words, every function sends identified terms to identified terms. Note
that this is a form of continuity for functions in type theory: if there is a path that identifies two
points x and y of a type A, then there also is a path that identifies the values f(x) and f(y) in the
codomain of f.
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Definition 5.3.1. Let f : A — B be a map. We define the action on paths of f as an operation
aps [ (xy) (x=y) = (f(x) = f(¥)-
Moreover, there are operations
ap-id4 : TT (v y: )T (pix=y)P = aPid,, (P)
ap-comp(f, &) : IT (xy:4) [T (pix=y)aPg (aP£ (P)) = aPgo (P)-
Construction. First we define ap by identity elimination, taking
apg(refly) = reflg(y).
Next, we construct ap-id 4 by identity elimination, taking
ap-id 4 (refly) := refl qq. .
Finally, we construct ap-comp(f, g) by identity elimination, taking
ap-comp(f, g, refly) := refly(¢(1)). O
Definition 5.3.2. Let f : A — B be a map. Then there are identifications
ap-refl(f, x) : aps(refly) = refl¢(x)
ap-inv(f,p) : an(P_l) =aps(p)”
ap-concat(f, p,q) : aps(p+q) = aps(p) * aps(q)

1

foreveryp:x=yandg:x=y.

Construction. To construct ap-refl(f, x) we simply observe that apg(refly) = refl¢(x), so we take
ap-refl(f,x) := reflreﬂﬂx).

We construct ap-inv( f, p) by identification elimination on p, taking

ap-inv(f, refly) := reﬂapf(,eﬂx).

Finally we construct ap-concat(f, p,q) by identification elimination on p, taking

ap-concat(f, refly, q) := refly (5.

5.4 Transport

Dependent types also come with an action on paths: the transport functions. Given an identi-
fication p : x = y in the base type A, we can transport any term b : B(x) to the fiber B(y). The
transport functions have many applications, which we will encounter throughout this course.

Definition 5.4.1. Let A be a type, and let B be a type family over A. We will construct a transport
operation

trg [ (vyea) (x =y) = (B(x) = B(y))-
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Construction. We construct trg(p) by induction on p : x =4 y, taking
trp(refly) := idp(y). O

Thus we see that type theory cannot distinguish between identified terms x and y, because
for any type family B over A one gets a term of B(y) as soon as B(x) has a term.

As an application of the transport function we construct the dependent action on paths of
a dependent function f : [](,.4)B(x). Note that for such a dependent function f, and an
identification p : x =4 y, it does not make sense to directly compare f(x) and f(y), since the
type of f(x) is B(x) whereas the type of f(y) is B(y), which might not be exactly the same type.
However, we can first transport f(x) along p, so that we obtain the term trg(p, f(x)) which is of
type B(y). Now we can ask whether it is the case that trg(p, f(x)) = f(y). The dependent action
on paths of f establishes this identification.

Definition 5.4.2. Given a dependent function f : [T(,.4)B(a) and a path p : x =y in A, we

construct a path
apdg(p) : tre(p, f(x)) = f(y).

Construction. The path apd¢(p) is constructed by path induction on p. Thus, it suffices to

construct a path
apd(refly) : trp(refly, f(x)) = f(x).

Since transporting along refl, is the identity function on B(x), we simply take apd F(refly) :=
refl ey O
f(x)

Exercises

5.1 (a) State Goldbach’s Conjecture in type theory.
(b) State the Twin Prime Conjecture in type theory.
5.2 Show that the operation inverting paths distributes over the concatenation operation, i.e.,
construct an identification
distributive-inv-concat(p,q) : (p+q) =g 1 p L.
foranyp:x=yandq:y=z.
53 Forany p:x=y,q:y = z,and r : x = z, construct maps

inv-con(p,q,r) : (prqg=r) > (g=p"*7)
con-inv(p,q,7): (prg=1) = (p=r=qg1).
5.4 Let B be a type family over A, and consider a path p : x = x’ in A. Construct for any
y : B(x) a path
lifts (p,y) : (x,y) = (x', tra(p,y))-

In other words, a path in the base type A lifts to a path in the total space ). 4) B(x) for every
term over the domain, analogous to the path lifting property for fibrations in homotopy
theory.

5.5 Show that the operations of addition and multiplication on the natural numbers satisfy the
laws of a commutative semi-ring:

m+(n+k)=(m+n)+k m-(n-k)=(m-n)- -k
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m+0=m m-1=m
O+m=m 1l-m=m
m+n=n+m m-0=20

0-m=20

m-n=mn-m
m-(m+k)=m-n+m-k.
5.6 Consider four consecutive identifications

apchrdse

in a type A. In this exercise we will show that the Mac Lane pentagon for identifications
commutes.

(a) Construct the five identifications &, ..., a5 in the pentagon

[

((prq)er)rs =—= (p+q)-(r+s)
V4 AN
(pr(qrr))+s pr(g(r=s)),

=

~((g=r)+s)

where a1, ap, and a3 run counter-clockwise, and a4 and a5 run clockwise.
(b) Show that

J

(= ap) g = ay " as.

6 Type theoretic universes

To complete our specification of dependent type theory, we introduce type theoretic universes.
Universes are types that consist of types. In other words, a universe is a type U that comes
equipped with a type family 7 over i, and for any X : U we think of X as an encoding of the
type 7 (X). We call this type family the universal type family.

There are several reasons to equip type theory with universes. One reason is that it enables
us to define new type families over inductive types, using their induction principle. For example,
since the universe is itself a type, we can use the induction principle of 2 to obtain a map
P :2 — U from any two terms Xy, X7 : U. Then we obtain a type family over 2 by substituting P
into the universal type family:

x:2F T(P(x)) type

satisfying 7 (P(02)) = 7 (Xp) and T (P(12)) = T (X3).

We use this way of defining type families to define many familiar relations over IN, such as <
and <. We also introduce a relation called observational equality Eqy on IN, which we can think
of as equality of IN. This relation is reflexive, symmetric, and transitive, and moreover it is the
least reflexive relation. Furthermore, one of the most important aspects of observational equality
Eqn on IN is that Eqp (m, 1) is a type for every m, n : IN, unlike judgmental equality. Therefore
we can use type theory to reason about observational equality on IN. Indeed, in the exercises



32 CHAPTER I. MARTIN-LOF'S DEPENDENT TYPE THEORY

we show that some very elementary mathematics can already be done at this early stage in our
development of type theory.

A second reason to introduce universes is that it allows us to define many types of types
equipped with structure. One of the most important examples is the type of groups, which is the
type of types equipped with the group operations satisfying the group laws, and for which the
underlying type is a set. We won't discuss the condition for a type to be a set until §10, so the
definition of groups in type theory will be given much later. Therefore we illustrate this use of
the universe by giving simpler examples: pointed types, graphs, and reflexive graphs.

One of the aspects that make universes useful is that they are postulated to be closed under all
the type constructors. For example, if we are given X : ¢ and P : 7 (X) — U, then the universe
is equipped with a term

X(X,P):U

satisfying the judgmental equality 7 (X(X,P) = Y(x7(x)) T (P(x)). We will similarly assume
that any universe is closed under I'l-types and the other ways of forming types. However, there
is an important restriction: it would be inconsistent to assume that the universe is contained in
itself. One way of thinking about this is that universes are types of small types, and it cannot be
the case that the universe is small with respect to itself. We address this problem by assuming
that there are many universes: enough universes so that any type family can be obtained by
substituting into the universal type family of some universe.

6.1 Specification of type theoretic universes

In the following definition we already state that universes are closed under identity types.
Identity types will be introduced in §5.

Definition 6.1.1. A universe in type theory is a closed type U equipped with a type family 7
over U called the universal family, equipped with the following structure:

(i) U is closed under I, in the sense that it comes equipped with a function
IT: I (x0) (T(X) = U) = U
for which the judgmental equality
T(T(X, P)) =1 (x:7(x)) T (P(x)).
holds, forevery X : U/ and P : T (X) — U.
(ii) U is closed under X in the sense that it comes equipped with a function
T xany (T(X) = U) — U
for which the judgmental equality
T(E(X,P)) = Ler(x)) T (P(x))
holds, for every X : U/ and P : T (X) — U.
(iii) U is closed under identity types, in the sense that it comes equipped with a function
L T xany T(X) = (T(X) = U)
for which the judgmental equality
TIX, xy)=(x=y)
holds, for every X : U and x,y : T (X).
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(iv) U is closed under coproducts, in the sense that it comes equipped with a function
F:U— U—U)
that satisfies 7 (X+Y) = T(X) + T (Y).

(v) U contains terms &, 1, N : I that satisfy the judgmental equalities

v

T(©) =0
T(i) =1
T(N)=N

Given a universe U, we say that a type A in context I is small with respect to ¢/ if it occurs in the
universe, i.e., if it comes equipped with a term A : U in context I, for which the judgment

I'HT7(A) = Atype

holds. If A is small with respect to U, we usually write simply A for A and also A for T(A). In
other words, by A : i/ we mean that A is a small type.

Remark 6.1.2. Since ordinary function types are defined as a special case of dependent function
types, we don’t have to assume that universes are closed under ordinary function types. Similarly,
it follows from the assumption that universes are closed under dependent pair types that
universes are closed under cartesian product types.

6.2 Assuming enough universes

Most of the time we will get by with assuming one universe I/, and indeed we recommend on a
first reading of this text to simply assume that there is one universe /. However, sometimes we
might need a second universe V that contains ¢/ as well as all the types in /. In such situations
we cannot get by with a single universe, because the assumption that I/ is a term of itself would
lead to inconsistencies like the Russel’s paradox.

Russel’s paradox is the famous argument that there cannot be a set of all sets. If there were
such a set S, then we could consider Russel’s subset

R:={xeS|x¢ux}

Russell then observed that R € R if and only if R ¢ R, so we reach a contradiction. A variant of
this argument reaches a similar contradiction when we assume that { is a universe that contains
aterm U : U such that T(Z/vl ) = U. In order to avoid such paradoxes, Russell and Whitehead
formulated the ramified theory of types in their book Principia Mathematica. The ramified theory of
types is a precursor of Martin Lof’s type theory that we are studying in this course.

Even though the universe is not a term of itself, it is still convenient if every type, including
any universe, is small with respect to some universe. Therefore we will assume that there are
sufficiently many universes: we will assume that for every finite list of types

F1 F Al type

I'y F Ay, type,
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there is a universe U that contains each A; in the sense that I/ comes equipped with a term
Fi H Ai U

for which the judgment
IV T(Al) = A, type

holds. With this assumption it will rarely be necessary to work with more than one universe at
the same time.

Remark 6.2.1. Using the assumption that for any finite list of types in context there is a universe
that contains those types, we obtain many specific universes:

(i) There is a base universe Uy that we obtain using the empty list of types in context. This is a
universe, but it isn’t specified to contain any further types.

(ii) Given a finite list

I'1 - A type

I'y = Ay type,

of types in context, and a universe ¢/ that contains them, there is a universe &/ * that contains
all the types in U as well as U. More precisely, it is specified by the finite list

U type
X:UFT(X) type.

Note that since the universe U™ contains all the types in U, it also contains the types
A1, ..., Ay To see this, we derive that there is a code for A; inU ™.

AU T, X:UFT(X):U*
L T(A) Ut

We leave it as an exercise to derive the judgmental equality
THT(A)) = A;.
(iii) Given two finite lists

F1 H A] type A] H Bl type

Iy = Ay type Ay F By type
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of types in context, and two universes I/ and V that contain Ay,..., A, and By, ..., By
respectively, there is a universe I/ LI}V that contains the types of both ¢/ and V. The universe
U L'V is specified by the finite list

X :UF Ty(X) type
Y:VETy(Y) type.
With an argument similar to the previous construction of a universe, we see that the

universe U UV contains the types Ay, ..., A, as well as the types By, ..., By.

Note that we could also directly obtain a universe WV that contains the types Ay,..., Ay,
and By, ..., B;. However, this universe might not contain all the types in ¢/ or all the types
inV.

Since we don’t postulate any relations between the universes, there are indeed very few of them.
For example, the base universe Uy might contain many more types than it is postulated to contain.
Nevertheless, there are some relations between the universes. For instance, there is a function
U — U™, since we can simply derive

X:UFTX):Uut
FAX.T(X):U - Ut
Similarly, there are functions f — U/ LIV and V — U/ LUV for any two universes I/ and V.

6.3 Pointed types

Definition 6.3.1. A pointed type is a pair (A, 2) consisting of a type A and a term a : A. The
type of all pointed types in a universe I/ is defined to be

Definition 6.3.2. Consider two pointed types (A, a) and (B,b). A pointed map from (A, a) to
(B, b) is a pair (f, p) consisting of a function f : A — B and an identification p : f(a) = b. We
write

A=« B:=Yrapfla) =D
for the type of all pointed maps from (A, a) to (B, b), leaving the base point implicit.

Since we have a type U, of all pointed types in a universe I/, we can start defining operations
on U,. An important example of such an operation is to take the loop space of a pointed type.

Definition 6.3.3. We define the loop space operation () : U, — U
Q(A,a) = ((a=a),refl).

We can even go further and define the iferated loop space of a pointed type. Note that this
definition could not be given in type theory if we didn’t have universes.

Definition 6.3.4. Given a pointed type (A, a) and a natural number 7, we define the n-th loop
space (Y'(A, a) by induction on n : IN, taking

OY(A,a) := (A, )
O"(A,a) := QO (A, a)).
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6.4 Families and relations on the natural numbers

As we have already seen in the case of the iterated loop space, we can use the universe to define
a type family over IN by induction on IN. For example, we can define the finite types in this way.

Definition 6.4.1. We define the type family Fin : N — If of finite types by induction on N,
taking
Fin(On) := @
Fin(sucen(n)) := Fin(n) +1
Similarly, we can define many relations on the natural numbers using a universe. We give
here the example of observational equality on IN. This inductively defined equivalence relation is
very important, as it can be used to show that equality on the natural numbers is decidable, i.e.,

there is a program that decides for any two natural numbers m and n whether they are equal or
not.

Definition 6.4.2. We define the observational equality on IN as binary relation Eqy : N —
(N — U) satisfying
Ean(On, On) =1 Eqn (sucen (1), 0n) = @
Ean (O, sucen (1)) =@ Eqn (sucen (1), sucen (m)) = Ean (17, m).

Construction. We define Eqyy by double induction on IN. By the first application of induction it
suffices to provide

Eog:IN—-U
Es:IN—= (N —=U)— (IN—=U)

We define Ej by induction, taking Ey := 1 and Egs(n, X, m) := @. The resulting family E,
satisfies

EO(OIN) =1
Eo(sucen(n)) = @.

We define Eg by induction, taking Egy := @ and Egy(n, X, m) := X(m). The resulting family Eg
satisfies

Es(H,X,ON) =0
Es(n, X, sucen (m)) = X(m)

Therefore we have by the computation rule for the first induction that the judgmental equality
Eq]N (ON, m) =E (Tl’l)
Eaqn (sucen (1), m) = Eg(n, Eqn(n), m)

holds, from which the judgmental equalities in the statement of the definition follow. O
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Lemma 6.4.3. Suppose R : IN — (IN — U) is a reflexive relation on IN, i.e., R comes equipped with
0 IT (nny R(m, ).

Then there is a family of maps
I1 (m,n:IN) Eq]N(mr Tl) - R(m, n)'

Proof. We will prove by induction on m,n : IN that there is a term of type

S 2 1T (e:Bapg (mm) TT (RN (N—24)) (H (x:]N)R(xrx)) — R(m,n)

The dependent function f, » is defined by

fonon = Ax . Ar.Ap.p(On)
fonsucen (n) = indg
fsucen (m),0n = Indg
Foucen (m)sucep (n) ‘= A ARAp. fn(e, R, p"),
where R" and p’ are given by
R'(m,n) := R(succyn(m),sucen (1))

o' (n) := p(sucen(n)). O

We can also define observational equality for many other kinds of types, such as 2 or Z. In

each of these cases, what sets the observational equality apart from other relations is that it is the
least reflexive relation.

Exercises

6.1 Show that observational equality on IN is an equivalence relation, i.e., construct terms of
the following types:

IT (n:n)Ean (n, 1)
H(n,m:]N) EqIN(n/m) - EqIN(m/n)
IT () Ean (1, m) — (Ean(m, 1) — Ean(n,1)).

6.2 Let R be a reflexive binary relation on IN, i.e., R is of type N — (IN — U/) and comes
equipped with a term p : T] (,.;n)R(1, 7). Show that

I1 (n,m:IN) Ean (1, m) — R(n, m).
6.3 Show that every function f : IN — IN preserves observational equality in the sense that

IT () Ean (1, m) = Ban (f (1), f (m)).

Hint: to get the inductive step going the induction hypothesis has to be strong enough. Construct
by double induction a term of type

IT () LT (pv—s) Ean (1, m) = Ean(f (), £(m)),
and pull out the universal quantification over f : IN — IN by Exercise 2.5.
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6.4

6.5

6.6

6.7
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(a) Define the order relations < and < on IN.

(b) Show that < is reflexive and that < is anti-reflexive, i.e., that =(n < n).

(c) Show that both < and < are transitive, and that n < S(n).

(d) Show that k < min(m, n) holds if and only if both k < m and k < n hold, and show
that max(m, n) < k holds if and only if both m < k and n < k hold.

(a) Define observational equality Eq, on the booleans.

(b) Show that Eqj is reflexive.

(c) Show that for any reflexive relation R : 2 — (2 — U/) one has

I1 (xy:2) qu(x, y) - R(x/ y)

(a) Define the order relations < and < on and Z.

(b) Show that < is reflexive, transitive, and anti-symmetric.

(c) Show that < is anti-reflexive and transitive.

(a) Show that IN satisfies strong induction, i.e., construct for any type family P over IN a
function of type

P(ON) =+ (TT ey (T gy (m < K) = P(m) ) = P(sucen(k)) ) = TT gy P(1)-

(b) Show that IN satisfies ordinal induction, i.e., construct for any type family P over N
a function of type

(IT ey (TT gy O < k) = P(m) ) = P(K)) = TT () P ().



Chapter 11

Basic concepts of type theory

7 Equivalences

7.1 Homotopies

In homotopy type theory, a homotopy is just a pointwise equality between two functions f and
g. We view the type of homotopies as the observational equality for I1-types.

Definition 7.1.1. Let f,g : [T (y.a)P(x) be two dependent functions. The type of homotopies
from f to g is defined as
f~8:=Tlaf(x) =gx).

Note that the type of homotopies f ~ g is a special case of a dependent function type.
Therefore the definition of homotopies is set up in such a way that we may also consider
homotopies between homotopies, and even further homotopies between those higher homotopies.
More concretely, if H, K : f ~ g are two homotopies, then the type of homotopies H ~ K between
them is just the type

IT (x:A)H(x) = K(x).

In the following definition we define the groupoidal structure of homotopies. Note that we

implement the groupoid laws as homotopies rather than as identifications.

Definition 7.1.2. For any type family B over A there are operations

htpy-refl L1 BenS ~ f
htpy-inv : H(f,g:H(x:A)B(x))(f ~g) = (g~f)
htpy-concat T (pgntt abon(f ~ &) = (g ~h) = (f ~h)).

We will write H! for htpy-inv(H), and H * K for htpy-concat(H, K).
Furthermore, we define

htpy-assoc(H, K, L) :(H*K)*L~H=*(K*L)
htpy-left-unit(H) : htpy-refl;« H ~ H
htpy-right-unit(H) : H= htpy-refl, ~ H
htpy-left-inv(H) H ' H~ htpy-refl,

39
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htpy-right-inv(H) cH-H '~ htpy-refl;
forany H: f ~ g, K:g~hand L:h~ i, where f, g h,i:]](.a)B(x).
Construction. We define

htpy-reﬂ(f) = Ax. I'eﬂf(x)
htpy-inv(H) := Ax. H(x) !
htpy-concat(H, K) := Ax. H(x) * K(x),

where H : f ~ gand K : g ~ & are homotopies. Furthermore, we define

htpy-assoc(H, K, L .assoc(H(x), K(x),L(x))
left-unit(H(x))

Ax
Ax
Ax.right-unit(H(x))
Ax
Ax

htpy-left-unit(H

htpy-left-inv(H

left-inv(H(x))

E
):
htpy-right-unit(H) :
E
E .right-inv(H (x)). O

htpy-right-inv(h

Apart from the groupoid operations and their laws, we will occasionally need whiskering
operations.

Definition 7.1.3. We define the following whiskering operations on homotopies:
(i) Suppose H : f ~ g for two functions f,g: A — B,and leth : B — C. We define

h-H:= Ax.ap,(H(x)) :hof ~hog.

(ii) Suppose f: A — Band H : g ~ h for two functions g,/ : B — C. We define
H-f:=Ax.H(f(x)) :hof ~gof.

We also use homotopies to express the commutativity of diagrams. For example, we say that
a triangle

A—"B
N s
X
commutes if it comes equipped with a homotopy H : f ~ g o h, and we say that a square

A S

f| I
B— B

if it comes equipped with a homotopy ho f go f'.
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7.2 Bi-invertible maps

Definition 7.2.1. Let f : A — B be a function. We say that f has a section if there is a term of
type

sec(f) = L(g:pa)f o g~ idp.
Dually, we say that f has a retraction if there is a term of type

retr(f) = Liupsaho f ~ ida.

If amap f : A — B has aretraction, we also say that A is a retract of B. We say that a function
f A — Bis an equivalence if it has both a section and a retraction, i.e., if it comes equipped

with a term of type
is-equiv(f) := sec(f) x retr(f).
We will write A ~ B for the type }_ .4, p) is-equiv(f).

Remark 7.2.2. An equivalence, as we defined it here, can be thought of as a bi-invertible map, since
it comes equipped with a separate left and right inverse. Explicitly, if f is an equivalence, then
there are

g:B— A h:B— A
G:fog~idp H:hof ~idy.
Clearly, if f has an inverse in the sense that it comes equipped with a function g : B — A such
that f o g ~idg and go f ~ idy, then f is an equivalence. We write
has-inverse(f) := ¥ (g:p4)(f 0 g ~idp) x (g0 f ~ida).

Lemma 7.2.3. Any equivalence e : A =~ B can be given the structure of an invertible map. We define
e~ to be the section ¢ : B — A of e.

Proof. First we construct for any equivalence f with right inverse g and left inverse h a homotopy
K: g~ h. For any y : B, we have

H(g(y)™! apy(G(y))

hfg(y) h(y).

Therefore we define a homotopy K : ¢ ~ hby K := (H - ¢)~!+h - G. Using the homotopy K we
are able to show that g is also a left inverse of f. For x : A we have the identification

gf(x) =L g

Corollary 7.2.4. The inverse of an equivalence is again an equivalence.

g(y)

H(x)

X. O

Proof. Let f : A — Bbe an equivalence. By Lemma 7.2.3 it follows that the section of f is also a
retraction. Therefore it follows that the section is itself an invertible map, with inverse f. Hence
it is an equivalence. 0

Remark 7.2.5. For any type A, the identity function id4 is an equivalence, since it is its own
section and its own retraction

Example 7.2.6. For any type C(x,y) indexed by x : A and y : B, the swap function
o (H (x:A)H (y:B)C(x/ y)) - (H (y:B)H (x:A)C(x/ ]/))

that swaps the order of the arguments x and y is an equivalence by Exercise 2.5.
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7.3 The identity type of a Z-type

In this section we characterize the identity type of a X-type as a Z-type of identity types. In this
course we will be characterizing the identity types of many types, so we will follow the general
outline of how such a characterization goes:

(i) First we define a binary relation R : A — A — U on the type A that we are interested in.
This binary relation is intended to be equivalent to its identity type.

(if) Then we will show that this binary relation is reflexive, by constructing a term of type
I1 (x:A)R(x/ x)
(iif) Using the reflexivity we will show that there is a canonical map

(x=y) = R(xy)
for every x,y : A. This map is just constructed by path induction, using the reflexivity of R.

(iv) Finally, it has to be shown that the map

(x=y) = R(xy)
is an equivalence for each x,y : A.

The last step is usually the most difficult, and we will refine our methods for this step in §9,
where we establish the fundamental theorem of identity types.
In this section we consider a type family B over A. Given two pairs

(x,y), (x",y) : E.a)B(x),
if we have a path a : x = ¥’ then we can compare y : B(x) to y' : B(x') by first transporting y
along &, i.e., we consider the identity type

/

trg(a,y) =y

Thus it makes sense to think of (x, ) to be identical to (x’,y’) if there is an identification & : x = x’
and an identification 8 : trg(a,y) = . In the following definition we turn this idea into a binary
relation on the X-type.

Definition 7.3.1. We will define a relation
Eax ¢ (Ziea)B(®)) = (Tea)B()) = U

by defining
Eqs(s,t) := Z(a:prl (s)=pry () t'B (a0, pra(s)) = pra(t).

Lemma 7.3.2. The relation Eqy is reflexive, i.e., there is a term
reflexive-Eqy : [ (5E o) B(x))Eds (8, 5).

Construction. This term is constructed by X-induction on s : Y (,.4) B(x). Thus, it suffices to
construct a term of type

IT ) [T (y:B(x)) Euex=r) trB (2, Y) = ¥
Here we take Ax. Ay. (refly, refl,). O



7. EQUIVALENCES 43

Definition 7.3.3. Consider a type family B over A. Then for any s, : Y_(,.4) B(x) we define a
map
pair-eq : (s = t) — Eqx(s, t)

by path induction, taking pair-eq(refls) := reflexive-Eqy (s).
Theorem 7.3.4. Let B be a type family over A. Then the map

pair-eq : (s =t) — Eqx (s, t)
is an equivalence for every s, t : Y. o) B(x).
Proof. The maps in the converse direction

eq-pair : Eqs (s, ) — (s=1)
are defined by repeated X-induction. By X-induction on s and t we see that it suffices to define a
map

ea-pair : (Zpuemetr(p,y) = ¥') = (x,y) = (,¥)).

A map of this type is again defined by X-induction. Thus it suffices to define a dependent
function of type

IT (pex) (P y) = y') = (v, y) = (¥, y)).
Such a dependent function is defined by double path induction by sending (refly, refl,) to refl, .
This completes the definition of the function eg-pair.

Next, we must show that eq-pair is a section of pair-eq. In other words, we must construct an
identification

pair-eq(eq-pair(a, B)) = (a, B)

for each (&, B) : ¥ (wx—v) tra(&, ¥) = y'. We proceed by path induction on &, followed by path
induction on . Then our goal becomes to construct a term of type

pair-eq(eqg-pair(refly, refl,)) = (refly, refl,)

By the definition of eq-pair we have eqg-pair(refly, refl,) = refl(, ), and by the definition of pair-eq
we have pair-eq(refl, ,)) = (refly, refl, ). Thus we may take refl(refl, refl,) to complete the construc-
tion of the homotopy pair-eq o eg-pair ~ id.

To complete the proof, we must show that eq-pair is a retraction of pair-eq. In other words,
we must construct an identification

eq-pair(pair-eq(p)) = p

for each p : s = t. We proceed by path induction on p : s = t, so it suffices to construct an
identification

eq-pair(refl,, (), refly,, 5)) = refls.

Now we proceed by E-induction on s : }(,.4) B(x), so it suffices to construct an identification
eq-pair(refly, refl,) = refliy ).

Since eq-pair(refly, refl, ) computes to reﬂ(x,y), we may simply take refl g () O
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Exercises

7.1 Show that the functions

inv: (x=y) = (y=x)

concat(p) : (y=2z) — (x=2)

concat'(q) : (x=y) = (x=2z)
trg(p) : B(x) = B(y)

are equivalences, where concat’(g, p) := p * g. Give their inverses explicitly.
7.2 Show that the maps

inl: X - X+4+0 pri:Ox X =0
nr: X ->0+X pro: X X0 — O

are equivalences.
7.3 (a) Consider two functions f,g : A — B and a homotopy H : f ~ g. Then

is-equiv(f) <> is-equiv(g).

(b) Show that for any two homotopic equivalences ¢,¢’ : A ~ B, their inverses are also
homotopic.
7.4 Consider a commuting triangle

A—" B
N /s
X.
withH: f ~goh.
(a) Suppose that the map & has a section s : B — A. Show that the triangle

B—— A
N
X

commutes, and that f has a section if and only if ¢ has a section.
(b) Suppose that the map g has a retraction r : X — B. Show that the triangle

AL o x
N
B

commutes, and that f has a retraction if and only if & has a retraction.
(c) (The 3-for-2 property for equivalences.) Show that if any two of the functions

f g h

are equivalences, then so is the third.
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7.5 (a) Show that the negation function on the booleans neg, : 2 — 2 defined in Example 4.4.2
is an equivalence.
(b) Use the observational equality on the booleans, defined in Exercise 6.5, to show that
02 # 1,.
(c) Show that for any b : 2, the constant function const,, is not an equivalence.
7.6 Show that the successor function on the integers is an equivalence.
7.7 Construct a equivalences A+ B ~ B+ Aand A x B~ B x A.
7.8 Consider a section-retraction pair

A— BT, A

with H : roi ~ id. Show that x = y is a retract of i(x) = i(y).
7.9 Let B be a family of types over A, and let C be a family of types indexed by x : A,y : B(x).
Construct an equivalence

assoc-X. : (Z(p:zm)B(x))C(Pﬁ(P)/PFz(P))) o~ (Z(x:A)Z(y:B(x))C(xry))'

7.10 Let A and B be types, and let C be a family over x : A,y : B. Construct an equivalence

swap-Z : (Zea)Zyn) C(xy) ) = (Eem) Dt € 9))-

7.11 In this exercise we will show that the laws for abelian groups hold for addition on the
integers. Note: these are obvious facts, but the proof terms that show how the group laws
hold are nevertheless fairly involved. This exercise is perfect for a formalization project.

(a) Show that addition satisfies the left and right unit laws, i.e., construct terms
left-unit-law-add-Z : [ (y.z)0 +x = x
right-unit-law-add-Z : [ ] (.z)x + 0 = x.

(b) Show that addition respects predecessors and successor on both sides, i.e., construct
terms

left-predecessor-law-add-Z : [ (. ,.z)predz (x) +y = predz(x +y)
right-predecessor-law-add-Z : I x ,.z) X + predz (y) = predz(x +y)
left-successor-law-add-Z : T] (y,.z)succz(x) +y = succz(x +y)
right-successor-law-add-Z : [, ,.z)x + succz(y) = succz(x +y).

Hint: to avoid an excessive number of cases, use induction on x but not on y. You
may need to use the homotopies succz o predy ~ id and predy o succz constructed in
exercise Exercise 7.6.

(c) Use part (b) to show that addition on the integers is associative and commutative, i.e.,
construct terms

assoc-add-Z : [1 (v :z) (x+y)+z=x+(y+2z)
comm-add-Z : [](y.z)x +y =y + x.

Hint: Especially in the construction of the associator there is a risk of running into an
unwieldy amount of cases if you use Z-induction on all arguments. Avoid induction
onyand z.
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(d) Show that addition satisfies the left and right inverse laws:

left-inverse-law-add-Z : [ (.z)(—x) + x =0
right-inverse-law-add-Z : T] (.z)x + (—x) = 0.
Conclude that the functions y — x 4+ y and x — x + y are equivalences for any x : Z
and y : Z, respectively.
7.12 In this exercise we will construct the functorial action of coproducts.

(a) Construct for any twomaps f : A — A’ and g: B — B/, amap
f+g:A+B— A +B.
(b) Show thatif H: f ~ f’and K : g ~ ¢/, then there is a homotopy

H+K:(f+g8) ~ (f +g).

(c) Show thatidg4 +idp ~ id44p.
(d) Show that for any

aLsa L a

B, ,p & ,p

there is a homotopy

(ffof)+(8og)~(f+8)o(fog)

(e) Show thatif f and g are equivalences, then so is f + g. (The converse of this statement
also holds, see Exercise 9.5.)

7.13 Construct equivalences

Fin(m + n) ~ Fin(m) + Fin(n)
Fin(mn) ~ Fin(m) x Fin(n).

8 Contractible types and contractible maps

A contractible type is a type which has, up to identification, only one term. In other words, a
contractible type is a type that comes equipped with a point, and an identification of this point
with any point.

We may think of contractible types as singletons up to homotopy, and indeed we show that
the unit type is an example of a contractible type. Moreover, we show that contractible types
satisfy an induction principle that is very similar to the induction principle of the unit type,
provided that we formulate the computation rule using the identity type rather than postulating
a judgmental computation rule. Another example of a contractible type is the total space of the
family of identifications with a fixed starting point.

We then introduce the notion of fiber of a map, which is the type theoretic analogue of the
pre-image of a map, and we say that a map in contractible if all its fibers are contractible. Thus, a
map is contractible if the pre-image at any point in the codomain is a singleton. This condition is
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of course analogous to the set theoretic notion of bijective map, which suggests that on the type
theoretical side of things a map should be contractible if and only if it is an equivalence.

The forward direction of this claim is straightforward, and we prove this direction imme-
diately in Theorem 8.2.5. The converse direction can be done directly, but it is certainly more
involved. Therefore we prepare the proof of the converse direction by first characterizing the
identity type of a fiber of a map. Then we show that any equivalence e can be given the structure
of a invertible map with an additional coherence relating the homotopies

eoe ! ~id, and e loen~id,
and finally we use these observations in Theorem 8.3.6 to conclude that the fibers of any equiva-
lence must be contractible.

8.1 Contractible types
Definition 8.1.1. We say that a type A is contractible if it comes equipped with a term of type

is-contr(A) := Y. [T (xa)c = x.

Given a term (c,C) : is-contr(A), we call ¢ : A the center of contraction of A, and we call
C :I1(x:.a)c = x the contraction of A.

Remark 8.1.2. Suppose A is a contractible type with center of contraction ¢ and contraction C.
Then the type of C is (judgmentally) equal to the type

const, ~ id 4.

In other words, the contraction C is a homotopy from the constant function to the identity function.

Example 8.1.3. The unit type is easily seen to be contractible. For the center of contraction we
take x : 1. Then we define a contraction [ (,.1)* = x by the induction principle of 1. Applying
the induction principle, it suffices to construct a term of type x = x, for which we just take refl,.

Definition 8.1.4. Suppose A comes equipped with a term a : A. Then we say that A satisfies
singleton induction if for every type family B over A, the map

ev-pt : (H (x: A)B(x)) — B(a)

defined by ev-pt(f) := f(a) has a section. In other words, if A satisfies singleton induction we
have a function and a homotopy

sing-ind, : B(a) — I (x.4)B(x)
sing-comp,, : ev-pt o sing-ind, ~ id
for any type family B over A.

Example 8.1.5. Note that the singleton induction principle is almost the same as the induction
principle for the unit type, the difference being that the "computation rule” in the singleton
induction for A is stated using an identification rather than as a judgmental equality. The unit
type 1 comes equipped with a function

indq : B(*) — H(le)B(x)



48 CHAPTER 1I. BASIC CONCEPTS OF TYPE THEORY

for every type family B over 1, satisfying the judgmental equality indy (b, ) = b for every b : B(x)
by the computation rule. Thus we easily obtain the homotopy

Ab. refl, : ev-ptoindy ~ id,
and we conclude that the unit type satisfies singleton induction.
Theorem 8.1.6. Let A be a type. The following are equivalent:
(i) The type A is contractible.
(ii) The type A comes equipped with a term a : A, and satisfies singleton induction.

Proof. Suppose A is contractible with center of contraction c and contraction C. First we observe
that, without loss of generality, we may assume that C comes equipped with an identification
p : C(c) = reflc. To see this, note that we can always define a new contraction C’ by

C'(x) = C(e) " C(w),

which satisfies the requirement by the left inverse law, constructed in Definition 5.2.5.

To show that A satisfies singleton induction let B be a type family over A equipped with
b : B(a). To define sing-ind, (b) : T (x.4)B(x), let x : A. We have an identification C(x) : a = x,
and b is in B(a). Therefore we can transport b along the path C(x) to obtain

sing-ind, (b) := trg(C(x),b) : B(x).
To see that sing-ind(c) = b note that we have

refl,

APrw. trg(w,b) (P)

trg(C(c),b) trg(refl,, b) b.

This completes the proof that A satisfies singleton induction.

For the converse, suppose that a : A and that A satisfies singleton induction. Our goal is to
show that A is contractible. For the center of contraction we take the term a : A. By singleton
induction applied to B(x) := a = x we have the map

sing-ind; a4 =a — [ (x.4)a = x.
Therefore sing-ind 4 ,(refl;) is a contraction. O

Theorem 8.1.7. Forany a : A, the type
Y(x:A)d =X
is contractible.

Proof. We will prove the statement by showing that }_,. 1) x = y satisfies singleton induction,
and then use Theorem 8.1.6 to conclude that },.4) @ = x is contractible. We will use the term
(a,reflg) : Y(x.a) @ = x as the center of contraction.

Now let P be a type family over ) (,.4) a2 = x. Note that we have a commuting triangle

ev-pair

H(t:Z(X:A)a:x)P(t) H(x:A) H(p:u:x)P(xr P)

em Aﬂ

P(a,refl;)
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where the maps ev-pair and ev-refl are defined as

f = Ax. Ap. f(x,p)
g g(a,refly),

respectively. By the induction principle for X-types it follows that ev-pair has a section, and by
path induction it follows that ev-refl has a section. Therefore it follows from Exercise 7.4 that the
composite ev-pt has a section. O

8.2 Contractible maps

Definition 8.2.1. Let f : A — B be a function, and let b : B. The fiber of f at b is defined to be
the type

fibr(b) := L(a:n)f(a) = b.

In other words, the fiber of f at b is the type of a : A that get mapped by f to b. One may
think of the fiber as a type theoretic version of the pre-image of a point.

It will be useful to have a characterization of the identity type of a fiber, so we will make such
a characterization immediately.

Definition 8.2.2. Let f : A — Bbeamap, and let (x, p), (¥, p’) : fibs(y) for some y : B. Then we
define

Ea-fibg((x, p), (¥, ') = L(av=x)p = apf(a) * '
The relation Eq-fibs : fib¢(y) — fibs(y) — U is a reflexive relation, since we have
A(x,p). (reflx, refly) = TT ((x,p)ib, () Ea-fibs (%, p), (x, p))-

Lemma 8.2.3. Consider amap f : A — Band let y : B. The canonical map

((x,p) = (x",p")) = Ea-fibs ((x, p), (+', p))
induced by the reflexivity of Eq-fiby is an equivalence for any (x, p), (x', p') : fibs(y).
Proof. The converse map

Eq-fibs((x, p), (x', 1)) = ((x,p) = (x, "))
is easily defined by Z-induction, and then path induction twice. The homotopies witnessing that

this converse map is indeed a right inverse as well as a left inverse is similarly constructed by
induction. O

Now we arrive at the notion of contractible map.
Definition 8.2.4. We say that a function f : A — B is contractible if there is a term of type
is-contr(f) := [T (p.p)is-contr(fibs(b)).

Theorem 8.2.5. Any contractible map is an equivalence.
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Proof. Let f : A — B be a contractible map. Using the center of contraction of each fib¢(y), we
obtain a term of type

Ay (8(), G(y)) : IT (y:p)fibs ().

Thus, we get map g : B — A, and a homotopy G : [] (;.5)f(¢(y)) = y. In other words, we geta
section of f.

It remains to construct a retraction of f. Taking g as our retraction, we have to show that
IT(x:4)8(f(x)) = x. Note that we get an identification p : f(g(f(x))) = f(x) since g is a section
of f. It follows that (g(f(x)), p) : fibs(f(x)). Moreover, since fib¢(f(x)) is contractible we get
an identification g : (¢(f(x)), p) = (x, refl¢()). The base path ap,,, () of this identification is an
identification of type g(f(x)) = x, as desired. O

8.3 Equivalences are contractible maps

In Theorem 8.3.6 we will show the converse to Theorem 8.2.5, i.e., we will show that any
equivalence is a contractible map. We will do this in two steps.

First we introduce a new notion of coherently invertible map, for which we can easily show that
such maps have contractible fibers. Then we show that any equivalence is a coherently invertible
map.

Recall that an invertible map is a map f : A — B equipped with g : B - A and homotopies

G:fog~id and H:gof ~id.
Then we observe that both G - f and f - H are homotopies of the same type
fogof~f.

A coherently invertible map is an invertible map for which there is a further homotopy G - f ~
f-H.

Definition 8.3.1. Consider a map f : A — B. We say that f is coherently invertible if it comes
equipped with

g:B— A
G:fogn~id
H:gof~id
K:G-f~f-H.
We will write is-coh-invertible( f) for the type of quadruples (g, G, H, K).

Although we will encounter the notion of coherently invertible map on some further occa-
sions, the following lemma is our main motivation for considering it.

Lemma 8.3.2. Any coherently invertible map has contractible fibers.

Proof. Consider amap f : A — B equipped with

g:B—= A
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G:fogn~id
H:gof ~id
K:G-f~f-H,

and let y : B. Our goal is to show that fib¢(y) is contractible. For the center of contraction we
take (g(v), G(y)). In order to construct a contraction, it suffices to construct a term of type

T e) T (p:f(x)=y) Ea-fibe ((8(y), G(v)), (x, p))-

By path induction on p : f(x) = y it suffices to construct a term of type

IT (x:a)Ea-fibp (((f (%)), G(f(x))), (x, reflp(zy))-

By definition of Eq-fiby, we have to construct a term of type

IT () g (7)) =) G (f () = apg () = refl .

Such a term is constructed as Ax. (H(x), K'(x)), where the homotopy H : go f ~ id is given by
assumption, and the homotopy

K" : T (x:a)G(f (x)) = app(H(x)) * reflg)

is defined as
K’ := K+ htpy-right-unit(f - H) L. O

Our next goal is to show that for any map f : A — B equipped with
g:B— A, G:fog~id, and H:gof ~id,

we can improve the homotopy G to a new homotopy G’ : f o ¢ ~ id for which there is a further
homotopy
f-H~G - f.

Note that this situation is analogous to the situation in the proof of Theorem 8.1.6, where we
improved the contraction C so that it satisfied C(c) = refl. The extra coherence f - H ~ G’ - f is
then used in the proof that the fibers of an equivalence are contractible.

Definition 8.3.3. Let f,g: A — B be functions, and consider H: f ~ gand p: x = yin A. We
define the identification

htpy-nat(H, p) := aps(p) * H(y) = H(x) * apy(p)

witnessing that the square

commutes. This square is also called the naturality square of the homotopy H at p.
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Construction. By path induction on p it suffices to construct an identification
aps(refly) » H(x) = H(x) * apg(refly)

since apy(refly) = reflf(,) and ap,(refly) = refly(,), and since reflf(,) * H(x) = H(x), we see that
the path right-unit(H(x)) ™! is of the asserted type. O

Definition 8.3.4. Consider f : A - Aand H : f ~ id4. We construct an identification H(f(x)) =
aps(H(x)), for any x : A.

Construction. By the naturality of homotopies with respect to identifications the square

H{f(x))

ff(x)

aps(H(x)) ]

f(x)wx

f(x)

H(x)

commutes. This gives the desired identification H(f(x)) = aps(H(x)). O

Lemma 8.3.5. Let f : A — B be a map, and consider (g, G, H) : has-inverse(f). Then there is a
homotopy G’ : f o ¢ ~ id equipped with a further homotopy

K:G-f~f-H.
Thus we obtain a map has-inverse(f) — is-coh-invertible(f).

Proof. For each y : B, we construct the identification G'(y) as the concatenation

G(fg(y) ™! aps(H(g(v)))

) fsfgy)

G(y)

f8(y) fs(y)

Y.
In order to construct a homotopy G’ - f ~ f - H, it suffices to show that the square

G(fef(x))

fefsf(x) fef(x)
apf<H<gf<x>>)H aps(H(x))
f8f(x) ST f(x)

commutes for every x : A. Recall from Definition 8.3.4 that we have H(gf(x)) = apgf(H(x)).
Using this identification, we see that it suffices to show that the square

fefef(x) —US fof(x)
aprer(H(x)) ] aps(H(x))
f3f(x) =g S

commutes. Now we observe that this is just a naturality square the homotopy Gf : fgf ~ f,
which commutes by Definition 8.3.3.
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Now we put the pieces together to conclude that any equivalence has contractible fibers.
Theorem 8.3.6. Any equivalence is a contractible map.

Proof. We have seen in Lemma 8.3.2 that any coherently invertible map is a contractible map.
Moreover, any equivalence has the structure of an invertible map by Lemma 7.2.3, and any
invertible map is coherently invertible by Lemma 8.3.5. O

Corollary 8.3.7. Let A be a type, and let a : A. Then the type

L(wA)X =4
is contractible.

Proof. By Remark 7.2.5, the identity function is an equivalence. Therefore, the fibers of the
identity function are contractible by Theorem 8.3.6. Note that } (. 4) x = a is exactly the fiber of
idg ata: A. O

Exercises

8.1 Show that if A is contractible, then for any x,y : A the identity type x = y is also con-
tractible.
8.2 Suppose that A is a retract of B. Show that

is-contr(B) — is-contr(A).

8.3 (a) Show that for any type A, the map const, : A — 11is an equivalence if and only if A is
contractible.
(b) Apply Exercise 7.4 to show that for any map f : A — B, if any two of the three
assertions

(i) A is contractible
(ii) B is contractible
(iii) f is an equivalence
hold, then so does the third.
8.4 Show that for any two types A and B, the following are equivalent:

(i) Both A and B are contractible.
(ii) The type A X B is contractible.

8.5 Let A be a contractible type with center of contraction a : A. Furthermore, let B be a type
family over A. Show that the map y — (a,y) : B(a) — ¥ (x.4) B(x) is an equivalence.
8.6 Let B be a family of types over A, and consider the projection map

pri - (Z(X:A)B(x)) — A.

Show that for any a : A, the map

AM(x,y), p)-trg(p,y) : fibpr, (@) — B(a),

is an equivalence. Conclude that pry is an equivalence if and only if each B(a) is contractible.
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8.7 Construct for any map f : A — B an equivalence e : A > }(,.p) fib;(y) and a homotopy
H : f ~ pry o e witnessing that the triangle

A ——— Y5 fibs(y)

DN

B

commutes. The projection pry : (¥:p) fibs(y)) — B is sometimes also called the fibrant re-
placement of f, because first projection maps are fibrations in the homotopy interpretation
of type theory.

9 The fundamental theorem of identity types

For many types it is useful to have a characterization of their identity types. For example, we
have used a characterization of the identity types of the fibers of a map in order to conclude that
any equivalence is a contractible map. The fundamental theorem of identity types is our main
tool to carry out such characterizations, and with the fundamental theorem it becomes a routine
task to characterize an identity type whenever that is of interest.

Our first application of the fundamental theorem of identity types in the present lecture
is a simple proof that any equivalence is an embedding. Embeddings are maps that induce
equivalences on identity types, i.e., they are the homotopical analogue of injective maps. In our
second application we characterize the identity types of coproducts.

Throughout the rest of this book we will encounter many more occasions to characterize
identity types. For example, we will show in Theorem 10.2.6 that the identity type of the natural
numbers is equivalent to its observational equality, and we will show in Theorem 16.5.2 that the
loop space of the circle is equivalent to Z.

In order to prove the fundamental theorem of identity types, we first prove the basic fact
that a family of maps is a family of equivalences if and only if it induces an equivalence on total
spaces.

9.1 Families of equivalences

Definition 9.1.1. Consider a family of maps

fiIl(ayB(x) = C(x).

We define the map
tot(f) : Lixa)B(x) = L(x:a)C(x)

by A(x,y). (x, f(x,y))-

Lemma 9.1.2. For any family of maps f : [ (x.)B(x) — C(x) and any t : ¥ . ) C(x), there is an
equivalence
fibeot (£) (£) = fibg(pr, (1)) (Pra(t))-

Proof. For any p : fibyoy () (t) we define ¢(t, p) : fiby,, () (pr2(t)) by E-induction on p. Therefore
it suffices to define ¢(t, (s,a)) : fiby, () (pra(t)) for any s : ¥ .4) B(x) and & : tot(f)(s) =
t. Now we proceed by path induction on &, so it suffices to define ¢(tot(f)(s), (s, refl)) :
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fib F(pr(tot (£)(s))) (pra(tot(f)(s))). Finally, we use X-induction on s once more, so it suffices to

define
@((x, f(x, ), ((x,y), refl)) « fibr) (f (x,y)).

Now we take as our definition

¢((x, f(x,y)), ((x,y), refl)) := (y, refl).

For the proof that this map is an equivalence we construct a map
() fibgor, (1)) (Pra(t)) = fibeoe (1) (£)
equipped with homotopies G(t) : ¢(t) o (t) ~ id and H(t) : ¢(t) o ¢(t) ~ id. In each of these

definitions we use X-induction and path induction all the way through, until an obvious choice
of definition becomes apparent. We define ¢(t), G(t), and H(t) as follows:

P((x, f(x,y)), (y,refl)) := ((x,y), refl)
G((x, f(xy)), (y,refl)) := ref
H(Gx, £ 0)), (), refl)) = el .
Theorem 9.1.3. Let f : T (x.4)B(x) — C(x) be a family of maps. The following are equivalent:

(i) For each x : A, the map f(x) is an equivalence. In this case we say that f is a family of
equivalences.

(ii) The map tot(f) : Y(x.a) B(x) = YL(x.a) C(x) is an equivalence.

Proof. By Theorems 8.2.5 and 8.3.6 it suffices to show that f(x) is a contractible map for each
x : A, if and only if tot(f) is a contractible map. Thus, we will show that fib¢(,) (c) is contractible
if and only if fibyo (4 (%, ) is contractible, for each x : A and ¢ : C(x). However, by Lemma 9.1.2
these types are equivalent, so the result follows by Exercise 8.3. O

Now consider the situation where we have amap f : A — B, and a family C over B. Then
we have the map

AMx,z). (f(x),2) : Lixa)C(f(x) = Ly:p) CW)-

We claim that this map is an equivalence when f is an equivalence. The technique to prove this
claim is the same as the technique we used in Theorem 9.1.3: first we note that the fibers are
equivalent to the fibers of f, and then we use the fact that a map is an equivalence if and only if
its fibers are contractible to finish the proof.

Lemma 9.1.4. Consider an equivalence e : A ~ B, and let C be a type family over B. Then the map
05 (C) == Ax,2)- (f(%),2) : L) C(f (%)) = Ly C()
is an equivalence.

Proof. We claim that for each t : (.5, C(y) there is an equivalence

fib(,f(c) (t) = fibg(pry (1))
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We prove this by constructing
D) : ibg ) (1) — fibg (pry (1)
P(t) f'bf(pr1( )) = fibg, () (£)
G(t): oy ~id
H(t):¢po¢ ~id.

The construction of these functions and homotopies is by using X-induction and path induction
all the way through, just as in the proof of Lemma 9.1.2. We list the definitions

P((f(x),2), ((x,2), refl)) := (x, refl)
P((f(x),2), (x,refl)) := ((x,2), refl)
G((f(x),z), (x,refl)) := refl

H((f(x),2), ((x,z),refl)) := refl.

Now the claim follows, since we see that ¢ is a contractible map if and only if f is a contractible
map. O

We now combine Theorem 9.1.3 and Lemma 9.1.4.
Definition 9.1.5. Consider amap f : A — B and a family of maps
g I1(x:a)C(x) = D(f(x)),

where C is a type family over A, and D is a type family over B. In this situation we also say that
g is a family of maps over f. Then we define

totr(8) : Lixn)C(x) = L) D(v)

by tot(g)(x,z) := (f(x),8(x,2)).

Theorem 9.1.6. Suppose that g is a family of maps over f, and suppose that f is an equivalence. Then
the following are equivalent:

(i) The family of maps g over f is a family of equivalences.
(ii) The map tots(g) is an equivalence.

Proof. Note that we have a commuting triangle

totf(g)

Y(x:4) C(x)

Z(y:B)
tot@\ /A() (f(x)2)

Yxa) D(f (%))

By the assumption that f is an equivalence, it follows that the map Y (,.4) D(f(x)) — L(:3) D(y)
is an equivalence. Therefore it follows that tot¢(g) is an equivalence if and only if tot(g) is an
equivalence. Now the claim follows, since tot(g) is an equivalence if and only if ¢ if a family of
equivalences. O
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9.2 The fundamental theorem

Many types come equipped with a reflexive relation that possesses a similar structure as the
identity type. The observational equality on the natural numbers is such an example. We have
see that it is a reflexive, symmetric, and transitive relation, and moreover it is contained in any
other reflexive relation. Thus, it is natural to ask whether observational equality on the natural
numbers is equivalent to the identity type.

The fundamental theorem of identity types (Theorem 9.2.2) is a general theorem that can
be used to answer such questions. It describes a necessary and sufficient condition on a type
family B over a type A equipped with a point a : A, for there to be a family of equivalences
[T (x:a)(a = x) ~ B(x). In other words, it tells us when a family B is a characterization of the
identity type of A.

Before we state the fundamental theorem of identity types we introduce the notion of identity
systems. Those are families B over a A that satisfy an induction principle that is similar to the
path induction principle, where the ‘computation rule’ is stated with an identification.

Definition 9.2.1. Let A be a type equipped with a term a : A. A (unary) identity system on A at
a consists of a type family B over A equipped with b : B(a), such that for any family of types
P(x,y) indexed by x : A and y : B(x), the function

B 1(@,0) ¢ (TT )T et P(x,y) ) = P(a,b)
has a section.

The most important implication in the fundamental theorem is that (ii) implies (i). Occasion-
ally we will also use the third equivalent statement. We note that the fundamental theorem also
appears as Theorem 5.8.4 in [3].

Theorem 9.2.2. Let A be a type with a : A, and let B be be a type family over A with b : B(a). Then the
following are logically equivalent for any family of maps

f I (xa(a=x) = B(x).
(i) The family of maps f is a family of equivalences.

(ii) The total space
Y (x:4)B(x)

is contractible.
(iii) The family B is an identity system.
In particular the canonical family of maps
pathrind, (8) : TT sz (a = %) — B(x)
is a family of equivalences if and only if Y. o) B(x) is contractible.

Proof. First we show that (i) and (ii) are equivalent. By Theorem 9.1.3 it follows that the family of
maps f is a family of equivalences if and only if it induces an equivalence

(Z(x:A)ﬂ = x) ~ (Z(x:A)B(x))
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on total spaces. We have that }(,.4) 2 = x is contractible. Now it follows by Exercise 8.3, applied

in the case
tot(f)

Z(x:A) B (x)

>,

1

that tot(f) is an equivalence if and only if Y ,.4) B(x) is contractible.
Now we show that (ii) and (iii) are equivalent. Note that we have the following commuting
triangle

ev-pair

[T (45 n, B P(E)

P(a

In this diagram the top map has a section. Therefore it follows by Exercise 7.4 that the left map
has a section if and only if the right map has a section. Notice that the left map has a section for
all P if and only if Y. 4) B(x) satisfies singleton induction, which is by Theorem 8.1.6 equivalent
to Y (x.4) B(x) being contractible. O

IT ) I (B2 P (%, )

x:A)
Ah.hi(a,b)
,b)

9.3 Embeddings

As an application of the fundamental theorem we show that equivalences are embeddings. The
notion of embedding is the homotopical analogue of the set theoretic notion of injective map.

Definition 9.3.1. An embeddingisamap f : A — B satisfying the property that
aps: (x=y) = (f(x) = f(y))

is an equivalence for every x,y : A. We write is-emb(f) for the type of witnesses that f is an
embedding.

Another way of phrasing the following statement is that equivalent types have equivalent
identity types.

Theorem 9.3.2. Any equivalence is an embedding.
Proof. Lete: A ~ B be an equivalence, and let x : A. Our goal is to show that
ap, : (x=y) — (e(x) =e(y))
is an equivalence for every y : A. By Theorem 9.2.2 it suffices to show that
Laye(x) =e(y)
is contractible for every y : A. Now observe that there is an equivalence
Liyaye(x) = e(y) = Lae(y) = e(x)
= fibe(e(x))
by Theorem 9.1.3, since for each y : A the map
inv: (e(x) = e(y)) = (e(y) = e(x))
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is an equivalence by Exercise 7.1. The fiber fib.(e(x)) is contractible by Theorem 8.3.6, so it
follows by Exercise 8.3 that the type }_(,.4) e(x) = e(y) is indeed contractible. O

9.4 Disjointness of coproducts

To give a second application of the fundamental theorem of identity types, we characterize the
identity types of coproducts. Our goal in this section is to prove the following theorem.

Theorem 9.4.1. Let A and B be types. Then there are equivalences

(inl(x) = inl(x')) = (x = %)
(inl(x) = inr(y")) ~ @
(inr(y) = inl(x)) ~ @
(inr(y) = inr(y")) ~ (y =y")

forany x,x" : Aandy,y’ : B.

In order to prove Theorem 9.4.1, we first define a binary relation Eq-coprod 4  on the coprod-
uct A+ B.

Definition 9.4.2. Let A and B be types. We define
Eq-coprodyp: (A+B) = (A+B) = U

by double induction on the coproduct, postulating

Eg-coprod 4 p(inl(x),inl(x")) := (x = x)
Eg-coprod 4 g(inl(x),inr(y")) := @
Eg-coprod 4 g(inr(y),inl(x")) := @

)

The relation Eqg-coprod 4 3 is also called the observational equality of coproducts.

Lemma 9.4.3. The observational equality relation Eq-coprod, g on A + B is reflexive, and therefore
there is a map

Eqg-coprod-eq : [ (s 1:a+5) (s = t) — Eq-coprod (s, t)
Construction. The reflexivity term p is constructed by induction on ¢ : A 4 B, using
p(inl(x)) := refli(y) : Eq-coprod 4 g(inl(x))
p(inr(y)) = reflin(y) : Eq-coprod 4 p(inr(y)). O

To show that Eq-coprod-eq is a family of equivalences, we will use the fundamental theorem,
Theorem 9.2.2. Moreover, we will use the functoriality of coproducts (established in Exercise 7.12),
and the fact that any total space over a coproduct is again a coproduct:

(e P(8) = (L(aen) Pnl(x))) + (E(yem) Plinr(y)) )

All of these equivalences are straightforward to construct, so we leave them as an exercise to the
reader.
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Lemma 9.4.4. Forany s : A + B the total space
Y(t:a+B)Eq-coprod 4 (s, t)
is contractible.
Proof. We will do the proof by induction on s. The two cases are similar, so we only show that
the total space
Y(t:a+B)Eq-coprod 4 p(inl(x), t)

is contractible. Note that we have equivalences

Z(t:A+B) Eqg-coprod 4 p(inl(x), t)

~ (X (:)Eq-coprod 4 p(inl (x), inl (x')) ) + (£ (y1.5) Eq-coprod 4 s inl (x),inr () )

= (Ewyx =¥) + (S ©)

~ (Z(x’:A)x = xl> +0

~ Z(x’:A)x = X/.

In the last two equivalences we used Exercise 7.2. This shows that the total space is contractible,

since the latter type is contractible by Theorem 8.1.7. O
Proof of Theorem 9.4.1. The proof is now concluded with an application of Theorem 9.2.2, using
Lemma 9.4.4. O
Exercises

9.1 (a) Show that the map @ — A is an embedding for every type A.
(b) Show thatinl: A — A+ Bandinr: B — A + B are embeddings for any two types A
and B.
9.2 Consider an equivalence e : A ~ B. Construct an equivalence

(e(x) =y) = (x=e""(y))

foreveryx: Aandy : B.
9.3 Show that

(f ~ g) — (is-emb(f) <> is-emb(g))

forany f,g: A — B.
9.4 Consider a commuting triangle

A—" B
N e
X
withH: f ~goh.

(a) Suppose that g is an embedding. Show that f is an embedding if and only if / is an
embedding.
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(b) Suppose that & is an equivalence. Show that f is an embedding if and only if g is an
embedding.

9.5 Consider twomaps f : A — A’and g: B — B'.

(a) Show that if the map
f+g:(A+B)— (A +B)

is an equivalence, then so are both f and g (this is the converse of Exercise 7.12.¢).
(b) Show that f + g is an embedding if and only if both f and g are embeddings.

9.6 (a) Let f, g : I1(x:a)B(x) — C(x) be two families of maps. Show that

(M eaf() ~ g(x)) = (tot(f) ~ tot(g) ).
(b) Let f : IT(x.a)B(x) = C(x) and let g : [T (1.4)C(x) — D(x). Show that
tot(Ax. g(x) o f(x)) ~ tot(g) otot(f).
(c) For any family B over A, show that
tot (Ax.idp(y)) ~ id.

9.7 Leta : A, and let B be a type family over A.

(a) Use Exercises 8.2 and 9.6 to show that if each B(x) is a retract of 2 = x, then B(x) is
equivalent to a = x for every x : A.
(b) Conclude that for any family of maps

f I (xa(a=x) = B(x),

if each f(x) has a section, then f is a family of equivalences.

9.8 Use Exercise 9.7 to show that for any map f : A — B, if

aps: (x =y) = (f(x) = f(y))

has a section for each x,y : A, then f is an embedding.
9.9 We say thatamap f : A — B is path-splitif f has a section, and for each x,y : A the map

aps(x,y): (x =y) = (f(x) = f(y))
also has a section. We write path-split(f) for the type
sec(f) X IT (xy:a)5ec(aps (%, y))-
Show that for any map f : A — B the following are equivalent:
(i) The map f is an equivalence.
(ii) The map f is path-split.
9.10 Consider a triangle

A—" B
Nk
X

with a homotopy H : f ~ g o h witnessing that the triangle commutes.
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(a) Construct a family of maps
fib-triangle(h, H) : TT (x.x)fibs (x) — fibg(x),
for which the square

tot (fib-triangle(h,H))

Y(x:x) fibg (x) Y (x:x) fibg (%)
A B

h

commutes, where the vertical maps are as constructed in Exercise 8.7.
(b) Show that / is an equivalence if and only if fib-triangle(h, H) is a family of equivalences.

10 The hierarchy of homotopical complexity

10.1 Propositions and subtypes
Definition 10.1.1. A type A is said to be a proposition if there is a term of type
is-prop(A) := [T (x:4)is-contr(x = y).
Given a universe U, we define Prop;, to be the type of all small propositions, i.e.,
Propy := ¥ (x.)is-prop(A).

Example 10.1.2. Any contractible type is a proposition by Exercise 8.1. However, propositions do
not need to be inhabited: the empty type is also a proposition, since

[T (x:0)is-contr(x = y)

follows from the induction principle of the empty type.

In the following lemma we prove that in order to show that a type A is a proposition, it
suffices to show that any two terms of A are equal. In other words, propositions are types with
proof irrelevance.

Theorem 10.1.3. Let A be a type. Then the following are equivalent:
(i) The type A is a proposition.
(ii) Any two terms of type A can be identified, i.e., there is a dependent function
is-prop’(A) :=IT (xy.4) % = V-
(iii) The type A is contractible as soon as it is inhabited, i.e., there is a function

A — is-contr(A).

(iv) The map const, : A — 1is an embedding.
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Proof. To show that (i) implies (ii), let A be a proposition. Then its identity types are contractible,
so the center of contraction of x = y is identification x = y, for each x,y : A.

To show that (ii) implies (iii), suppose that A comes equipped with p : [T ,,.4)x = y. Then
for any x : A the dependent function p(x) : [ (,.4)x = y is a contraction of A. Thus we obtain
the function

Ax.(x,p(x)) : A — is-contr(A).

To show that (iii) implies (iv), suppose that A — is-contr(A) and let x,y : A. We have to show
that

aPeonst, 1 (X =Y) = (k=)
is an equivalence. Since we have x : A it follows that A is contractible. Since the unit type is
contractible it follows that const, is an equivalence. Therefore we conclude by Theorem 9.3.2 that
it is an embedding.
To show that (iv) implies (i), note that if A — 1 is an embedding, then the identity types of A
are equivalent to contractible types and therefore they must be contractible. O

In the following lemma we show that propositions are closed under equivalences.
Lemma 10.1.4. Let A and B be types, and let e : A ~ B. Then we have
is-prop(A) > is-prop(B).

Proof. We will show that is-prop(B) implies is-prop(A). This suffices, because the converse follows
from the fact that e : B — A is also an equivalence.
Since ¢ is assumed to be an equivalence, it follows by Theorem 9.3.2 that

ap, : (x =y) = (e(x) = e(y))

is an equivalence for any x,y : A. If B is a proposition, then in particular the type e(x) = e(y) is
contractible for any x,y : A, so the claim follows from Theorem 8.3.6. O

In set theory, a set y is said to be a subset of a set x, if any element of y is an element of x, i.e.,
if the condition
Vi(zey) — (z€x)

holds. We have already noted that type theory is different from set theory in that terms in
type theory come equipped with a unique type. Moreover, in set theory the proposition x € y
is well-formed for any two sets x and y, whereas in type theory the judgment a : A is only
well-formed if it is derived using the postulated inference rules. Because of these differences we
must find a different way to talk about subtypes.

Note that in set theory there is a correspondence between the subsets of a set x, and the
predicates on x. A predicate on x is just a proposition P(z) that varies over the elements z € x.
Indeed, if y is a subset of x, then the corresponding predicate is the proposition z € y. Conversely,
if P is a predicate on x, then we obtain the subset

{zex|P(2)}
of x. Now we have the right idea of subtypes in type theory: they are families of propositions.

Definition 10.1.5. A type family B over A is said to be a subtype of A if for each x : A the type
B(x) is a proposition. When B is a subtype of A, we also say that B(x) is a property of x : A.

We will show in Corollary 10.3.8 that a type family B over A is a subtype of A if and only if
the projection map pry : (L (x.4) B(x)) — A is an embedding.
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10.2  Sets
Definition 10.2.1. A type A is said to be a set if it comes equipped with a term of type
is-set(A) =TT (xy.a)is-prop(x = y).

Lemma 10.2.2. A type A is a set if and only if it satisfies axiom K, i.e., if and only if it comes equipped
with a term of type

axiom-K(A) := [T (x:)I T (pix—xreflx = p.

Proof. If A is a set, then x = x is a proposition, so any two of its elements are equal. This implies
axiom K.

For the converse, if A satisfies axiom K, then for any p,q : x =y we have p* g~ = refl,, and
hence p = g. This shows that x = y is a proposition, and hence that A is a set. O

Theorem 10.2.3. Let A be a type, and let R : A — A — U be a binary relation on A satisfying
(i) Each R(x,y) is a proposition,
(ii) Ris reflexive, as witnessed by p : [T (x.4)R(x, x),

(iii) There is a map

foreach x,y : A.
Then any family of maps
IT (xy:A) (x = ]/) - R(x, y)
is a family of equivalences. Consequently, the type A is a set.

Proof. Let f : [T (xy.4)R(x,y) = (x=y). Since R is assumed to be reflexive, we also have a
family of maps

path-ind, (p(x)) : TT (y.4) (x = ¥) = R(x, ).

Since each R(x,y) is assumed to be a proposition, it therefore follows that each R(x, y) is a retract
of x = y. Therefore it follows that }_(,.4) R(x,y) is a retract of }_(,.4) x = y, which is contractible.
We conclude that Y, 4) R(x, ) is contractible, and therefore that any family of maps

[T (x=y) = R(x,y)

is a family of equivalences.
Now it also follows that A is a set, since its identity types are equivalent to propositions, and
therefore they are propositions by Lemma 10.1.4. O

Definition 10.2.4. A map f : A — B is said to be injective if for any x,y : A there is a map

Corollary 10.2.5. Any injective map into a set is an embedding.
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Proof. Let f : A — B be an injective map between sets. Now consider the relation

R(x,y) = (f(x) = f(y))-

Note that R is reflexive, and that R(x,y) is a proposition for each x,y : A. Moreover, by the
assumption that f is injective, we have

R(x,y) = (x=y)

for any x,y : A. Therefore we are in the situation of Theorem 10.2.3, so it follows that the map
aps: (x =y) — (f(x) = f(y)) is an equivalence. O

Theorem 10.2.6. The type of natural numbers is a set.

Proof. We will apply Theorem 10.2.3. Note that the observational equality Eqy : IN — (N — i)
on N (Definition 6.4.2) is a reflexive relation by Exercise 6.1, and moreover that Eqy (1, m) is a
proposition for every n, m : IN (proof by double induction). Therefore it suffices to show that

H(m,n:]N)Eq]N(mrn) — (m=n).

This follows from the fact that observational equality is the least reflexive relation, which was
shown in Exercise 6.2. O

10.3 General truncation levels

Definition 10.3.1. We define is-trunc : Z>_, — U — U by induction on k : Z>_», taking

is-trunc_p(A) := is-contr(A)
is-truncy 1 (A) 1= TT (y.a)is-truncg (x = y).

For any type A, we say that A is k-truncated, or a k-type, if there is a term of type is-trunci(A).
We say that a map f : A — B is k-truncated if its fibers are k-truncated.

Theorem 10.3.2. If A is a k-type, then A is also a (k + 1)-type.

Proof. We have seen in Example 10.1.2 that contractible types are propositions. This proves
the base case. For the inductive step, note that if any k-type is also a (k + 1)-type, then any
(k+1)-type is a (k + 2)-type, since its identity types are k-types and therefore (k + 1)-types. [

Theorem 10.3.3. Ife: A ~ B is an equivalence, and B is a k-type, then so is A.

Proof. We have seen in Exercise 8.3 that if B is contractible and e : A =~ B is an equivalence, then
A is also contractible. This proves the base case.

For the inductive step, assume that the k-types are stable under equivalences, and consider
e: A~ Bwhere Bis a (k+ 1)-type. In Theorem 9.3.2 we have seen that

is an equivalence for any x, y. Note that e(x) = e(y) is a k-type, so by the induction hypothesis it
follows that x = y is a k-type. This proves that A is a (k 4 1)-type. a

Corollary 10.3.4. If f : A — B is an embedding, and B is a (k + 1)-type, then so is A.
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Proof. By the assumption that f is an embedding, the action on paths
aps: (x=y) = (f(x) = f(y))

is an equivalence for every x,y : A. Since B is assumed to be a (k + 1)-type, it follows that
f(x) = f(y) is a k-type for every x,y : A. Therefore we conclude by Theorem 10.3.3 that x = y is
a k-type for every x,y : A. In other words, A is a (k + 1)-type. O

Theorem 10.3.5. Let B be a type family over A. Then the following are equivalent:

(i) For each x : A the type B(x) is k-truncated. In this case we say that the family B is k-truncated.

(ii) The projection map

pri + (Zgea)B(x)) — 4
is k-truncated.
Proof. By Exercise 8.6 we obtain equivalences
fibpr, (x) ~ B(x)

for every x : A. Therefore the claim follows from Theorem 10.3.3. O
Theorem 10.3.6. Let f : A — B be a map. The following are equivalent:

(i) The map f is (k + 1)-truncated.

(ii) Foreach x,y : A, the map
aps: (x=y) = (f(x) = f(¥))

is k-truncated.
Proof. First we show that for any s, ¢ : fib¢(b) there is an equivalence
(s = t) = fibap, (pra(s) = pra(t) ")
We do this by 2-induction on s and ¢, and then we calculate
((x,p) = (v,9)) ~ Eq-fibs((x,p), (v, 9))

= L(ax=y)P = 3Pp(#) * ¢
>~ Y (wx—y)aPr() g =1p
~ Y wrey)Ps(@) = prq '
= fibap, (p* g ).

By these equivalences, it follows that if ap is k-truncated, then for each s, t : fib f(b) the identity
type s = t is equivalent to a k-truncated type, and therefore we obtain by Theorem 10.3.3 that f
is (k + 1)-truncated.

For the converse, note that we have equivalences

fibap, (p) = ((x, p) = (v, refly)))-

It follows that if f is (k 4 1)-truncated, then the identity type (x, p) = (y, refl¢(,) in fibs(f(y)) is
k-truncated for any p : f(x) = f(y). We conclude by Theorem 10.3.3 that the fiber fibap, (p) is
k-truncated. O
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Corollary 10.3.7. A map is an embedding if and only if its fibers are propositions.

Corollary 10.3.8. A type family B over A is a subtype if and only if the projection map

pri + (Zea)B(x)) = 4
is an embedding.
Theorem 10.3.9. Let f : [1(,.4)B(x) — C(x) be a family of maps. Then the following are equivalent:
(i) Foreach x : A the map f(x) is k-truncated.

(ii) The induced map
t0t(f) : (Zeea)B®)) = (L) C))
is k-truncated.

Proof. This follows directly from Lemma 9.1.2 and Theorem 10.3.3. O

Exercises

10.1 (a) Show that succy : IN — IN is an embedding.
(b) Show that n +— m + n is an embedding, for each m : IN. Moreover, conclude that there
is an equivalence

ﬁbaddN(m)(n) = (m < n)'

(c) Show that n +— mn is an embedding, for each m > 0 in IN. Conclude that the
divisibility relation
d|n

is a proposition for each d,n : N such that d > 0.
10.2 Let A be a type, and let the diagonal of A be the map 4 : A = A X A given by Ax. (x, x).

(a) Show that
is-equiv(d4) <> is-prop(A).

(b) Construct an equivalence fibs, ((x,v)) ~ (x = y) for any x,y : A.
(c) Show that A is (k + 1)-truncated if and only if 64 : A — A X A is k-truncated.

10.3 (a) Let B be a type family over A. Show that if A is a k-type, and B(x) is a k-type for each
x : A, then so is ¥ (,.4) B(x). Conclude that for any two k-types A and B, the type
A X Bis also a k-type. Hint: for the base case, use Exercises 8.3 and 8.5.
(b) Show that for any k-type A, the identity types of A are also k-types.
(c) Show that any maps f : A — B between k-types A and B is a k-truncated map.
(d) Use Exercise 8.6 to show that for any type family B : A — U, if A and }_,.4) B(x) are
k-types, then so is B(x) for each x : A.
10.4 Show that 2 is a set by applying Theorem 10.2.3 with the observational equality on 2
defined in Exercise 6.5.
10.5 Show that for any two (k + 2)-types A and B, the disjoint sum A + B is again a (k + 2)-type.
Conclude that Z is a set.
10.6 Use Exercises 8.2 and 7.8 to show that if A is a retract of a k-type B, then A is also a k-type.
10.7 Show that a type A is a (k + 1)-type if and only if the map consty : 1 — A is k-truncated
for every x : A.
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10.8 Consider a commuting triangle
A—"B
2
X

with H : f ~ goh, and suppose that g is k-truncated. Show that f is k-truncated if and
only if h is k-truncated.

11 Elementary number theory

One of the things type theory is great for, is for the formalization of mathematics in a computer
proof assistant. Those are programs that can compile any type theoretical construction to check
that this construction indeed has the type it was claimed it has.

At this point in our development of type theory there are two areas of mathematics that
would be natural to try to do in type theory: discrete mathematics and elementary number
theory. Indeed, how does one define in type theory the greatest common divisor of two natural
numbers, or how does one show that there are infinitely many primes? How does one even
formalize that every non-empty subset of the natural numbers has a least element?

To answer these questions we will run into questions of decidability. How do we write a term
that decides wheter a number is prime or not? Or indeed, is it even true that every non-empty
subset of the natural numbers has a least element? What about the subset of IN that contains 1,
and it contains 0 if and only if Goldbach’s conjecture holds? Finding the least element of this
subset is equivalent to settling the conjecture!

Therefore, we will prove the well-foundedness of the natural numbers for decidable subsets
of N. In fact, we will show it for decidable families, because sometimes we don’t know in
advance whether a family of types is in fact a subtype. A consequence of involving decidability
in the well-foundedness of the natural numbers is that for many properties one has to prove that
they are decidable. Luckily this is the case: many of the familiar properties that one encounters
in number theory are indeed decidable.

11.1 Decidability

A common way of reasoning in mathematics is via a proof by contradiction: “in order to show

that P holds we show that it cannot be the case that P doesn’t hold". There are no inference rules

in type theory that allow us to obtain a term of type P from a term of type -—P. However, for

some propositions P one can construct a function -—P — P. The decidable propositions from a

class of such propositions P for which we can show -—P — P.

Definition 11.1.1. A type A is said to be decidable if it comes equipped with a term of type
is-decidable(A) := A + —A.

Decidable propositions are called classical. We will write

classical-Prop := Y p.prop)is-decidable(P)

for the type of all classical propositions (with respect to a universe I{f).



11. ELEMENTARY NUMBER THEORY 69

Example 11.1.2. The types 1 and @ are decidable. Indeed, we have
inl(%) : is-decidable(1)
inr(id) : is-decidable(®).
Any type A equipped with a point a : A is decidable.
Lemma 11.1.3. For each m,n : IN, the types Eqn(m, n), m < nand m < n are decidable.

Proof. The proofs in each of the three cases is similar, so we only show that Eqy (1, 1) is decidable
for each m, n : IN. This is done by induction on m and n. Note that the types

Ean(On, ON) =1
Eqn (O, sucen (1)) = @
Eqn (sucen (m), 0n) = @

are all decidable. Moreover, the type Eqy(succ (1), sucen (1)) = Eq(m, n) is decidable by the
inductive hypothesis. O

Typically we are mostly interested in decidability of propositions. However, we have defined
the notion of decidability for general types, because the condition on an arbitrary type that its
identity types are decidable is of some interest. We now study such types.

Definition 11.1.4. We say that a type A has decidable equality if the identity type x = vy is
decidable for every x,y : A.

Corollary 11.1.5. Equality on the natural numbers is decidable.

Proof. This follows immediately from the equivalences (m = n) ~ Eqy(m, n), and the fact that
Eqn (m, 1) is decidable. O

Lemma 11.1.6. Suppose that A and B are types with decidable equality. Then the coproduct A + B also
has decidable equality.

Proof. Our goal is to construct a dependent function
dayp T (2.4 p)is-decidable(z = 2').

This function is constructed by coproduct induction on both z and z’, so we have four cases to
consider. Recall from Theorem 9.4.1 that we have equivalences

(inl(x) = inl(x")) = (x = x')
(inl(x) = inr(y')) ~ @
(inr(y) = inl(x')) ~ @
(inr(y) =inr(y")) = (v =)
Therefore the type z = 2’ is equivalent to a decidable type in each of the four cases. O

Corollary 11.1.7. The type Z has decidable equality.
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Corollary 11.1.8. For any n : IN the type Fin(n) has decidable equality.

We have already shown in Theorem 10.2.6 that the type of natural numbers is a set. In fact,
any type with decidable equality is a set. This fact is known as Hedberg’s theorem. Our proof of
Hedberg’s theorem might appear to be slightly complicated compared to the proof in [3]. This is
due to the fact that we haven't introduced function extensionality yet, which is used there to
observe that =—(x = y) is a proposition for any x,y : A.

Theorem 11.1.9 (Hedberg). Any type with decidable equality is a set.
Proof. Let A be a type, and let

d: H(x,y:A)(x :y) +-(x = J/)

Our proof is an application of Theorem 10.2.3. In order to construct a binary relation R, we first
consider the type family D(x,y) : ((x=y) + - (x=y)) — U given by

D(x,y,inl(p)) =1
D(x,y,inr(p)) := Q.

Now we define the binary relation R : A — (A — U) by

R(x,y) := D(x,y,d(x,y)).

It follows that R(x, y) is a proposition for every x,y : A, since D(x, y,z) is a proposition for every

z:(x=y)+(x=y)
To see that R is reflexive it suffices to construct a term of type

0" TT ) I (i (= 4(v=2)) D (%, P)

For any x : A we define p’(x) by case analysison p : (x = x) + =(x = x). Given p : x = x, we
take p’(x,inl(p)) := . Given p : =(x = x), we obtain p(refly) : @, so there is nothing to define in
this case. This completes the definition of p’.

It remains to show that R(x,y) — (x = y) for any x,y : A. Note that it suffices to construct a
function

w:D(x,y,p) = (x=y)

forany x,y: Aand p : (x = y) + —(x = y). This function is constructed by case analisys on p.
Given p : x = y, we simply define a(x, y, inl(p)) := p. Given p : =(x = y) the type D(x,y, p) is
empty, so there is nothing to define. O

11.2 The well-ordering principle for decidable families over IN

Definition 11.2.1. A family P over a type A is said to be decidable if P(x) is decidable for every
x : A. A decidable subset of a type A is a map

P : A — classical-Prop.

Definition 11.2.2. Let P be a decidable family over IN, and let n : IN be a natural number
equipped with p : P(n). We say that n is a minimal P-element if it comes equipped with a term
of type

is-minimalp(n, p) := (H (m:n)P(m) — (n < m))
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Note that the type is-minimalp(n, p) doesn’t depend on p. However, it doesn’t make much
sense that 7 is a minimal element of P unless we already know that 7 is in P. Indeed, if we would
omit the hypothesis that 7 is in P, it would be more accurate to say that n is a lower bound of P.
The following theorem is the well-ordering principle of IN.

Theorem 11.2.3. Let P be a decidable family over IN. Then there is a function

(E(n:N)P(n)) — ():(m:]N)):(p:P(m)) is-minimalp(m, p)) .

Proof. Consider a universe I{ that contains P. We show by induction on # : IN that there is a
function

Q(n) — (Z(m:N)Z(p;Q(m))iS‘mi”imab(m/P))

for every decidable family Q : N — /. Note that we performed a swap in the order of
quantification, using the universe that contains P. This slightly strengthens the inductive
hypothesis, which we will be able to exploit.

The base case is trivial, since Oy is the least natural number. For the inductive step, suppose
that Q(sucen (7)) holds. Note that Q(0p) is assumed to be decidable, so we proceed by case
analysis on Q(0n) + ~Q(0n ). Given g : Q(On), it follows immediately that Ony must be minimal.
In the case where =Q(0n), we consider the decidable subset Q" of N given by

Q'(n) := Q(sucen(n)).

Since we have g : Q/(n), we obtain a minimal element in Q' by the inductive hypothesis. Of
course, by the assumption that Q(0n ) doesn’t hold, the minimal element of Q' is also the minimal
element of Q. O

11.3 The pigeonhole principle

The pigeonhole principle states that if we place more than n balls in 1 bags, then at least one
bag will contain more than one ball. In this section we will give a type theoretical proof of the
pigeonhole principle.

First we give a definition of a function that counts the number of elements in a decidable
subset of Fin(n).

Definition 11.3.1. Let P be a decidable subset of Fin(n). We define the number |P| : IN of
elements in P.

Construction. We give the construction of |P| by induction on 7 : IN. In the base case we note
that Fin(On ) has no elements, so we define |P| := Op.

For the inductive step, we define | P| by case analysis on P(inr(x)) + —P(inr(x)). Let P’ be the
family over Fin(n) given by P/(i) := P(inl(i)). In the case where P(inr(x)) holds, then we define
|P| := sucen|P’|. In the case where P(inr(%)) doesn’t hold we define |P| := |P’|. O

Definition 11.3.2. For any i : Fin(succy (7)) we define a function
skip(i) : Fin(n) — Fin(sucen(n)).
Construction. The function skip(i) is defined by induction on # : IN. In the base case, the function

skip(7) : Fin(Ony) — Fin(sucen (On))
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is defined to be the unique map out of the empty type. In the successor case we define
skip(i) : Fin(sucen (1)) — Fin(sucep (succa (1))
by induction on i : Fin(sucep (sucen(n))). The function
skip(inl()) : Fin(succ (1)) — Fin(succn(sucen (1))

is a map between coproducts, so it can be defined using the functorial action of coproducts of
Exercise 7.12. We take
skip(inl(i)) := skip(i) + id.
The function
skip(inr(7)) : Fin(sucen(n)) — Fin(sucen (sucen(n)))
is just the function inl. O
Lemma 11.3.3. For each i : Fin(succn (1)), the function
skip(7) : Fin(n) — Fin(sucen(n))
is an embedding.

Proof. This assertion is proven by induction on #n. In the base case, we note that any map out
of the empty type is an embedding, by Exercise 9.1.a. In the inductive step we proceed by case
analysis on i : Fin(sucen (sucen(72))). In the case of inl(i) we note that

skip(inl(i)) = skip(i) + id

is the functorial action of coproducts on two embeddings. Therefore we conclude by Exer-
cise 9.5.b that this map is an embedding. In the case of inr(i) we note that inl is an embedding by
Exercise 9.1.b. O

Lemma 11.3.4. Consider a map g : Fin(m) — Fin(sucen(n)). Furthermore, suppose that i :
Fin(sucen (1)) is not in the image of g, i.e. that —=(fibg(7)). Then we can construct a commuting
triangle

Fin(n)
-
T s

Fin(m) %) Fin(sucen (n)).

Finally, we prove the pigeonhole principle.

Theorem 11.3.5. For any m,n : N and any function f : Fin(m) — Fin(n), if m > n, then there is an
i : Fin(n) which is in the image of more than one point in Fin(m).

Proof. The pigeonhole principle is proven by induction on m, n : IN. In the base case for m there is
nothing to show because m > n is empty. For the inductive step on m and the base case for 1, we
note that Fin(succyy(m)) = Fin(m) 4+ 1and Fin(On) = @. Therefore f : Fin(sucen(m)) — Fin(On)
is a function from a pointed type to the empty type, which gives us a contradiction.

It remains to give the inductive step for n. Let i := f(inr(x)) : Fin(succn(n)). Since the
ordering relation < on IN is decidable, we can decide whether i is in the image of more than one
point in Fin(m) by deciding whether or not 1 < |P| holds for

P(j) = (f(j) = 1)
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If this is the case, this completes the proof.
Now suppose that 1 £ |P|. Since P(inr(*)) holds it follows that |P| = 1. Now we observe
that i is not in the image of f o inl. Therefore we obtain a commuting square

Fin(m) Ly Fin(n)

inIJ{ lskip(i)

Fin(succ (m)) — Fin(sucen (n)).

Note that the induction hypothesis the pigeonhole principle applies to the function f’ :
Fin(m) — Fin(n). Since m > n it follows that there is an element j : Fin(n) that is in the image of
f' of more than one element of Fin(m). Now we observe that there is an equivalence

fibpr (f) = fib(skip(i, j))

because both the left and right maps in the commuting square are embeddings. Therefore we
conclude that skip(i, j) is in the image of f of more than one element of Fin(sucepn (m)). O

Corollary 11.3.6. Given m > n, no function Fin(m) — Fin(n) is an embedding.

It is straightforward to see that the statements of Theorem 11.3.5 and Corollary 11.3.6 are
equivalent, and one might argue that the statement of Corollary 11.3.6 is the more ‘type theoretical
way’ of phrasing the pigeonhole principle. However, the relation to counting the number of
points that get mapped to

Theorem 11.3.7. For any m,n : N and any function f : Fin(m) — Fin(n), if m > kn for some k : IN,
then there is an i : Fin(n) which is in the image of more than k points in Fin(m).

11.4 Defining the greatest common divisor

Lemma 11.4.1. Forany d,n : N, the type d | n is decidable.

Proof. We give the proof by case analysis on (d = On) + (d # On). If d = O, then d | n holds if
and only if Oy = 7, which is decidable.

If d # Op;, then it follows that n < nd. Therefore we obtain by the well-ordering principle
of the natural numbers a minimal m : IN that satisfies the decidable property n < md. Now we
observe that d | n holds if and only if n = md, which is decidable. O

Definition 11.4.2. A type family P over N is said to be bounded from above by m for some
natural number m, if it comes equipped with a term of type

is-boundedy; (P) := [T (yn) P (1) — (1 < m).

Definition 11.4.3. Let P be a type family over IN, and consider p : P(n). We say that n is the
maximal P-number if it comes equipped with a term of type

is-maximalp (n, p) := [T (an) P(m) — m < n.

In the following lemma we show that if a decidable family P is bounded from above and
inhabited, then it possesses a maximal element.
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Lemma 11.4.4. Consider a decidable type family P over IN which is bounded from above by m. Then
there is a function

maximump : (Z(H:N)P(n)) — (Z(mN)Z(p:p(”))is-maximalp(n,p)).

Proof. We define the asserted function by induction on m. In the base case, if we have p : P(n),
then it follows from n < 0 that n = 0. It follows by the boundedness of P that (n, p) is maximal.

In the inductive step we proceed by case analysis on P(succy (m)). This is allowed because
P is decidable. If we have g : P(succy(m)), then it follows by the boundedness of P that
(sucen(m), g) is maximal. If ~P(succy(m) ), then it follows that P is bounded by m, which allows
us to proceed by recursion. O

Definition 11.4.5. For any two natural numbers m,n we define the greatest common divisor
ged(m, n), which satisfies the following two properties:

(i) We have both ged(m, n) | m and ged(m, n) | n.
(ii) Forany d : N we have d | ged(m, n) if and only if both d | m and d | n hold.

Construction. Consider the type family P(d) := (d | m) x (d | n). Then P is bounded from above
by m. Moreover, P(1) holds since 1 | n for any natural number n. Furthermore, the divisibility
relation is decidable, so it follows that P is a family of decidable types. Now the greatest common
divisor is defined as the maximal P-element, which is obtained by Lemma 11.4.4 O

11.5 The trial division primality test
Theorem 11.5.1. For any n : IN, the proposition is-prime(n) is decidable.

It is important to note that, even when we prove that a type such as is-prime(n) is decidable,
it is only after we evaluate the proof term that we know whether the type under consideration
has a term or not. In other words, for any given n we don’t know right away whether it is prime
or not. Evaluating whether # is prime can be computationally costly, so it may be desirable in
any specific situation to give a separate mathematical argument that decides whether or not the
number is prime.

11.6 Prime decomposition

We will show now that any natural number # > 0 can be written as a product of primes

_ k k
n=pyc P

This prime decomposition is unique if we require that the primes p; < p;y; foreach 0 <i < m.

In order to establish these facts in type theory, we first have to define finite products.

11.7 The infinitude of primes

Theorem 11.7.1. There are infinitely many primes.

Proof. We will show that for every n : IN there is a prime number that is larger than n. In other
words, we will construct a term of type

H(n:N)E(p:]N)is'prime(p) X (1’[ < P)
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Note that the number 7! + 1 is relatively prime to any number m < n. Therefore the primes in its
prime factorization must all be larger than n. Thus, the function that assigns to n the least prime
factor of n! + 1 shows that for any 7 : IN there is a prime number p that is larger than n. O

Corollary 11.7.2. There is a function
prime : N — ¥ (,.\)is-prime(p)

that sends n to the n-th prime. This function is strictly monotone, so it is an embedding.

Exercises

11.1 Show that for any f : Fin(m) — Fin(n) and any i : Fin(n), the type fib¢(i) is decidable.
11.2 Consider a decidable type P(i) indexed by i : Fin(n).

(a) Show that the type
IT (i-Fin(n)) P(0)
is decidable.
(b) Show that the type
Y (i-Fin(n)) P ()
is decidable.

11.3 (a) Show that N and 2 have decidable equality. Hint: to show that IN has decidable
equality, show first that the successor function is injective.
(b) Show that if A and B have decidable equality, then so do A + B and A x B. Conclude
that Z has decidable equality.
(c) Show thatif A is a retract of a type B with decidable equality, then A also has decidable
equality.

11.4 Define the prime-counting function 77 : N — IN.

11.5 (The Cantor-Schroder-Bernstein theorem) Let X and Y be two sets with decidable equality,
and consider twomaps f : X — Y and g : Y — X, both of which we assume to be injective.
Construct an equivalence X ~ Y.

11.6 For any k : Z, define a function i — i +k mod n of type Fin(n) — Fin(n). Show that this
function is an equivalence.

11.7 For any k : Z, define a function i — i -k mod n of type Fin(n) — Fin(n). Show that this
function is an equivalence if and only if ged(n, k) = 1.

11.8 Show that
i <n - i)
. = by
i—o \ ! !

11.9 Show that if 2" — 1 is prime, then 7 is prime.
11.10 Prove Fermat’s little theorem.






Chapter III

Univalent mathematics

12 Function extensionality

12.1 Equivalent forms of function extensionality

Definition 12.1.1. The axiom of function extensionality asserts that for any type family B over
A, and any two dependent functions f, g : T (x.4)B(x), the canonical map

htpy-eq: (f =g) = (f ~ 8)

that sends refl; to htpy-refl f is an equivalence. We will write eq-htpy for its inverse, if it is assumed
to exist.

In other words, the axiom of function extensionality asserts that for any two dependent func-
tions f, g : [T (x:4)B(x), the type of identifications f = g is equivalent to the type of homotopies
f ~ g from f to g. By the fundamental theorem of identity types (Theorem 9.2.2) there are three
equivalent ways of asserting function extensionality. In the following theorem we state one
further equivalent condition.

Theorem 12.1.2. The following are equivalent:
(i) The axiom of function extensionality.
(ii) For any type family B over A and any dependent function f : [T (x.a)B(x), the total space
L(e T ey B)S ~ 8
is contractible.

(iii) The principle of homotopy induction: for any type family B over A, any dependent function
f I (x:a)B(x), and any family of types P(g, H) indexed by g : [T (x.4)B(x) and H : f ~ g, the

evaluation function

(H (¢4 (e BN T T (1 fg) P85 H)) — P(f, htpy-reflf)
given by s — s(f, htpy-refl) has a section.

(iv) The weak function extensionality principle holds: For every type family B over A one has
(H (X:A)is—contr(B(x))) — is—contr(H (x:A)B(x)).

77
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Proof. The fact that function extensionality is equivalent to (ii) and (iii) follows directly from
Theorem 9.2.2.

To show that function extensionality implies weak function extensionality, suppose that each
B(a) is contractible with center of contraction c(a) and contraction C, : I y.p(a))c(a) = y. Then
we take ¢ := Aa.c(a) to be the center of contraction of [T (,.4)B(x). To construct the contraction
we have to define a term of type

T (511 oy B)E = T

Let f : TT (x.4)B(x). By function extensionality we have a map (c ~ f) — (c = f), so it suffices to
construct a term of type ¢ ~ f. Here we take Aa. C,(f(a)). This completes the proof that function
extensionality implies weak function extensionality.

In the remaining part of the proof, we will show that weak function extensionality implies
that the type

Y(e Tl en B S ~ 8

is contractible for any f : [T (y.4)B(x). In order to do this, we first note that we have a section-
retraction pair

(&g:n(xﬂ)za(x))f Ng) - (H<x:A> L) f(¥) = b) - (E<gzn<x:A>B<x>>f Ng)-
Here we have the functions

i:=Ag H). Ax.(g(x),H(x))
= Ap. (A pry (p(x)), Ax. pra(p(x)).

Their composite is homotopic to the identity function by the computation rule for X-types and
the #-rule for I'l-types:

r(i(g, H)) = r(Ax. (8(x), H(x)))
= (Ax.g(x), Ax. H(x))
= (s H

)-
Now we observe that the type [] ,.a) x)) f(x) = b is a product of contractible types, so
it is contractible by our assumption of the weak function extensionality principle. The claim
therefore follows, since retracts of contractible types are contractible by Exercise 8.2. O

For the remainder of this chapter we will assume that the function extensionality axiom holds.
In Theorem 13.2.2 we will derive function extensionality from the univalence axiom.

As a first application of the function extensionality axiom we generalize the weak function
extensionality axiom to k-types.

Theorem 12.1.3. For any type family B over A one has

(]_[ (x:A)is—trunck(B(x))) — is-truncy (H (X:A)B(x)).

Proof. The theorem is proven by induction on k > —2. The base case is just the weak function ex-
tensionality principle, which was shown to follow from function extensionality in Theorem 12.1.2.

For the inductive hypothesis, assume that the k-types are closed under dependent function
types. Assume that B is a family of (k + 1)-types. By function extensionality, the type f = g is
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equivalent to f ~ g for any two dependent functions f, g : [T (x.4)B(x). Now observe that f ~ ¢
is a dependent product of k-types, and therefore it is an k-type by our inductive hypotheses.
Therefore, it follows by Theorem 10.3.3 that f = g is an k-type, and hence that [T (,.4)B(x) is an

(k+1)-type. O
Corollary 12.1.4. Suppose B is a k-type. Then A — B is also a k-type, for any type A.

12.2 The type theoretic principle of choice

The type theoretic principle of choice asserts that I'T distributes over X. More precisely, it asserts
that the canonical map

choice : (H (x:A)Z(y;B(x))C(x/]/)) — (Z(f:]'[(X:A)B(x))H(x:A)C(x/f(x)))

given by Ah. (pri(h(x)), pro(h(x))), is an equivalence. In order to see this as a principle of choice,
one can view the left hand side as the type of functions & that pick for every x : A atermy : B(x)
equipped with a term of type C(x, y). The function choice then constructs a dependent function
f + T1(x:a)B(x) equipped with a term of type [T (r.4)C(x, f(x)). In this section we show that
the map choice is an equivalence, and we use this to characterize the identity of any dependent
function type [ (y.4)B(x) in terms of any characterization of the identity types of the individual

types B(x).
Theorem 12.2.1. Consider a family of types C(x,y) indexed by x : A and y : B(x). Then the map
choice : (H (x:A)Z(y:B(x))C(xry)) — (Z(f:n BT T (x:A)C(xrf(x)))
given by Ah. (prq(h(x)), pra(h(x))) is an equivalence.
Proof. We define the map
choice ™" : (Z(f;n BN (x:A)C(xrf(x))> - (H (x:A)Z(y:B(x))C(xry))
by A(f, g)- Ax. (f(x), g(x)). Then we have to construct homotopies
choice o choice™ ~ id, and choice™! o choice ~ id.
For the first homotopy it suffices to construct an identification

choice(choicef1 (f.9)=(f.g)

forany f : [T (x.4)B(x) and any g : IT (r.4)C(x, f(x)). We compute the left-hand side as follows:

choice(choice ™1 (f,g)) = choice(Ax. (f(x),g(x)))
= (Ax. f(x),Ax.g(x)).
By the #-rule it follows that f = Ax. f(x) and ¢ = Ax. g(x). Therefore we have the identification
refl f,¢) : choice(choice (£, ) = (f, ).

This completes the construction of the first homotopy.
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For the second homotopy we have to construct an identification
choice™!(choice(h)) = h
forany i : J] (x:A) L(y:B(x)) C(x,y). We compute the left-hand side as follows:
choice ™! (choice(h)) = choice ! (Ax. pry (1(x)), (Ax. pra(h(x))))
= Ax. (pry (h(x)), pra(h(x)))

However, it is not the case that (pry (h(x)), pra(h(x))) = h(x) forany h : [T (x.a) L(y:(x)) C(x,¥)-
Nevertheless, we have the identification

eq-pair(refl, refl) : (pry (h(x)), pra(h(x))) = h(x).
Therefore we obtain the required homotopy by function extensionality:
Ah. eq-htpy (Ax. eq-pair(refly ((x)), reflor, (n(x)))) choice ™! o choice ~ id. O
Corollary 12.2.2. For type A and any type family C over B, the map

(Zipasm T aCF(x) = (4= L) Cx) )

given by A(f,g). Ax. (f(x),g(x)) is an equivalence.

Remark 12.2.3. The type theoretic choice principle can be used to derive the binomial theorem.
We give an informal argument of how this goes. Recall that the binomial theorem asserts that

(n+m) = lé (’;) a1

for any three natural numbers k, m, n.
Consider the types A := Fin(k), B := Fin(n) and C := Fin(m). Then we can define the type
family P : 2 — U given by

P(1,) :=B
P(0;) :=C.

Now, the type theoretic principle of choice gives us an equivalence

(M Ty P() = (S(racn) T a PF)) )

Now we note that the type (f(x) = 1) + (f(x) = 0) is contractible for any f : A — 2 and x : A.
Therefore we have equivalences

Y(ram) T xa)P(f(x) = Eirasa)IT a1 (e(r(x)=1)+(f(x)=0)) P(f (%))
~ ¥ (fuaszy (fiby (1) = B) x (fibs(0) = C)

Now we note that, because there are (Ilc) ways to choose a subset of [ elements of A, there are

i <’l<) k]

1=0

elements in the above type.
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12.3 Universal properties

The function extensionality principle allows us to prove universal properties. Universal properties
are characterizations of all maps out of or into a given type, so they are very important. Among
other applications, universal properties characterize a type up to equivalence. In the following
theorem we prove the universal property of dependent pair types.

Theorem 12.3.1. Let B be a type family over A, and let X be a type. Then the map

ev-pair : ((Z(x:A)B(x)) — X) — (H (x:4)(B(x) = X))
given by f — Aa. Ab. f(a,b) is an equivalence.

Proof. The map in the converse direction is simply

inds. : (TT (1) (B(x) = X)) = ((Zea)BR)) = X).
By the computation rules for -types we have
Af. refl¢ : ev-pair o indy, ~ id

To show that indy, o ev-pair ~ id we will also apply function extensionality. Thus, it suffices to
show that indy (Ax. Ay. f((x,y))) = f. We apply function extensionality again, so it suffices to

show that
TT 4y 0 B(x)yinds (Ax. Ay £((x,))) () = (1)
We obtain this homotopy by another application of X-induction. O
Corollary 12.3.2. Let A, B, and X be types. Then the map
ev-pair: (Ax B — X) — (A — (B— X))
given by f — Aa. Ab. f((a,b)) is an equivalence.

The universal property of identity types is sometimes called the type theoretical Yoneda lemma:
families of maps out of the identity type are uniquely determined by their action on the reflexivity
identification.

Theorem 12.3.3. Let B be a type family over A, and let a : A. Then the map
ev-refl : (H (ea)(@a=x) — B(x)) — B(a)

given by Af. f(a,refl,) is an equivalence.

Proof. The inverse ¢ is defined by path induction, taking b : B(a) to the function f satisfying
f(a,refl;) = b. It is immediate that ev-refl o ¢ ~ id.

To see that ¢ o ev-refl ~ id, let f : [] (.4)(a = x) — B(x). To show that ¢(f(a,refl,)) = f we
use function extensionality (twice), so it suffices to show that

I1 (x:A)H (p:a:x)(P(f(a/ refla), x, p) = f(x, p).

This follows by path induction on p, since ¢(f(a, refl,), a, refl,) = f(a, refl,). O
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12.4 Composing with equivalences

We show in this section that a map f : A — B is an equivalence if and only if for any type X the

precomposition map
—of:(B—=X)— (A—=X)

is an equivalence. Moreover, we will show in Theorem 12.4.1 that the ‘dependent version” of this
statement also holds: amap f : A — B is an equivalence if and only if for any type family P over
B, the precomposition map

o f : (M P®)) = () P(F()))
is an equivalence.
Theorem 12.4.1. For any map f : A — B, the following are equivalent:
(i) fis an equivalence.

(ii) For any type family P over B the map

(H (yB)P(y)) - (H (xA)P(f(x)))
given by h — h o f is an equivalence.

(iii) For any type X the map
(B—=X)— (A—X)

given by g — g o f is an equivalence.

Proof. To show that (i) implies (ii), we first recall from Lemma 8.3.5 that any equivalence is also
coherently invertible. Therefore f comes equipped with

g:B— A
G:fogn~idp
H:gof ~idy
K:G-f~f-H.
Then we define the inverse of — o f to be the map
¢ (TTaPUF)) = (I P)
givenby h — Ay.trp(G(y), h(g(y)))-

To see that ¢ is a section of — o f, let I : [ (,.4)P(f(x)). By function extensionality it suffices
to construct a homotopy ¢(h) o f ~ h. In other words, we have to show that

trp(G(f (%)), 1(g(f(x))) = h(x)

for any x : A. Now we use the additional homotopy K from our assumption that f is coherently
invertible. Since we have K(x) : G(f(x)) = aps(H(x)) it suffices to show that

trp(app(H(x)), hgf(x)) = h(x).
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A simple path-induction argument yields that

trp(aps(p)) ~ trpof(p)

for any path p : x = yin A, so it suffices to construct an identification
trpos (H(x), hgf(x)) = h(x).

We have such an identification by apd;, (H(x)).
To see that ¢ is a retraction of — o f, let h : ], )P (y). By function extensionality it suffices
to construct a homotopy ¢(h o f) ~ h. In other words, we have to show that

trp(G(y), hfg(y)) = h(y)

for any y : B. We have such an identification by apd;,(G(y)). This completes the proof that (i)
implies (ii).

Note that (iii) is an immediate consequence of (ii), since we can just choose P to be the
constant family X.

It remains to show that (iii) implies (i). Suppose that

—of:(B—=>X)—= (A—=X)

is an equivalence for every type X. Then its fibers are contractible by Theorem 8.3.6. In particular,
choosing X = A we see that the fiber

fib_of(ida) = Lupoayho f =ida

is contractible. Thus we obtain a function & : B — A and a homotopy H : ho f ~ id4 showing
that & is a retraction of f. We will show that / is also a section of f. To see this, we use that the

fiber
fib_of(f) = Lipopyiof = f
is contractible (choosing X = B). Of course we have (idp, refl¢) in this fiber. However we claim

that there also is an identification p : (f oh) o f = f, showing that (f ok, p) is in this fiber,
because

(foh)of=fol(hof)

= f oid A

=f
Now we conclude by the contractibility of the fiber that (idg, reflf) = (f o i, p). In particular we
obtain that idg = f o I, showing that / is a section of f. O

Exercises
12.1 Show that the functions
htpy-inv: (f ~g) = (g~ f)
htpy-concat(H) : (g ~ h) = (f ~ h)
htpy-concat'(K) : (f ~ g) — (f ~ h)

are equivalences for every f,¢,h : I](x.4)B(x). Here, htpy-concat’(K) is the function
defined by H — H+ K.

i
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12.2  (a) Show that for any type A the type is-contr(A) is a proposition.
(b) Show that for any type A and any k > —2, the type is-truncy(A) is a proposition.
12.3 Let f : X — Y be a map. Show that the following are equivalent:

(i) f isan equivalence.
(ii) The map fo - : X4 — Y4 is an equivalence for every type A.
12.4 Let f : A — B be a function.

(a) Show that if f is an equivalence, then the type .5 4) f © g ~ id of sections of f is
contractible.
(b) Show that if f is an equivalence, then the type } (.5, 4) i © f ~ id of retractions of f
is contractible.
(c) Show that is-equiv(f) is a proposition.
(d) Use Exercises 12.2 and 12.5 to show that is-equiv(f) = is-contr(f).
Conclude that A ~ B is a subtype of A — B, and in particular that the map pry : (A ~
B) — (A — B) is an embedding.
125 (a) Let P and Q be propositions. Show that

(P+ Q) ~(P~Q).

(b) Show that P is a proposition if and only if P — P is contractible.
12.6 Show that path-split(f) and is-coh-invertible(f) are propositions for any map f : A — B.
Conclude that we have equivalences

is-equiv(f) ~ path-split(f) ~ is-coh-invertible(f).

12.7 Construct for any type A an equivalence
has-inverse(id4) ~ (idA ~ idA).

Note: We will use this fact in Exercise 16.6 to show that there are types for which
is-invertible(id 4) % is-equiv(idy4).
12.8 (a) Show that the type
I1 (t:@)P (t)
is contractible for any P : @ — U.
(b) Show that for any type X the following are equivalent:
(i) the unique map @ — X is an equivalence.
(ii) The type YX is contractible for any type Y.
12.9 Consider two types A and B.

(a) Show that the map

ev-inl-inr : (n(t:MB)p(t)) = (n (X:A)P(inl(x))) x (n (y:B)P(inr(y)))

givenby f — (f oinl, f oinr) is an equivalence.
(b) Show that the following are equivalent for any type X equipped with mapsi: A — X
andj: B — X:
(i) The map ind(i,j) : A+ B — X is an equivalence.
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(if) For any type Y, the map
Afo(foi,foj):(X—=Y)=>(A—=Y)x(B—=Y)
is an equivalence.
12.10 (a) Show that the map
(I P(1)) = P(x)

given by Af. f(x) is an equivalence.
(b) Consider a type X equipped with a point x : X. Show that the following are equivalent:
(i) The map ind1(x) : 1 — X is an equivalence (i.e., X is contractible).
(if) For any type Y the map

Af fx):(X—=Y)—=Y

is an equivalence.
12.11 Consider a commuting triangle

Al B
N
X
withH: f~goh.

(a) Show that if i has a section, then sec(g) is a retract of sec(f).
(b) Show that if g has a retraction, then retr(h) is a retract of sec(f).

12.12 Consider a family f; : A; — B; of k-truncated maps, indexed by i : I. Show that the map

A A fi(h(i)) : (H(i:I)Ai) — (H(i:I)Bi)

is again k-truncated. Conclude that if each f; is an equivalence, then so is the above map.
12.13 Consider amap f : X — Y. Show that the following are equivalent:
(i) The map f is k-truncated.

(ii) For every type A, the postcomposition function
fo-:1(A=X)=> (A=Y)

is k-truncated.

In particular it follows that f is an embedding if and only if f o — is an embedding.
Hint: Show that the square
aPm
(f=8) ———— (mof=mog)
htpy-qu{ J{htPY'eq

(f~8) THomH (mof~mog)

commutes, and apply Exercise 12.12.
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12.14 Consider a diagram of the form
A B
N /s
X
(a) Show that the type ¥ (.4 p) f ~ g © h is equivalent to the type of families of maps

H(xx)flbf(x) — flbg(x)
(b) Show that the type } (;.a~p) f ~ § © I is equivalent to the type of families of equiva-
lences

IT (x:x)fibg (x) = fibg (x).
12.15 Consider a diagram of the form

A B
A
X — Y.
Show that the type ) (;.4_p) h o f ~ g oiis equivalent to the type of families of maps

TT (e fibg (x) = fibg (7 (x)).
12.16 Let A and B be sets. Show that type type A ~ B of equivalences from A to B is equivalent
to the type A = B of isomorphisms from A to B, i.e., the type of quadruples (f, g, H, K)
consisting of

f:A—=B
g:B—= A
H:fog=idp
K:gof=idy.
12.17 Let B be a type family over A, and consider the postcomposition function

pryo—: (Z(x:A)B(x))A — A4,

Construct equivalences
(H (X:A)B(x)) ~ sec(pry)  fibpr,o—(id4).
12.18 Suppose that A : I — U is a type family over a set I with decidable equality. Show that
(H (,»:I)is—contr(Ai)) > is-contr (H (M)Ai)
12.19 Construct equivalences
Fin(n™) ~ (Fin(m) — Fin(n))
Fin(n!) ~ (Fin(n) ~ Fin(n)).
12.20 Consider a function f : A — B, and let P be a family of types over B. Show that the map
(T ipfibg (0) = P(®)) = (T (1) P(F(@)) )

givenby h — hg, (a, refl () is an equivalence.
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13 The univalence axiom

13.1 Equivalent forms of the univalence axiom

The univalence axiom characterizes the identity type of the universe. Roughly speaking, it asserts
that equivalent types are equal. It is considered to be an extensionality principle for types.

Definition 13.1.1. The univalence axiom on a universe ! is the statement that for any A : I/ the
family of maps
equiv-eq : [T (py)(A=B) — (A ~ B).

that sends refl 4 to the identity equivalence id : A ~ A is a family of equivalences. A universe
satisfying the univalence axiom is referred to as a univalent universe. If I/ is a univalent universe
we will write eqg-equiv for the inverse of equiv-eq.

The following theorem is a special case of the fundamental theorem of identity types (Theo-
rem 9.2.2). Subsequently we will assume that any type is contained in a univalent universe.

Theorem 13.1.2. The following are equivalent:
(i) The univalence axiom holds.

(ii) The type
YuyA~B
is contractible for each A : U.

(ii1) The principle of equivalence induction holds: for every A : U and for every type family
P: H(B:L{)(A ~ B) —U,

the map
(H Ba20)I 1 (e:a~B)P(B, 6)) — P(A,idy)

given by f — f(A,id) has a section.

13.2 Univalence implies function extensionality

One of the first applications of the univalence axiom was Voevodsky’s theorem that the univa-
lence axiom on a universe I/ implies function extensionality for types in ¢. The proof uses the
fact that weak function extensionality implies function extensionality.

We will also make use of the following lemma. Note that this statement was also part of
Exercise 12.3. That exercise is solved using function extensionality. Since our present goal is to
derive function extensionality from the univalence axiom, we cannot make use of that exercise.

Lemma 13.2.1. For any equivalence e : X ~ Y in a univalent universe U, and any type A, the
post-composition map
eo—:(A=>X)—> (A=)

is an equivalence.

Proof. The statement is obvious for the identity equivalence id : X ~ X. Therefore the claim
follows by equivalence induction, which is by Theorem 13.1.2 one of the equivalent forms of the
univalence axiom. O
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Theorem 13.2.2. For any universe U, the univalence axiom on U implies function extensionality on U.

Proof. Note that by Theorem 12.1.2 it suffices to show that univalence implies weak function
extensionality, where we note that Theorem 12.1.2 also holds when it is restricted to small types.

Suppose that B : A — U is a family of contractible types. Our goal is to show that the
product I (y.4)B(x) is contractible. Since each B(x) is contractible, the projection map pr; :

(X (x:a) B(x)) = Ais an equivalence by Exercise 8.6.
Now it follows by Lemma 13.2.1 that pr; o — is an equivalence. Consequently, it follows from
Theorem 8.3.6 that the fibers of

pryo— (A N Z(X:A)B(x)) — (A — A)

are contractible. In particular, the fiber at id 4 is contractible. Therefore it suffices to show that
[T (x:a)B(x) is a retract of Z(f:A‘)Z(xA) B(x)) Pr1 © f = id4. In other words, we will construct

(H(XZA)B(X)> — (Z(f:A—>Z<x:A)B(x)) priof = idA) — (H(x:A)B(x))/

and a homotopy roi ~ id.
We define the function i by

i(f) = (Ax. (x, f(x)), reflig).

To see that this definition is correct, we need to know that

Ax.pry (x, £(x)) = id.

This is indeed the case, by the #-rule for I1-types.

Next, we define the function r. Leth : A — )} (,.4) B(x), and let p : pry ok = id. Then we
have the homotopy H := htpy-eq(p) : pr; o h ~ id. Then we have pry(h(x)) : B(pri(h(x))) and
we have the identification H(x) : pr{(h(x)) = x. Therefore we define r by

r((h,p), x) := trg(H(x), pra(h(x))).

We note that if p = reflyy, then H(x) = refl,. In this case we have the judgmental equality
r((h,refl), x) = pry(h(x)). Thus we see that r o i = id by another application of the y-rule for
IT-types. O

13.3 Propositional extensionality and posets

Theorem 13.3.1. Propositions satisfy propositional extensionality: for any two propositions P and
Q, the canonical map
iff-eq: (P=Q) — (P + Q)
that sends reflp to (id,id) is an equivalence. It follows that the type Prop of propositions in U is a set.
Note that for any P : Prop, we usually also write P for the underlying type of the proposition
P. If we would be more formal about it we would have to write pr{(P) for the underlying type,

since Prop is the X-type }_ x.) is-prop(X). In the following proof it is clearer if we use the more
formal notation prq (P) for the underlying type of a proposition P.
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Proof. We note that the identity type P = Q is an identity type in Prop. However, since is-prop(X)
is a proposition for any type X, it follows that the map

appr, + (P =Q) — (pr1(P) = pr1(Q))

is an equivalence. Now we observe that we have a commuting square

(P=Q) (P Q)

a pprl J{ TZ

(pri(P) = pr1(Q)) (pr(P) =~ pri(Q))

equiv-eq

Since the left, bottom, and right map are equivalences, it follows that the top map is an equiva-
lence. O

Definition 13.3.2. A partially ordered set (poset) is a set P equipped with a relation
- < -:P— (P — Prop)

that is reflexive (for every x : P we have x < x), transitive (for every x,y,z : P such thatx <y
and y < z we have x < z), and anti-symmetric (for every x,y : P such that x < yand y < x we
have x = y).

Remark 13.3.3. The condition that X is a set can be omitted from the definition of a poset. Indeed,
if X is any type that comes equipped with a Prop-valued ordering relation < that is reflexive and
anti-symmetric, then X is a set by Theorem 10.2.3.

Example 13.3.4. The type Prop is a poset, where the ordering relation is given by implication: P is
less than Q if P — Q. The fact that P — Q is a proposition is a special case of Corollary 12.1.4.
The relation P — Q is reflexive by the identity function, and transitive by function composition.
Moreover, the relation P — Q is anti-symmetric by Theorem 13.3.1.

Example 13.3.5. The type of natural numbers comes equipped with at least two important poset
structures. The first is given by the usual ordering relation <, and the second is given by the
relation d | n that d divides n.

Theorem 13.3.6. For any poset P and any type X, the set PX is a poset. In particular the type of subtypes
of any type is a poset.

Proof. Let P be a poset with ordering <, and let X be a type. Then PX is a set by Corollary 12.1.4.
For any f,g : X — P we define

(f <8) =T (xx) f(x) < g(x).

Reflexivity and transitivity follow immediately from reflexivity and transitivity of the original
relation. Moreover, by the anti-symmetry of the original relation it follows that

(f<x(@g<f)=(f~g)-

Therefore we obtain an identification f = g by function extensionality. The last claim follows
immediately from the fact that a subtype of X is a map X — Prop, and the fact that Prop is a
poset. O
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Exercises

13.1 (a) Use the univalence axiom to show that the type }_( 54/) is-contr(A) of all contractible
types in U is contractible.
(b) Use Corollaries 10.3.4 and 12.1.4 and Exercise 12.4 to show that if A and B are (k + 1)-
types, then the type A ~ Bisalso a (k + 1)-type.
(c) Use univalence to show that the universe of k-types

Uusk .= Y (xa0istruncy (X)

is a (k+ 1)-type, for any k > —2.
(d) Show that /=~ is not a proposition.
(e) Show that (2 ~ 2) ~ 2, and conclude by the univalence axiom that the universe of
sets U=C is not a set.
13.2 Use the univalence axiom to show that the type }_p.prop) P is contractible.
13.3 Let A and B be small types.

(a) Construct an equivalence

(A= (B—=U)) ~ (z(sﬂ)(s S A X (S — B))

(b) We say that a relation R : A — (B — U) is functional if it comes equipped with a
term of type

is-function(R) := [T (y.)is-contr (Z(y:B)R(x,y))
For any function f : A — B, show that the graph of f
graphs: A — (B — U)

given by graph¢(a,b) := (f(a) = b) is a functional relation from A to B.
(c) Construct an equivalence

(Z(R:A%(B%u))is-function(R)) ~ (A — B)
(d) Givenarelation R : A — (B — U) we define the opposite relation
RP:B—(A—U)
by R°P(y, x) := R(x,y). Construct an equivalence
(Z(R:A%(BHU))is—function(R) X is—function(ROp)) ~ (A ~ B).

13.4 (a) Show that is-decidable(P) is a proposition, for any proposition P.
(b) Show that classical-Prop is equivalent to 2.
13.5 Recall that ¢, is the universe of pointed types.

(a) Forany (A,a) and (B,b) in U,, write (A,a) ~, (B, b) for the type of pointed equiva-
lences from A to B, i.e.,

(A,a) = (B,b) = Z(e:A:B)e(a) =b.
Show that the canonical map
((A,0) = (B,b)) = ((4,0) = (B,b))

sending refl 4 ;) to the pair (id, refl,), is an equivalence.
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(b) Construct for any pointed type (X, xg) an equivalence

(E(P:X%U)P(x0)> >~ Y (Aag)y) (A 30) =+ (X, x0).
13.6 Show that any subuniverse is closed under equivalences, i.e., show that there is a map
(X~Y)—= (P(X) = P(Y))

for any subuniverse P : i/ — Prop,and any X, Y : U.

14 Groups in univalent mathematics

In this section we demonstrate a typical way to use the univalence axiom, showing that iso-
morphic groups can be identified. This is an instance of the structure identity principle, which
is described in more detail in section 9.8 of [3]. We will see that in order to establish the fact
that isomorphic groups can be identified, it has to be part of the definition of a group that its
underlying type is a set. This is an important observation: in many branches of algebra the

objects of study are set-level structures’.

14.1 Semi-groups and groups

We introduce the type of groups in two stages: first we introduce the type of semi-groups, and
then we introduce groups as semi-groups that possess further structure. It will turn out that this
further structure is in fact a property, and this fact will help us to prove that isomorphic groups
are equal.

Definition 14.1.1. A semi-group consists of a set G equipped with a term of type has-associative-mul(G),
which is the type of pairs (g, associ) consisting of a binary operation

g :G— (G—G)

and a homotopy
assoCG : [T (xy.zc) MG (MG (X, y), 2) = pe(x, nc (v, 2)).-
We write Semi-Group for the type of all semi-groups in U.

Definition 14.1.2. A semi-group G is said to be unital if it comes equipped with a unit e : G
that satisfies the left and right unit laws

left-unitg : H(y;c),lic(ec/]/) =Y
right-unitg : H(X;G)VG(XIEG) = X.

We write is-unital(G) for the type of such triples (eg, left-unitg, right-unitg ). Unital semi-groups
are also called monoids.

The unit of a semi-group is of course unique once it exists. In univalent mathematics we
express this fact by asserting that the type is-unital(G) is a proposition for each semi-group G. In
other words, being unital is a property of semi-groups rather than structure on it. This is typical
for univalent mathematics: we express that a structure is a property by proving that this structure
is a proposition.

L A notable exception is that of categories, which are objects at truncation level 1, i.e., at the level of groupoids. We will
briefly introduce categories in §14.5. For more about categories we recommend Chapter 9 of [3].
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Lemma 14.1.3. For a semi-group G the type is-unital(G) is a proposition.

Proof. Let G be a semi-group. Note that since G is a set, it follows that the types of the left
and right unit laws are propositions. Therefore it suffices to show that any two terms e, ¢’ : G
satisfying the left and right unit laws can be identified. This is easy:

e=uglee)=¢. O
Definition 14.1.4. Let G be a unital semi-group. We say that G has inverses if it comes equipped
with an operation x — x~! of type G — G, satisfying the left and right inverse laws

-1

left-invg : H(x;G),uG(x ,x) =eg

right-invg : H(x:G)y(;(x,xfl) =eg.
We write is-group’ (G, e) for the type of such triples ((—) ™!, left-invg, right-inv), and we write

is-group(G) := E(e:is—unitaI(G))is'grOUp/(Gle)
A group is a unital semi-group with inverses. We write Group for the type of all groups in U/.
Lemma 14.1.5. For any semi-group G the type is-group(G) is a proposition.

Proof. We have already seen that the type is-unital(G) is a proposition. Therefore it suffices to
show that the type is-group’ (G, e) is a proposition for any e : is-unital(G).

Since a semi-group G is assumed to be a set, we note that the types of the inverse laws are
propositions. Therefore it suffices to show that any two inverse operations satisfying the inverse
laws are homotopic.

Let x — x~ ! and x — %! be two inverse operations on a unital semi-group G, both satisfying
the inverse laws. Then we have the following identifications

= pclec,x™)
= pa(pe ('_1 x),x71)
= pc(x~ /ﬂc(x X))
= He(* ", ec)
— 51
for any x : G. Thus the two inverses of x are the same, so the claim follows. O

Example 14.1.6. An important class of examples consists of loop spaces x = x of a 1-type X, for
any x : X. We will write Q(X, x) for the loop space of X at x. Since X is assumed to be a 1-type,
it follows that the type (X, x) is a set. Then we have

refly : Q(X, x)
inv: Q(X,x) - Q(X, x)
concat : (X, x) — (Q(X,x) —» Q(X,x)),

and these operations satisfy the group laws, since the group laws are just a special case of the
groupoid laws for identity types, constructed in §5.2.
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Example 14.1.7. The type Z of integers can be given the structure of a group, with the group
operation being addition. The fact that Z is a set follows from Theorem 10.2.6 and Exercise 10.5.
The group laws were shown in Exercise 7.11.

Example 14.1.8. Our last class of examples consists of the automorphism groups on sets. Given
a set X, we define
Aut(X) = (X ~ X).

The group operation of Aut(X) is just composition of equivalences, and the unit of the group is
the identity function. Note however, that although function composition is strictly associative
and satisfies the unit laws strictly, composition of equivalences only satisfies the group laws up
to identification because the proof that composites are equivalences is carried along.

Important special cases of the automorphism groups are the symmetric groups

Sy = Aut(Fin(n)).

14.2 Homomorphisms of semi-groups and groups

Definition 14.2.1. Let G and H be semi-groups. A homomorphismhomomorphism!of semi-
groups of semi-groups from G to H is a pair (f, y¢f) consisting of a function f : G — H between
their underlying types, and a term

ir My f(He(xy)) = 1 (f(x), f(y))
witnessing that f preserves the binary operation of G. We will write
hom(G, H)
for the type of all semi-group homomorphisms from G to H.

Remark 14.2.2. Since it is a property for a function to preserve the multiplication of a semi-
group, it follows easily that equality of semi-group homomorphisms is equivalent to the type
of homotopies between their underlying functions. In particular, it follows that the type of
homomorphisms of semi-groups is a set.

Remark 14.2.3. The identity homomorphism on a semi-group G is defined to be the pair consist-
ing of

id:G—=G
Ax. Ay.reflyy  TT (xy:0)%Y = Xy

Let f : G — Hand g : H — K be semi-group homomorphisms. Then the composite function
go f: G — Kis also a semi-group homomorphism, since we have the identifications

g(f(xy)) == g(f(x)f(y)) == g(f(x))g(f(¥))

Since the identity type of semi-group homomorphisms is equivalent to the type of homotopies
between semi-group homomorphisms it is easy to see that semi-group homomorphisms satisfy
the laws of a category, i.e., that we have the identifications

idof=f
goid=g
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(hog)of=ho(gof)

for any composable semi-group homomorphisms f, g, and i. Note, however that these equalities
are not expected to hold judgmentally, since preservation of the semi-group operation is part of
the data of a semi-group homomorphism.

Definition 14.2.4. Let G and H be groups. A homomorphism of groups from G to H is defined
to be a semi-group homomorphism between their underlying semi-groups. We will write

hom(G, H)
for the type of all group homomorphisms from G to H.

Remark 14.2.5. Since a group homomorphism is just a semi-group homomorphism between the
underlying semi-groups, we immediately obtain the identity homomorphism, composition, and
the category laws are satisfied.

14.3 Isomorphic semi-groups are equal

Definition 14.3.1. Let /1 : hom(G, H) be a homomorphism of semi-groups. Then / is said to be an
isomorphism if it comes equipped with a term of type is-iso(h), consisting of triples (k= 1, p,q)
consisting of a homomorphism %! : hom(H, G) of semi-groups and identifications

p:hloh=idg and g:hoh ! =idy

witnessing that 1! satisfies the inverse lawsWe write G 22 H for the type of all isomorphisms of
semi-groups from G to H, i.e,,

G = H = ¥ (1hom(G,H)) L(k:hom(H,G)) (ko h = idg) x (hok = idy).

If f is an isomorphism, then its inverse is unique. In other words, being an isomorphism is a
property.

Lemma 14.3.2. For any semi-group homomorphism h : hom(G, H), the type
is-iso(h)
is a proposition. It follows that the type G = H is a set for any two semi-groups G and H.

Proof. Let k and k' be two inverses of h. In Remark 14.2.2 we have observed that the type of
semi-group homomorphisms between any two semi-groups is a set. Therefore it follows that the
types hok = id and ko h = id are propositions, so it suffices to check that k = k’. In Remark 14.2.2
we also observed that the equality type k = k’ is equivalent to the type of homotopies k ~ k'
between their underlying functions. We construct a homotopy k ~ k’ by the usual argument:

k(y) == k(h(K'(y)) == K'(y). =

Lemma 14.3.3. A semi-group homomorphism h : hom(G, H) is an isomorphism if and only if its
underlying map is an equivalence. Consequently, there is an equivalence

(G =H) = Yecam I (nyc)e(rc(x,y) = pule(x) e(y))
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Proof. If h : hom(G, H) is an isomorphism, then the inverse semi-group homomorphism also
provides an inverse of the underlying map of /. Thus we obtain that / is an equivalence. The
standard proof showing that if the underlying map f : G — H of a group homomorphism is
invertible then its inverse is again a group homomorphism also works in type theory. O

Definition 14.3.4. Let G and H be a semi-groups. We define the map
iso-eq: (G=H) — (G=H)
by path induction, taking refl; to isomorphism idg.

Theorem 14.3.5. The map
isoeq: (G=H) — (G = H)

is an equivalence for any two semi-groups G and H.

Proof. By the fundamental theorem of identity types Theorem 9.2.2 it suffices to show that the
total space

E(G’:Semi-Group)G =yel

is contractible. Since the type of isomorphisms from G to G’ is equivalent to the type of equiva-
lences from G to G’ it suffices to show that the type

Y(G:Semi-Group) L(e:6=GN I 1 (x y:6)€ (MG (2, y)) = ngr(e(x),e(y)))
is contractible’. Since Semi-Group is the Z-type
Y_(G7:set) has-associative-mul (G'),
it suffices to show that the types
Y(crset)G = G’
Y (:has-associative-mul(G)) [ T (vy:6) MG (X, ) = ' (x,y)

is contractible. The first type is contractible by the univalence axiom. The second type is
contractible by function extensionality. O

Corollary 14.3.6. The type Semi-Group is a 1-type.

Proof. It is straightforward to see that the type of group isomorphisms G £ H is a set, for any
two groups G and H. O

2In order to show that a type of the form
L) o) B0) L) P (%Y, 2)

is contractible, a useful strategy is to first show that the type Y (,.4) C(x) is contractible. Once this is established, say with
center of contraction (xo, z9), it suffices to show that the type Y_,.5(x,)) D (X0, ¥, 20) is contractible.
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14.4 Isomorphic groups are equal

Analogously to the map iso-eq of semi-groups, we have a map iso-eq of groups. Note, however,
that the domain of this map is now the identity type G = H of the groups G and H, so the maps
iso-eq of semi-groups and groups are not exactly the same maps.

Definition 14.4.1. Let G and H be groups. We define the map
iso-eq: (G=H) - (G=H)
by path induction, taking refl; to the identity isomorphismid : G = G.
Theorem 14.4.2. For any two groups G and H, the map
iso-eq: (G=H) — (G=H)
is an equivalence.

Proof. Let G and H be groups, and write UG and UH for their underlying semi-groups, respec-
tively. Then we have a commuting triangle

(G=H) i (UG = UH)
ism Aq
(G =~ H)

Since being a group is a property of semi-groups it follows that the projection map Group —
Semi-Group forgetting the unit and inverses, is an embedding. Thus the top map in this triangle
is an equivalence. The map on the right is an equivalence by Theorem 14.3.5, so the claim follows
by the 3-for-2 property. O

Corollary 14.4.3. The type of groups is a 1-type.

14.5 Categories in univalent mathematics

In our proof of the fact that isomorphic groups are equal we have made extensive use of the
notion of group homomorphism. What we have shown, in fact, is that there is a category of
groups which is Rezk complete in the sense that the type of isomorphisms between two objects is
equivalent to the type of identifications between those objects. In this final section we briefly
introduce the notion of Rezk complete category. There are many more examples of categories,
such as the categories of rings, or modules over a ring.

Definition 14.5.1. A pre-category C consists of
(i) A type A of objects.

(ii) For every two objects x,y : A a set
hom(x, y)

of morphisms from x to y.
(iii) For every object x : A an identity morphism

id : hom(x, x)
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(iv) For every two morphisms f : hom(x,y) and g : hom(y, z), a morphism

gof:hom(x,z)
called the composition of f and g.

(v) the following terms

left-unite :ido f = f
right-unite : goid = g
assocg : (hog)of=ho(gof)

witnessing that the category laws are satisfied.

Example 14.5.2. Since the type X — Y of functions between sets is again a set, we have a
pre-category of sets.

Example 14.5.3. By Remarks 14.2.3 and 14.2.5 we have pre-categories of semi-groups and of
groups.

Example 14.5.4. A pre-category satisfying the condition that every hom-set is a proposition is a
preorder.

Definition 14.5.5. Given a pre-category C, a morphism f : hom(x,y) is said to be an isomor-
phism if there exists a morphism g : hom(y, x) such that

gof=id
fogid.

We will write iso(x, y) for the type of all isomorphisms in C from x to y.

Remark 14.5.6. Just as in the case for semi-groups and groups, the condition that f : hom(x,y) is
an isomorphism is a property of f.

Definition 14.5.7. A pre-category C is said to be Rezk-complete if the canonical map

(x =y) —iso(x,y)

is an equivalence for any two objects x and y of C. Rezk-complete pre-categories are also called
categories.

Example 14.5.8. The pre-category of sets is Rezk complete by the univalence axiom, so it is a
category.

Example 14.5.9. The pre-categories of semi-groups and groups are Rezk-complete. Therefore they
form categories.

Example 14.5.10. A pre-order is Rezk-complete if and only if it is anti-symmetric. In other words,
a poset is precisely a category for which all the hom-sets are propositions. Thus, we see that the
anti-symmetry axiom can be seen as a univalence axiom for pre-orders.
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Exercises
14.1 Let X be a set. Show that the map
equiv-eq: (X = X) — (X = X)

is a group isomorphism.
14.2 (a) Consider a group G. Show that the function

pe:G— (G~G)

is an injective group homomorphism.
(b) Consider a pointed type A. Show that the concatenation function

concat: Q(A) = (Q(A) ~Q(A))x

is an embedding.
14.3 Let f : hom(G, H) be a group homomorphism. Show that f preserves units and inverses,
i.e., show that

flec) =en
fleh) = f)

14.4 Give a direct proof and a proof using the univalence axiom of the fact that all semi-group
isomorphisms between unital semi-groups preserve the unit. Conclude that isomorphic
monoids are equal.

14.5 Consider a monoid M with multiplication y : M — (M — M) and unit e. Write

fi := fold-list(e, ) : list(M) — M
for the iterated multiplication operation (see Exercise 4.8). Show that the square

flatten-list(M)

list(list(M)) list(M)
Iist(ﬁ)l lﬁ
list(M) Z M

commutes.
14.6 Construct the category of posets.
14.7 Consider the walking isomorphism, i.e. the pre-category Z given by

01

f71
satisfying fo f~! =id and f~! o f = id. Show that for any precategory C the following are
equivalent:
(i) The precategory C is Rezk complete.
(if) The precomposition function
C — Fun(Z,C)

is an equivalence.
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15 The circle

We have seen inductive types, in which we describe a type by its constructors and an induction
principle that allows us to construct sections of dependent types. Inductive types are freely
generated by their constructors, which describe how we can construct their terms.

However, many familiar constructions in algebra involve the construction of algebras by
generators and relations. For example, the free abelian group with two generators is described
as the group with generators x and y, and the relation xy = yx.

In this chapter we introduce higher inductive types, where we follow a similar idea: to allow
in the specification of inductive types not only point constructors, but also path constructors that
give us relations between the point constructors. The ideas behind the definition of higher
inductive types are introduced by studying the simplest non-trivial example: the circle.

15.1 The induction principle of the circle
The circle is defined as a higher inductive type S! that comes equipped with

base : S!
loop : base = base.

Just like for ordinary inductive types, the induction principle for higher inductive types provides
us with a way of constructing sections of dependent types. However, we need to take the path
constructor loop into account in the induction principle.

By applying a section f : H(x:sl)P(x) to the base point of the circle, we obtain a term
f(base) : P(base). Moreover, using the dependent action on paths of f of Definition 5.4.2 we also

obtain for any dependent function f : [T (,.q1)P (x) a path
apdg(loop) : trp(loop, f(base)) = f(base)
in the fiber P(base).

Definition 15.1.1. Let P be a type family over the circle. The dependent action on generators is
the map

dgensl : (I—[ (x:Sl)P(x)) - (E(y:P(base))trP(loop/ y) = y) (15.1)
given by dgeng:(f) := (f(base),apd(loop)).
We now give the full specification of the circle.

Definition 15.1.2. The circle is a type S! that comes equipped with

base : S!
loop : base = base,

and satisfies the induction principle of the circle, which provides for each type family P over
S! a map

i”dsl : (Z(y:P(base))trP(IOOPry) :y> - (H (x:Sl)P(x))/
and a homotopy witnessing that indg: is a section of dgeng:
compg : dgengi oindg1 ~ id

for the computation rule.
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Remark 15.1.3. The type of identifications (y, p) = (i, p’) in the type
Y (y:P(base)) trr(loop, y) =y

is equivalent to the type of pairs (&, ) consisting of an identification « : y = ¥/, and an
identification f witnessing that the square

2Ptrp (loop) (‘J‘)

trp(loop, y’)

/

trp(loop, y)

p p

/

y ,X Yy

commutes. Therefore it follows from the induction principle of the circle that for any (y, p) :
Y(y:P(base)) trp(loop, y) = y, there is a dependent function f : [ ,.g1)P(x) equipped with an
identification

a: f(base) =y,

and an identification § witnessing that the square

2Ptrp (loop) (2)

trp(loop, f(base)) trp(loop, y)
apdg(loop) ’ p
f(base) " y

commutes.

15.2 The (dependent) universal property of the circle

Our goal is now to use the induction principle of the circle to derive the universal property of
the circle. This universal property states that, for any type X the canonical map

(S1 — X) — (Z(xzx)x = x)

given by f — (f(base),ap(loop)) is an equivalence. It turns out that it is easier to prove the
dependent universal property first. The dependent universal property states that for any type
family P over the circle, the canonical map

(H (x:Sl)P(x)) - <Z(y:P(base))trP(|oop/y) = y)
given by f — (f(base), apd¢(loop)) is an equivalence.

Theorem 15.2.1. For any type family P over the circle, the map

(H (x:Sl)P(x)> — (Z(y:P(base))trP(looF)ry) = y)

given by f — (f(base),apdy(loop)) is an equivalence.
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Proof. By the induction principle of the circle we know that the map has a section, i.e., we have

indg : (Z(y:P(base))trP(loop/y) = ]/) - (H (x;Sl)P(x))
compg : dgengi oindg1 ~ id
Therefore it remains to construct a homotopy
indg1 o dgeng1 ~ id.
Thus, for any f : [T ,.51)P(x) our task is to construct an identification
indg (dgeng (f)) = f.
By function extensionality it suffices to construct a homotopy
T (v51)inds: (dgens) () (x) = f(x).

We proceed by the induction principle of the circle using the family of types E, ¢(x) :
f(x) indexed by x : S!, where g is the function

g = indg1 (dgengi (f)).

Il
oq
—~

=
~—

|

Thus, it suffices to construct

« : g(base) = f(base)
B: trEg/f(Ioop,zx) =u.
An argument by path induction on p yields that
(apdg(p) * = aPer, () (9) 2pds (p)) = (tre, (p,0) =7),
forany f,¢ : T (x.x)P(x) and any p : x = x’, g : g(x) = f(x) and r : g(x) = f(x"). Therefore it
suffices to construct an identification « : g(base) = f(base) equipped with an identification 8

witnessing that the square

aptrp (loop) (D‘)

trp(loop, g(base)) =————=—= trp(loop, f(base))
apdg(loop) ’ apdf(loop)
g(base) — f(base)”

commutes. Notice that we get exactly such a pair («, 8) from the computation rule of the circle,
by Remark 15.1.3. O

As a corollary we obtain the following uniqueness principle for dependent functions defined
by the induction principle of the circle.

Corollary 15.2.2. Consider a type family P over the circle, and let

y : P(base)
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p :trp(loop,y) = y.
Then the type of functions f : [] (x:sl)P(x) equipped with an identification
a: f(base) =y
and an identification B witnessing that the square

aptrp(loop)("‘)

trp(loop, f(base))

f(base) - y

trp(loop, y)
apd¢(loop)

p

commutes, is contractible.

Now we use the dependent universal property to derive the ordinary universal property of
the circle. It would be tempting to say that it is a direct corollary, but we need to address the
transport that occurs in the dependent universal property.

Theorem 15.2.3. For each type X, the action on generators
geng: : (8' = X) — Yxx)X =%
given by f — (f(base),aps(loop)) is an equivalence.

Proof. We prove the claim by constructing a commuting triangle

(S - X

N

(Z(x:x) X = x) — (Z(x:X) treonsty (loop, x) = x)

in which the bottom map is an equivalence. Indeed, once we have such a triangle, we use the
fact from Theorem 15.2.1 that dgeng: is an equivalence to conclude that geng; is an equivalence.

To construct the bottom map, we first observe that for any constant type family constg over a
type A,any p:a = a’ in A, and any b : B, there is an identification

tr-constg(p, b) = b.

This identification is easily constructed by path induction on p. Now we construct the bottom
map as the induced map on total spaces of the family of maps

I — tr-constx (loop, x) = I,

indexed by x : X. Since concatenating by a path is an equivalence, it follows by Theorem 9.1.3
that the induced map on total spaces is indeed an equivalence.

To show that the triangle commutes, it suffices to construct for any f : S! — X an identifica-
tion witnessing that the triangle

tr-consty (loop, f (base))

treonsty (loop, f(base)) f(base)

iy oo S oo

f(base)
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commutes. This again follows from general considerations: forany f : A — Bandany p:a =a’
in A, the triangle

treonsts (P, f(4)) f(a)
apdf(P)\ /pf(m
f@)
commutes by path induction on p. O

Corollary 15.2.4. For any loop | : x = x in a type X, the type of maps f : S' — X equipped with an
identification

a: f(base) = x
and an identification B witnessing that the square
f(base) =— «x
ap/(loorJ)H !
f(base) == x

commutes, is contractible.

15.3 Multiplication on the circle

One way the circle arises classically, is as the set of complex numbers at distance 1 from the
origin. It is an elementary fact that |xy| = |x||y| for any two complex numbers x,y € C, so it
follows that when we multiply two complex numbers that both lie on the unit circle, then the
result lies again on the unit circle. Thus, using complex multiplication we see that there is a
multiplication operation on the circle. And there is a shadow of this operation in type theory,
even though our circle arises in a very different way!

Definition 15.3.1. We define a binary operation
mulg: : S! — (S — S1).

Construction. Using the universal property of the circle, we define mulg: as the unique map
S! — (S! — S!) equipped with an identification

base-mulg: : mulg: (base) = id

and an identification loop-mulg: witnessing that the square

base-mulg;
mulg: (base) id
aPmul gy (lOOP)H eq-htpy(H)
m Lll base ————— |d
st ( ) base-mulsl

commutes. Note that in this square we have a homotopy H : id ~ id, which is not yet defined.
We use the dependent universal property of the circle with respect to the family Ejq ;4 given by

Eigid (%) == (x = x),
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to define H as the unique homotopy equipped with an identification
« : H(base) = loop
and an identification § witnessing that the square

ap"Eid id (loop) (’X)

trg, 4 (loop, H(base)) trE 4 (loop, loop)
st o !
H(base) = loop

commutes. Now it remains to define the path v : trg,, . (loop, loop) = loop in the above square.
To proceed, we first observe that a simple path induction argument yields a function

(p-r =19 P) — (trEid,id (PIQ) = 7’),

for any p : base = x, g : base = base and 7 : x = x. In particular, we have a function

(Ioop * loop = loop - Ioop) — (tr};id,id (loop, loop) = Ioop).
Now we apply this function to refliogp. 100p to Obtain the desired identification
7t trgy 4 (loop, loop) = loop. O

Remark 15.3.2. In the definition of H : id ~ id above, it is important that we didn’t choose H to
be htpy-refl. If we had done so, the resulting operation would be homotopic to x,y —+ y, which
is clearly not what we had in mind with the multiplication operation on the circle. See also
Exercise 15.2.

The left unit law mulg: (base, x) = x holds by the computation rule of the universal property.
More precisely, we define
left-unitg: := htpy-eq(base-mulg1 ).

For the right unit law, however, we need to give a separate argument that is surprisingly involved,
because all the aspects of the definition of mulg: will come out and play their part.

Theorem 15.3.3. The multiplication operation on the circle satisfies the right unit law, i.e., we have
mulg: (x, base) = x
forany x : S1.
Proof. The proof is by induction on the circle. In the base case we use the left unit law
left-unitg: (base) : mulg: (base, base) = base.
Thus, it remains to show that
trp(loop, left-unitg: (base)) = left-unitg: (base),
where P is the family over the circle given by

P(x) := mulg: (x, base) = x.
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Now we observe that there is a function
(ntpy-ea(@pmu, (p))(base) -7 = q+p) — (tro(p,q) =7),

for any

p : base = x

g : mulgi (base, base) = base

7 : mulg: (x, base) = x.
Thus we see that, in order to construct an identification

trp(loop, left-unitg ) = left-unitg,

it suffices to show that the square

left-unitg; (base)

mulg (base, base) base
htpy—eq(apmulsl (Ioop))(base) |OOp
mulg (base, base) base

left-unitg; (base)

commutes. Now we note that we have an identification H(base) = loop. It is indeed at this
point, where it is important that H is not the trivial homotopy, because now we can proceed by
observing that the above square commutes if and only if the square

htpy-eq(base-mulg; ) (base)

mulg: (base, base) base
htpy-eq(apmu,Sl (loop))(base) H(base)
mulg: (base, base) base

htpy-eq(base-mulg; ) (base)

commutes. The commutativity of this square easily follows from the identification loop-mulg:
constructed in Definition 15.3.1. O

Exercises
15.1 (a) Let P: S' — Prop be a family of propositions over the circle. Show that
P(base) — [T (x.g1)P(x).

In this sense the circle is connected.

(b) Show that any embedding m : S — S! is an equivalence.

(c) Show that for any embedding m : X — S, there is a proposition P and an equivalence
e: X ~ 8! x P for which the triangle

X —% +8lxp

’x \Afl
gl

commutes. In other words, all the embeddings into the circle are of the form S! x P —
st
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15.2 Show that for any type X and any x : X, the map
indg1 (x, refly) : ST — X

is homotopic to the constant map consty.
15.3 (a) Show that for any x : 8!, both functions

mulgi (x, —) and  mulgi (-, x)

are equivalences.
(b) Show that the function
mulg: : S — (8! — s1)
is an embedding. Compare this fact with Exercise 14.2.

(c) Show that multiplication on the circle is associative and commutative.
154 (a) Show that a type X is a set if and only if the map

Ax Atx: X — (8T = X)

is an equivalence.
(b) Show that a type X is a set if and only if the map

Af. f(base) : (8' — X) — X

is an equivalence.
15.5 Show that the multiplicative operation on the circle is commutative, i.e. construct an
identification

mulgi (x,y) = mulgi (y, x).
for every x, : S
15.6 Show that the circle, equipped with the multiplicative operation mulg: is an abelian group,
i.e. construct an inverse operation

invgr : st —»s!
and construct identifications
left-invg: : mulg: (invg: (x), x) = base
right-invg: : mulgi (x, invgi (x)) = base.
Moreover, show that the square

invg1 (base) ====== mulg (base, invg: (base))

mulg: (invg: (base), base) === base

commutes.
15.7 Show that for any multiplicative operation
p:St— (st — st

that satisfies the condition that y(x, —) and y(—, x) are equivalences for any x : S!, there is
a term e : S! such that

u(x,y) = mulgi (x, mulg1(&,y))
for every x,y : S!, where ¢ := invg1 (e) is the complex conjucation of e on S*.
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16 The fundamental cover of the circle

In this lecture we show that the loop space of the circle is equivalent to Z by constructing the
universal cover of the circle as an application of the univalence axiom.

16.1 Families over the circle

The type of small families over S! is just the function type S' — U, so in fact we may use
the universal property of the circle to construct small dependent types over the circle. By
the universal property, small type families over S! are equivalently described as pairs (X, p)
consisting of a type X : U and an identification p : X = X. This is where the univalence axiom
comes in. By the map

eq-equivy x : (X ~ X) = (X = X)

it suffices to provide an equivalence X ~ X.
Definition 16.1.1. Consider a type X and every equivalence e : X ~ X. We will construct a

dependent type D(X, e) : S' — U with an equivalence x — xp : X ~ D(X, ¢, base) for which
the square

X —— D(X, e, base)

EJ ltfp(x,e) (loop)

X —— D(X, e, base)
commutes. We also write d — dx for the inverse of this equivalence, so that the relations
(xp)x =x (e(x)p) = trp(x,)(loop, xp)
(dx)p =4d (trp(x,e) (d))x = e(dx)

hold.
The type } (x4 X ~ X is also called the type of descent data for the circle.

Construction. An easy path induction argument reveals that
equiv-eq(app(loop)) = trp(loop)

for each dependent type P : S — /. Therefore we see that the triangle

(S' = U)

Lixuy X =X Lixuy X =X

tot(AX. equiv-eqy x)

commutes, where the map descg: is given by P +— (P(base), trp(loop)) and the bottom map is an
equivalence by the univalence axiom and Theorem 9.1.3. Now it follows by the 3-for-2 property
that descg: is an equivalence, since geng: is an equivalence by Theorem 15.2.3. This means that
for every type X and every e : X ~ X there is a type family D(X,e) : S' — U such that

(D(X, e, base), trp(x,)(loop)) = (X, e).



108 CHAPTER IIl. UNIVALENT MATHEMATICS

Equivalently, we have p : D(X, e, base) = X and tr(p, trp(x,)(loop)) = e. Thus, we obtain
equiv-eq(p) : D(X, e, base) ~ X, for which the square

D(X, e, base) M X

trp(x.e) (Ioop)J{ le

D(X, e, base) ———
equiv-eq(p)

commutes. O

16.2 The fundamental cover of the circle

The fundamental cover of the circle is a family of sets over the circle with contractible total space.
Classically, the fundamental cover is described as a map R — S! that winds the real line around
the circle. In homotopy type theory there is no analogue of such a construction.

Recall from Exercise 7.6 that the successor function succ : Z — Z is an equivalence. Its
inverse is the predecessor function defined in Exercise 4.4.

Definition 16.2.1. The fundamental cover of the circle is the dependent type £g1 := D(Z, succ) :
st —u.

Remark 16.2.2. The fundamental cover of the circle comes equipped with an equivalence
e:Z ~ Egi (base)

and a homotopy witnessing that the square

Z —— Egi(base)

succl J{trgs1 (loop)

7. —— Egi(base)

commutes.
For convenience, we write kg for the term e(k) : £gi (base), for any k : Z.

The picture of the fundamental cover is that of a helix over the circle. This picture emerges
from the path liftings of loop in the total space. The segments of the helix connecting k to k + 1 in
the total space of the helix, are constructed in the following lemma.

Lemma 16.2.3. For any k : Z, there is an identification
segment-helix; : (base, kg) = (base,succ(k)¢)
in the total space Y- ,.q1) €(t).
Proof. By Theorem 7.3.4 it suffices to show that
[T (k:2) L (base=base) tre (&, kg ) = succ(k)¢.

We just take a := loop. Then we have trg (a, kg) = succ(k)¢ by the commuting square provided
in the definition of £. O
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16.3 Contractibility of general total spaces
Consider a type X, a family P over X, and a term ¢ : Y ,.x) P(x), and suppose our goal is to
construct a contraction
[Tty )€ = -

Of course, the first step is to apply the induction principle of X-types, so it suffices to construct a
term of type

IT x0T (y:p(x)) € = ().
In the case where P is the fundamental cover of the circle, we are given an equivalence e : Z ~
& (base). Using this equivalence, we obtain an equivalence

(H (y:E(y))€ = (base,y)) — (H (kz)€ = (base,kg)).

More generally, if we are given an equivalence e : F ~ P(x) for some x : X, then we have an
equivalence

(H (y:P(x))€ = (xr]/)) - (H (y:F)C = (x,e(y))) (16.1)

by precomposing with the equivalence e. Therefore we can construct a term of type [] (,.p(x))c =
(x,y) by constructing a term of type [ (,.r)c = (x,e(y)).
Furthermore, if we consider a path p : x = ¥’ in X and a commuting square

F —— P(x

)
fj Jtmetp)
")

P P(x

where e, ¢/, and f are all equivalences, then we obtain a function
¢ (Myre = (xew)) = (Merme = ().

The function ¢ is constructed as follows. Given & : T] (,.r)c = (x,e(y)) and y' : F' we have the

path i(f~1(y")) : ¢ = (x,e(f~1(y'))). Moreover, writing G for the homotopy f o f~! ~ id, we
have the path

_ H(f'(y") _ apy (G(v'))
tp(p,e(f () === (f(/(Y)) === ¢ ).
From this concatenated path we obtain the path
_ eq-pair(p,H(f ' (') - ap, (G(¥')))
(x e(f~1(¥))) ("¢ (y))

Now we define the function ¢ by

h= Ay h(fH(y')) » eq-pair(p, H(f ' (y')) *ape (G(¥))).-

Note that ¢ is an equivalence, since it is given as precomposition by the equivalence f 1, followed
by postcomposition by concatenation, which is also an equivalence. Now we state the main
technical result of this section, which will help us prove the contractibility of the total space of the
fundamental cover of the circle by computing transport in the family x — [T (,.p(x))c = (x,¥).
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Definition 16.3.1. Consider a path p : x = x’ in X and a commuting square

F —— P(x)

fJ{ J{trP(P)
e /)

N P(x

with H : ¢’ o f trp(p) oe, where e, ¢/, and f are all equivalences. Then there is for any y : F an
identification

segment-tot(y) : (x,e(y)) = (¢ (F(1))
defined as segment-tot(y) := eq-pair(p, H(y) ).

Lemma 16.3.2. Consider a path p : x = x" in X and a commuting square

with H : ¢’ o f trp(p) o e, where e, ¢/, and f are all equivalences. Furthermore, let
h:IT(ppc = (x,e(y))
W T eye = (6, €' (y').
Then there is an equivalence
(T (f()) = hly) - segment-tot(y) ) = (tre(p, p(h) = @' (W) ).

Proof. We first note that we have a commuting square

[T ype)c = (v y) —— T pec = (xe(y))

tre(p)| T

[Ty peye = & y) — Myee = (&, (y)

where (h') = Ay. h'(f(y)) * segment-tot(y) ~!. All the maps in this square are equivalences. In
particular, the inverses of the top and bottom maps are ¢ and ¢/, respectively. The claim follows
from this observation, but we will spell out the details.

Since any equivalence is an embedding, we see immediately that the type trc(p)(¢(h)) =
¢ (') is equivalent to the type

p(tre(p)(p(h)) o e') = (g’ (H) o ¢').

By the commutativity of the square, the left hand side is h. The right hand side is ¥ (h’). Therefore
it follows that

(tre(p) () = ¢/ (1)) = (h = Ay} ((y)) - segment-tot(y) ")

o~ (h’ of ~ (Ay.h(y)+ segment—tot(y)). O
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Applying these observations to the fundamental cover of the circle, we obtain the following
lemma that we will use to prove that the total space of £ is contractible.

Corollary 16.3.3. In order to show that the total space of £ is contractible, it suffices to construct a
function

h: I1 (k:z) (base/ 08) = (base, kg)
equipped with a homotopy
H : 1 (z)h(succ(k)g) = h(k) » segment-helix(k).

In the next section we establish the dependent universal property of the integers, which we
will use with Corollary 16.3.3 to show that the total space of the fundamental cover is contractible.

16.4 The dependent universal property of the integers
Lemma 16.4.1. Let B be a family over Z, equipped with a term by : B(0), and an equivalence

ex : B(k) ~ B(succ(k))
for each k : Z. Then there is a dependent function f : [ x.z)B(k) equipped with identifications f(0) = bo
and

f(suce(k)) = ex(f(k))
forany k : Z.

Proof. The map is defined using the induction principle for the integers, stated in Lemma 4.5.3.
First we take

f(=1) == e 1(by)
f(0) == bo
f(1) = e(bo).

For the induction step on the negative integers we use
An. e,:elg(s(n)) 1 (n:IN) B(neg(n)) — B(neg(5(n)))
For the induction step on the positive integers we use

An.e(pos(n)) : IT (nn) B(pos(1)) — B(pos(S(n))).

The computation rules follow in a straightforward way from the computation rules of Z-
induction and the fact that e ! is an inverse of e. O

Example 16.4.2. For any type A, we obtain amap f : Z — A from any x : A and any equivalence
e: A~ A, such that f(0) = x and the square

b

f
—

N

succ

—
—
3y

N
N

f
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commutes. In particular, if we take A = (x = x) for some x : X, then for any p : x = x we have
the equivalence Aq.p+q: (x = x) — (x = x). This equivalence induces a map
ks p*:Z = (x =x),
for any p : x = x. This induces the degree k map on the circle
deg(k) : ' — S,

for any k : Z, see ??.

In the following theorem we show that the dependent function constructed in Lemma 16.4.1
is unique.

Theorem 16.4.3. Consider a type family B : Z — U equipped with b : B(0) and a family of equivalences
e : [T (x.z)B(k) =~ B(succ(k)).

Then the type
YT iy B(K)) (f (0) = b) X T iz f (suce(k)) = ex(f (k)

is contractible.

Proof. In Lemma 16.4.1 we have already constructed a term of the asserted type. Therefore it
suffices to show that any two terms of this type can be identified. Note that the type (f,p, H) =
(f',p', H') is equivalent to the type

Yk fmp) (K(0) = p+ (p) 1) X T (rizy K (succ(k)) = (H(k) * ap,, (K(k))) « H' (k).

We obtain a term of this type by applying Lemma 16.4.1 to the family C over Z given by
C(k) := f(k) = f'(k), which comes equipped with a base point

pr(p): C(0),
and the family of equivalences
Aa: f(k) = f'(K))- (H(k) * ape, (&)  H'(k) ™" : TT (i) C (k) ~ C(suce(k)). -

One way of phrasing the following corollary, is that Z is the “initial type equipped with a
point and an automorphism’.

Corollary 16.4.4. For any type X equipped with a base point x( : X and an automorphisme : X ~ X,
the type

Y(rz—x)(f(0) = x0) x ((f o succ) ~ (eo f))

is contractible.

16.5 The identity type of the circle
Lemma 16.5.1. The total space ) ;.q1) € (t) of the fundamental cover of St is contractible.
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Proof. By Corollary 16.3.3 it suffices to construct a function
h: T (x.z)(base,0g) = (base, k¢)
equipped with a homotopy
H : TT (k:zyh(succ(k)g) = h(k) » segment-helix(k).

We obtain i and H by the elimination principle of Lemma 16.4.1. Indeed, the family P over the
integers given by P(k) := (base, O¢) = (base, kg) comes equipped with a term refl(,55¢ 0, : P(0),
and a family of equivalences

[T (x:z) P(k) = P(succ(k))

given by k, p — p » segment-helix(k). O
Theorem 16.5.2. The family of maps
H(t;sl)(base =t) = E(t)

sending refly,se to Og is a family of equivalences. In particular, the loop space of the circle is equivalent to
Z.

Proof. This is a direct corollary of Lemma 16.5.1 and Theorem 9.2.2. O
Corollary 16.5.3. The circle is a 1-type and not a O-type.

Proof. To see that the circle is a 1-type we have to show that s = t is a O-type for every s, t : S1.
By Exercise 15.1 it suffices to show that the loop space of the circle is a 0-type. This is indeed the
case, because Z is a 0-type, and we have an equivalence (base = base) ~ Z.

Furthermore, since Z is a 0-type and not a (—1)-type, it follows that the circle is a 1-type and
not a O-type. O

Exercises

16.1 Show that the map
Z — Q(Sh)

is a group homomorphism. Conclude that the loop space Q(S') as a group is isomorphic
to Z.
16.2 (a) Show that

[T (x.s1y 7 (base = x).

(b) On the other hand, use the fundamental cover of the circle to show that
- (H (x:s1)base = x).

(c) Conclude that
_‘(H (X:L{)_'_'X - X>

for any univalent universe If containing the circle.
16.3 (a) Show that for every x : X, we have an equivalence

(Z(fzslﬁx)f(base) = x) ~ (x =x)
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(b) Show that for every t : S!, we have an equivalence

(Z‘,(f:slﬁsgf(base) = t) ~7

The base point preserving map f : S! — S! corresponding to k : Z is called the
degree k map on the circle, and is denoted by deg(k).
(c) Show that for every ¢ : S, we have an equivalence

(2(6151251)€(base) = t) ~2

16.4 The (twisted) double cover of the circle is defined as the type family 7 := D(2, neg) :
S! — U, where neg : 2 ~ 2 is the negation equivalence of Exercise 7.5.

(a) Show that =(IT (g1 7 (t)).
(b) Construct an equivalence e : S! ~ Y(r.s1) T (t) for which the triangle

——— Lsy T (1)

degN A

commutes.

16.5 Construct an equivalence (S! ~ S!) ~ S! + S! for which the triangle

~

(§'~8h) ——=—— (8" +8)

ev—& A

Sl

commutes. Conclude that a univalent universe containing a circle is not a 1-type.
16.6 (a) Construct a family of equivalences

H(t:sl)((t =t) ~ Z).

(b) Use Exercise 15.4 to show that (idg1 ~ idg1) ~ Z.
(c) Use Exercise 12.7 to show that

has-inverse(idg1) ~ Z,

and conclude that has-inverse(idg1) # is-equiv(idg1).
16.7 Consider amapi: A — S!, and assume that i has a retraction. Construct a term of type

is-contr(A) + is-equiv(i).

16.8 (a) Show that the multiplicative operation on the circle is associative, i.e. construct an
identification

assocg1 (¥, 1,z) : mulgi (mulgi (x,¥),z) = mulg (x, mulg (y, 2))

for any x,y,z : S'.
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(b) Show that the associator satisfies unit laws, in the sense that the following triangles
commute:

mulg: (mulg: (base, x),y) === mulg: (base, mulg:(x,y))

/
\

mulg: (x,y)

mulgi (mulg: (x, base), y) ==== mulg: (x, mulg: (base, v))

/
\

mulg: (x,v)

mulgi (mulgi (x, ), base) =———= mulg:(x, mulg: (y, base))

/
A

mulgi (x,y).

(c) State the laws that compute

assocg; (base, base, x)
assocg; (base, x, base)
assocg (¥, base, base)
assocg; (base, base, base).
Note: the first three laws should be 3-cells and the last law should be a 4-cell. The

laws are automatically satisfied, since the circle is a 1-type.
16.9 Construct the Mac Lane pentagon for the circle, i.e. show that the pentagon

mulg: (mulgi (mulgi (x,y),z), w) == mulg: (mulg: (x, y), mulg: (z,w))
mulgi (mulg: (x, mulgi (y,z)), w) mulgi (x, mulgi (y, mulgi (z,w)))

\

mulgi (x, mulgi (mulgi (y,z), w))

\

commutes for every x,y,z, w : st






Chapter IV

Homotopy pullbacks and pushouts

17 Homotopy pullbacks

Suppose we are given amap f : A — B, and type families P over A, and Q over B. Then any
family of maps

8 I (xa)P(x) = Q(f(x))

gives rise to a commuting square

totf(g)
—_—

Z(XIA) P(x) ):(y:B) Q(y)

P | 2
A

B
f

where totf(g) is defined as A(x, y). (f(x),g(x,y)). In the main theorem of this chapter we show
that g is a family of equivalences if and only if this square satisfies a certain universal property:
the universal property of pullback squares.

Pullback squares are of interest because they appear in many situations. Cartesian products,
fibers of maps, and substitutions can all be presented as pullbacks. Moreover, the fact that a
family of maps g : [T (y.4)P(x) — Q(f(x)) is a family of equivalences if and only if it induces a
pullback square has the very useful corollary that a square of the form

C ——D

pl% g;

f

is a pullback square if and only if the induced family of maps between the fibers

[T (x:.4)fibp(x) — fibg (f(x))

is a family of equivalences. This connection between pullbacks and fiberwise equivalences has an
important role in the descent theorem in §20.

A second reason for studying pullback squares is that the dual notion of pushouts is an
important tool to construct new types, including the n-spheres for arbitrary n. The duality of
pullbacks and pushouts makes it possible to obtain proofs of many statements about pushouts
from their dual statements about pullbacks.

117
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17.1 The universal property of pullbacks

Definition 17.1.1. A cospan consists of three types A, X, and B, and maps f : A — X and
g:B—=X.

Definition 17.1.2. Consider a cospan

ALX&B

and a type C. A cone on the cospan A — X < B with vertex C consists of maps p : C — A,
g: C — Band a homotopy H : f o p ~ g o g witnessing that the square

A,

N0
X

f

commutes. We write
cone(C) := Yp:csa)Lg:cB)f OP ~ 804

for the type of cones with vertex C.

It is good practice to characterize the identity type of any type of importance. In the following
lemma we give a characterization of the identity type of the type cone(C) of coneson A — X < B
with vertex C. Such characterizations are entirely routine in homotopy type theory.

Lemma 17.1.3. Let (p,q,H) and (p',q', H') be cones on a cospan f : A — X < B : g, both with
vertex C. Then the type (p,q, H) = (¢, q', H') is equivalent to the type of triples (K, L, M) consisting of
K:p~yp
L:ig~4q

and a homotopy M : H+ (g - L) ~ (f - K) » H' witnessing that the square

fop L5 fop

| e

goq — > 8°4
of homotopies commutes.

Proof. By the fundamental theorem of identity types (Theorem 9.2.2) it suffices to show that the
type
!
Z((p’rq’,H’%Z(,,/;C%A) Lg:c) fop'~goq) L(kip~p) L(Lig~g) H * (8- L) ~ (f - K) - H

is contractible. Using associativity of X-types and commutativity of cartesian products, it is easy
to show that this type is equivalent to the type

LKV ey Pt ) B L sy 10" E(Hsfopmgoqy H * (8- L) ~ (f - K) = HY
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Now we observe that the types Y ,s.c_,a)p ~ p' and Y(q:cB)q ™~ q' are contractible, with
centers of contraction

(p, htpy-refl,) : Ty ayp ~ p'
(‘1/ htPY'reflq) : Z(q’:C’—)B)q ~ q/'

Thus we apply Exercise 8.5 to see that the type of tuples ((p’,K), (¢/, L), (H', M)) is equivalent to
the type

):(H/:fop/wgoq/)H . htpy-reﬂgoq ~ htpy-reflfop “H'.

Of course, the type H * htpy-refly,, ~ htpy-refls,,  H' is equivalent to the type H ~ H’, and
Y(H':foprgoq) H ~ H'’ is contractible. O

Given a cone with vertex C on a span A i) X & Banda map h : C' — C, we construct a new
cone with vertex C’ in the following definition.
Definition 17.1.4. For any cone (p, q, H) with vertex C and any type C’, we define a map

cone-map(p,q,H) : (C' — C) — cone(C’)

by h+— (poh,gqoh,Hoh).

Definition 17.1.5. We say that a commuting square

c—1.B
pl lg
AT>X

with H : fop ~ gogqis a pullback square, or that it is cartesian, if it satisfies the universal
property of pullbacks, which asserts that the map

cone-map(p,q,H) : (C' = C) — cone(C’)
is an equivalence for every type C’.

We often indicate the universal property with a diagram as follows:

since the universal property states that for every cone (p’,q’, H') with vertex C’, the type of
pairs (h,a) consisting of i : C' — C equipped with « : cone-map((p,q,H),h) = (p',q', H') is
contractible by Theorem 8.3.6.

As a corollary we obtain the following characterization of the universal property of pullbacks.
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Lemma 17.1.6. Consider a commuting square

with H : f o p ~ g oq Then the following are equivalent:
(i) The square is a pullback square.
(ii) For every type C' and every cone (p',q', H') with vertex C', the type of quadruples (h,K, L, M)
consisting of a map h : C' — C, homotopies
K:poh~7p
L:goh~¢,
and a homotopy M : (H-h)+(g-L) ~ (f - K) » H witnessing that the square

/

fopoh L5 fop

H-hJ{ J{H’

goqoh —goq

commutes, is contractible.

Proof. The map cone-map(p, g, H) is an equivalence if and only if its fibers are contractible. By
Lemma 17.1.3 it follows that the fibers of cone-map(p, g, H) are equivalent the the described type
of quadruples (1, K, L, M). O

In the following lemma we establish the uniqueness of pullbacks up to equivalence via a
3-for-2 property for pullbacks.

Lemma 17.1.7. Consider the squares

/

q q

C — B ' —— B
Lo s
AT>X AT)X

with homotopies H : fop ~ goqgand H' : fop' ~ gogq'. Furthermore, suppose we have a map
h:C' — C equipped with

K:poh~yp

L:goh~g

M:(H-h)*(g-L)~ (f-K)-H.
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If any two of the following three properties hold, so does the third:
(i) Cisa pullback.
(it) C'is a pullback.
(iii) h is an equivalence.

Proof. By the characterization of the identity type of cone(C’) given in Lemma 17.1.3 we obtain
an identification

cone-map((p, q, H),h) = (¢',4', H')
from the triple (K, L, M). Let D be a type, and let k : D — C’ be a map. We observe that
cone-map((p,q,H), (hok)) = (po (hok),qo(hok),Ho (hok))
= ((poh)ok,(goh)ok,(Hoh)ok)
= cone-map(cone-map((p,q, H), h), k)
= cone-map((p’,q', H'), k).

Thus we see that the triangle

(D—C') = (D—C)

cone-map(p/,q/,Ht)\‘ /cone-map(p,q,H)
(D)

cone

commutes. Therefore it follows from the 3-for-2 property of equivalences established in Exer-
cise 7.4, that if any two of the maps in this triangle is an equivalence, then so is the third. Now the
claim follows from the fact that & is an equivalence if and only if ho - : (D — C') — (D — C) is
an equivalence for any type D, which was established in Exercise 12.3. O

Pullbacks are not only unique in the sense that any two pullbacks of the same cospan are
equivalent, they are uniquely unique in the sense that the type of quadruples (1, K, L, M) as in
Lemma 17.1.7 is contractible.

Corollary 17.1.8. Suppose both commuting squares

!

c-1.8B c -1
pl g p/l lg
AT>X ATX

with homotopies H : fop ~ goqand H' : fop' ~ goq are pullback squares. Then the type of
quadruples (e, K, L, M) consisting of an equivalence e : C' ~ C equipped with

K:poe~yp'
L:goe~g
M (H-h) (g L) ~ (f - K) - H.

is contractible.
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Proof. We have seen that the type of quadruples (1, K, L, M) is equivalent to the fiber of cone-map(p, g, H)
at (p’,q', H'). By Lemma 17.1.7 it follows that & is an equivalence. Since is-equiv(h) is a proposi-
tion by Exercise 12.4, and hence contractible as soon as it is inhabited, it follows that the type of
quadruples (e, K, L, M) is contractible. O

Corollary 17.1.9. For any two maps f : A = X and g : B — X, and any universe U, the type
Y (cut) L(ccone(£,6,0) I 1 (crasyis-equiv(cone-mape (c) )
of pullbacks in U, is a proposition.
Proof. It is straightforward to see that the type of identifications
(C, (p.g,H),u) = (C,(p, 4" H'), u")
of any two pullbacks is equivalent to the type of quadruples (e, K, L, M) as in Corollary 17.1.8.
Since Corollary 17.1.8 claims that this type of quadruples is contractible, the claim follows. [

17.2 Canonical pullbacks
For every cospan we can construct a canonical pullback.

Definition 17.2.1. Let f : A — X and g : B — X be maps. Then we define

AxxB:= Z(x:A)Z(y:B)f(x) = g(]/)

7T 1= pry t:AXxB— A
Ty = pry 0 pro :AXxB—B
T3 1= pry 0 prp : fom ~ gomy.

The type A X x B is called the canonical pullback of f and g.

Note that A x x B depends on f and g, although this dependency is not visible in the notation.

Remark 17.2.2. Given (x,y, p) and (x’,y/, p’) in the canonical pullback A x x B, the identity type
(x,y,p) = (¥',y,p') is equivalent to the type of triples («, B, y) consistingofa : x = x', : y = v/,
and an identification 7 : p+ apg(B) = aps(a) * p’ witnessing that the square

an("l)

f(x) f(x)
| /
3W) 5 &)

commutes. The proof of this fact is similar to the proof of Lemma 17.1.3.

Theorem 17.2.3. Given maps f : A — X and g : B — X, the commuting square

AxxB 2. B

|
A ﬁ X,

is a pullback square.
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Proof. Let C be a type. Our goal is to show that the map
cone-map(7ty, 712, 713) : (C — A xx B) — cone(C)

is an equivalence. Note that we have the commuting triangle

C = Liea) L) f(x) =gv)

cone-map Epc—a) I (zc) Ziyp) f(p(2)) = &(y)

m

Z(p:C%A) Z(q:C%B) fop~gogq.

In this triangle the functions choice are equivalences by Theorem 12.2.1. Therefore, their compos-
ite is an equivalence. O

The following corollary is now a special case of ??, where we make sure that f : A — X and
g : B — X are both mapsin /.

Corollary 17.2.4. For any twomaps f : A — X and g : B — X in U, the type
Y (c:t4) Z(c:cone(f,,0)) 1 (cr:4)is-equiv(cone-mapc (c) )
of pullbacks in U, is contractible.

Definition 17.2.5. Given a commuting square

c—1.B
pl lg
AT>X

with H : f o p ~ g 0 g, we define the gap map
gap(p,q,H) : C — AxxB

by Az. (p(z),4(z), H(z)).

The following theorem provides a useful characterization of pullback squares, because in
many situations it is easier to show that the gap map is an equivalence.

Theorem 17.2.6. Consider a commuting square

with H : f o p ~ g oq. The following are equivalent:
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(i) The square is a pullback square
(ii) There is a term of type

is-pullback(p, g, H) := is-equiv(gap(p, q, H)).

Proof. Observe that we are in the situation of Lemma 17.1.7. Indeed, we have two commuting
squares

AxXB&B c—1.8
Hzl lg p lg
AﬁX AT>X,

and we have the gap map gap : C = A X x B, which comes equipped with the homotopies

K:mogap~p K:= Az. reﬂp(z)
L:mogap~q L:= Az reﬂq(z)
M: (m5-gap)-(¢g-L)~(f-K)*H M := Az.right-unit(H(z)).

Since A X x B is shown to be a pullback in Theorem 17.2.3, it follows from Lemma 17.1.7 that C is
a pullback if and only if the gap map is an equivalence. O

17.3 Cartesian products and fiberwise products as pullbacks

An important special case of pullbacks occurs when the cospan is of the form
A——1<+—B.

In this case, the pullback is just the cartesian product.

Lemma 17.3.1. Let A and B be types. Then the square

AxB -2, B

pnl lconst*

A—1
const,

which commutes by the homotopy const,eq, is a pullback square.
Proof. By Theorem 17.2.6 it suffices to show that

gap(pry, pro, A(a, b). refl,)

is an equivalence. Its inverse is the map A(a, b, p). (a,b). O

The following generalization of Lemma 17.3.1 is the reason why pullbacks are sometimes
called fiber products.
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Theorem 17.3.2. Let P and Q be families over a type X. Then the square

AMx,(pg))- (x.q)

Yex) P(x) x Q(x) Yxx) Qx)
M (pa)): (o) | lm
E(x:X) P(x) P X,

which commutes by the homotopy
H:=Ax,(p,q)).refly,

is a pullback square.

Proof. By Theorem 17.2.6 it suffices to show that the gap map is an equivalence. The gap map is
homotopic to the function

Alx, (p,9))- ((x, p), (x,q), refly).
It is easy to check that this function is an equivalence. I ts inverse is the map

AM(x,p), (y,q),a). (y, (trp(a, p),q)).- O

Corollary 17.3.3. Forany f : A — X and g : B — X, the square

AMx,((a,p),(bg)))-b

¥ (x:x) fibg (x) x fibg (x)
A(x,«a,p),(b,q))).ul
A X

o &

is a pullback square.

17.4 Fibers of maps as pullbacks
Lemma 17.4.1. For any function f : A — B, and any b : B, consider the square

flbf(b) const,

Prll

A7

consty,

O =

which commutes by pry : T (t:fibf(h)>f(prl (t)) = b. This is a pullback square.

Proof. By Theorem 17.2.6 it suffices to show that the gap map is an equivalence. The gap map is
homotopic to the function

tot (()Ax. Ap. (%, p))

The map Ax. Ap. (%, p) is a family of equivalences by Exercise 8.5, so it induces an equivalence on
total spaces by Theorem 9.1.3. O
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Corollary 17.4.2. For any type family B over A and any a : A the square

const,

1

Ay. (a,y)l L\*, a

YayB(x) —5— A

is a pullback square.

Proof. To see this, note that the triangle

Ab. ((a,b),refly)

B(a) fibpr, (a)

(Z(x:A) B(x)) xal

Since the top map is an equivalence by Exercise 8.7, and the map on the right is an equivalence
by Lemma 17.4.1, it follows that the map on the left is an equivalence. The claim follows. O

17.5 Families of equivalences

Lemma 17.5.1. Let f : A — B, and let Q be a type family over B. Then the square

E () QUf (x)) 2T, 5 ()

PHJ{ lpﬁ

A B
f

commutes by H := A(x, q). refl (). This is a pullback square.

Proof. By Theorem 17.2.6 it suffices to show that the gap map is an equivalence. The gap map is
homotopic to the function

M, q). (x, (f(x), ), reflf ()

The inverse of this map is given by A(x, ((y,4), p)). (x,tro(p~1,q)), and it is straightforward to
see that these maps are indeed mutual inverses. O

Theorem 17.5.2. Let f : A — B,and let g : [] 4.4y P(a) — Q(f(a)) be a family of maps. The following
are equivalent:

(1) The commuting square

is a pullback square.
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(ii) g is a family of equivalences.

Proof. The gap map is homotopic to the composite

i PO) —255 5 QU() —22 A x5 (L) QW)

where gap’ is the gap map for the square in Lemma 17.5.1. Since gap’ is an equivalence, it follows
by Exercise 7.4 and Theorem 9.1.3 that the gap map is an equivalence if and only if g is a family
of equivalences. O

Our goal is now to extend Theorem 17.5.2 to arbitrary pullback squares. Note that every
commuting square

with H :io f gohinduces a map

fib-sq : TT (xex fibr (x) — fibg (f(x))

on the fibers, by
fib-sq(x, (a,p)) := (h(a), H(a) ' = ap;(p)).

Theorem 17.5.3. Consider a commuting square

with H :io f g oh. The following are equivalent:
(i) The square is a pullback square.
(ii) The induced map on fibers
fib-sq : [T (x.x)fibs(x) — fibg (f(x))
is a family of equivalences.
Proof. First we observe that the square

tot(fib-sq)

Y (x:x) fibg (%) Y (xx) fibg (f(x))
:l ltot(tot(inv))
A 2ap X Xy B

commutes. To construct such a homotopy, we need to construct an identification

(f(a),h(a), H(a)) = (x,h(a), (H(a)"" +ap;(p)) ")
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forevery x : X,a: A, and p : f(a) = x. This is shown by path induction on p : f(a) = x. Thus, it
suffices to show that

(f(a),h(a), H(a)) = (f(a), h(a), (H(a) "+ reflypa) ),

which is a routine exercise.

Now we note that the left and right maps in this square are both equivalences. Therefore
it follows that the top map is an equivalence if and only if the bottom map is. The claim now
follows by Theorem 9.1.3. O

Corollary 17.5.4. Consider a pullback square
7.8
£

— X.
f

SRR

If g is a k-truncated map, then so is p. In particular, if g is an embedding then so is p.

Proof. Since the square is assumed to be a pullback square, it follows from Theorem 17.5.3
that for each x : A, the fiber fib,(x) is equivalent to the fiber fiby(f(x)), which is k-truncated.
Since k-truncated types are closed under equivalences by Theorem 10.3.3, it follows that p is a
k-truncated map. O

Corollary 17.5.5. Consider a commuting square

and suppose that g is an equivalence. Then the following are equivalent:
(i) The square is a pullback square.
(ii) The map p : C — A is an equivalence.

Proof. If the square is a pullback square, then by Theorem 17.5.2 the fibers of p are equivalent to
the fibers of g, which are contractible by Theorem 8.3.6. Thus it follows that p is a contractible
map, and hence that p is an equivalence.

If p is an equivalence, then by Theorem 8.3.6 both fib, (x) and fibg (f(x)) are contractible for
any x : X. It follows by Exercise 8.3 that the induced map fib, (x) — fibg (f(x)) is an equivalence.
Thus we apply Theorem 17.5.3 to conclude that the square is a pullback. O

Theorem 17.5.6. Consider a diagram of the form
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Then the type of triples (i, H, p) consisting of a map i : A — B, a homotopy H : ho f ~ goi,and a term
p witnessing that the square

A%B

fl lg
X — Y.

is a pullback square, is equivalent to the type of families of equivalences
[T (x:x) fibg (x) = fibg (h(x)).

Corollary 17.5.7. Let h : X — Y be a map, and let P and Q be families over X and Y, respectively. Then
the type of triples (i, H, p) consisting of a map

i: (Z(X;X)P(X)) - (Z(y:Y)Q(y))’

a homotopy H : h o pry ~ pry oi, and a term p witnessing that the square

Z(x:X) P(x) *l> Z(yY) Q(y)

Pfll J{Pfl
Y

— Y.
X h
is a pullback square, is equivalent to the type of families of equivalences

[T (x) P(x) ~ Q(h(x)).

One useful application of the connection between pullbacks and families of equivalences is
the following theorem, which is also called the pasting property of pullbacks.

Theorem 17.5.8. Consider a commuting diagram of the form

A—r.B 1o
1l
X — Y ﬁ z
with homotopies H :io f ~ gokand K : jo g ~ hol, and the homotopy
(j-H)*(K-k):joiof ~holok

witnessing that the outer rectangle commutes. Furthermore, suppose that the square on the right is a
pullback square. Then the following are equivalent:

(i) The square on the left is a pullback square.

(ii) The outer rectangle is a pullback square.
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Proof. The commutativity of the two squares and the outer rectangle induces a commuting
triangle
fib-sq sz m) ()

fib (%) fibg (i(x))

fib-sqy jor (1) (K-k)m fib-sq(g k) (i(x))

fiby, (j(i(x)))-

A homotopy witnessing that the triangle commutes is constructed by a routine calculation.
Since the triangle commutes, and since the map fib-sq(,; k) (i(x)) is an equivalence for each
x : X by Theorem 17.5.3, it follows by the 3-for-2 property of equivalences that for each x : X the
top map in the triangle is an equivalence if and only if the left map is an equivalence. The claim
now follows by a second application of Theorem 17.5.3. O

17.6 Descent theorems for coproducts and ~-types

Theorem 17.6.1. Consider maps f : A’ — Aand ¢ : B — B,amap h : X' — X, and commuting
squares of the form

Al —— X B — X
A A
A—— X B —— X.

Then the following are equivalent:
(i) Both squares are pullback squares.

(ii) The commuting square

A'+B —— X

oD

A+B —— X
is a pullback square.
Proof. By Theorem 17.5.3 it suffices to show that the following are equivalent:

(i) Foreach x : A the map
fib-sq : fibs(x) — fiby, (a4 (x))

is an equivalence, and for each y : B the map
fib-sq : fibg (v) — fiby (ap(y))
is an equivalence.
(ii) For eacht: A + B the map
fib-sq : fibsy o (t) — fiby (a(t))

is an equivalence.
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By the dependent universal property of coproducts, the second claim is equivalent to the claim
that both for each x : A the map

fib-sq : fibsy o (inl(x)) — fiby (a4 (x))
is an equivalence, and for each y : B, the map
fib-sq : fibsy ¢ (inr(y)) — fiby(ap(y))

is an equivalence.
We claim that there is a commuting triangle

fibr(x) ———— fibg o (inl(x))

N7

fiby (a4 (x))

for every x : A. To see that the triangle commutes, we need to construct an identification
The top map is given by
(a',p) = (inl(a’), apini(p))-

The triangle then commutes by the homotopy

(a,r p) = eq—pair(refl,a Pconcat(H(a’)~1) (a P-COMPy 4 ,ap),inl ) )
We note that the top map is an equivalence, so it follows by the 3-for-2 property of equivalences

that the left map is an equivalence if and only if the right map is an equivalence.
Similarly, there is a commuting triangle

fibg (1) ———— fibs¢(inr(y))

N S

fiby (ap(y))

in which the top map is an equivalence, completing the proof. O

In the following corollary we conclude that coproducts distribute over pullbacks.

Corollary 17.6.2. Consider a cospan of the form

A+B ——

Then there is an equivalence

(A+B) xXY:(AxXY)+(B><XY).
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Theorem 17.6.3. Consider a family of maps f; : A} — A; indexed by a type I, amap h : X' — X, and a
commuting square

Al — X
1
A; — X
foreach i : I. Then the following are equivalent:
(i) Foreachi : I the square is a pullback square.

(ii) The commuting square
Z(i:l) A; — X

tot(f)| lh
Y A —— X
is a pullback square.

Proof. By Theorem 17.5.3 it suffices to show that the following are equivalent for each i : I and
a:A;

(i) The map
fib-sq : fibs, (a) — fibg(a;(a))

is an equivalence.

(if) The map
fib-sq : fibeoy 1) (i, @) — fibg(a;(a))
is an equivalence.

To see this, note that we have a commuting triangle

flbf, (a) —_—> ﬁbtot(f) (l, 61)

NS

fibg (aj(a)),

where the top map is an equivalence by Lemma 9.1.2. Therefore the claim follows by the 3-for-2
property of equivalences. O

In the following corollary we conclude that ¥ distributes over coproducts.

Corollary 17.6.4. Consider a cospan of the form
Y
YinAi — X

Then there is an equivalence

(Z(i:I)Ai) Xx Y = Y (A xx Y).
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Exercises

17.1 (a) Show that the square

(x=y) — 1
J/ lconst}/
1— A
consty
is a pullback square.
(b) Show that the square
(x _ }/) consty A

con St*J/ J/‘SA

1 —— AxA
const(w)

is a pullback square, where §4 : A — A x A is the diagonal of A, defined in Exer-
cise 10.2.
17.2 In this exercise we give an alternative characterization of the notion of k-truncated map,
compared to Theorem 10.3.6. Given a map f : A — X define the diagonal of f to be the
map df : A — A xx Agivenby x — (x, x, refl¢ () ).

(a) Construct an equivalence
fibs, ((x,y,p)) = fibap; (p)
to show that the square

consty

fibap, (p) A

const*l l‘sf

1 —— AxxA
COnSt(x’]//p) X

is a pullback square, for every x,y: Aand p: f(x) = f(y).
(b) Show thatamap f: A — Xis (k + 1)-truncated if and only if J is k-truncated.

Conclude that f is an embedding if and only if é is an equivalence.
17.3 Consider a commuting square

7.8
lg

— X
f

N0

with H : f o p ~ g oq. Show that this square is a pullback square if and only if the square

CLA

ql lf
BT>X

with H™!: gog ~ f o pis a pullback square.
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17.4 Show that any square of the form

|

-

commutes and is a pullback square. This is the descent property of the empty type.
17.5 Consider a commuting square

RSO
e

1

with H : f o p ~ g oq. Show that the following are equivalent:
(i) The square is a pullback square.

(ii) For every type T, the commuting square

cT 17, pT

S

AT ? XT

is a pullback square.

Note: property (ii) is really just a rephrasing of the universal property of pullbacks.
17.6 Consider a commuting square

with H : f o p ~ g 0q. Show that the following are equivalent:
(i) The square is a pullback square.
(ii) The square

804
C——

M. (plx)a(x) | lISX
AXB — XxX
fxg

which commutes by Az. eq-pair(H(z), refly(,(-))) is a pullback square.

17.7 Consider two commuting squares

Ci —— B C —— B

I

Al — X Ay — Xo.
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(a) Show that if both squares are pullback squares, then the square

CixCy —— By xBy

| |

A X Ay —— X7 X Xo.

is also a pullback square.
(b) Show that if there are terms t; : Ay Xx, By and t; : Ay Xx, By, then the converse of (a)
also holds.

17.8 Consider for each i : I a pullback square

G — B

W s

Ai fi Xi

with H; : f; o p; ~ gj o g;. Show that the commuting square

[TinC —— IlanBi

l l

[TanAi — T anXi

is a pullback square.

18 Homotopy pushouts

A common way in topology to construct new spaces is by attaching cells to a given space. A
0-cell is just a point, an 1-cell is an interval, a 2-cell is a disc, a 3-cell is the solid ball, and so
forth. Many spaces can be obtained by attaching cells. For example, the circle is obtained by
attaching a 1-cell to a O-cell, so that both end-points of the interval are mapped to the point. More
generally, an n-sphere is obtained by attaching an n-disc to the point, so that its entire boundary
gets mapped to the point.

In type theory we can also consider a notion of n-cells. Just as in topology, a 0-cell is just a
point (i.e., a term). A 1-cell, however, is in type theory an identification, i.e., a term of the identity
type. A 1-cell is then an identification of identifications, and so forth. Then we can attach cells to
a type by taking a pushout, which is a process dual to taking a pullback.

The idea of pushouts is to glue two types A and B together using a mediating type S and
maps f: S — Aand g: S — B. In other words, we start with a diagram of the form

Aol g 8 .p

We call such a triple S = (S, f, g) a span from A to B. A span from A to B can be thought of as
a relation from A to B, relating f(s) to g(s) for any s : S. The pushout of the span S is then a
type X that comes equipped with inclusion mapsi: A — X and j: B — X and a homotopy H
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witnessing that the square

oo}

8

—
— W0
[

N
B

—_
1

Note that this homotopy makes sure that there is a path H(s) : i(f(s)) = j(g(s)) for every s : S.
In other words, any x : A and y : B that are related by in S become identified in the pushout.
The last requirement of the pushout is that it satisfies a universal property that is dual to the
universal property of pullbacks.

There are several equivalent characterizations of pushouts. Two such characterizations
are studied in this section, establishing the duality between pullbacks and pushouts. Other
characterizations, including the induction principle of pushouts, and the dependent universal
property of pushouts, are studied in §20.

Unlike pullbacks, however, it is not automatically the case that pushouts always exist. We
will therefore postulate as an axiom that pushouts always exist. Moreover, we will assume that
universes are closed under pushouts.

18.1 The universal property of pushouts

Definition 18.1.1. Consider aspan S = (S, f, g) from A to B, and let X be a type. A cocone with
vertex X on S is a triple (i, j, H) consisting of mapsi: A — X and j : B — X, and a homotopy
H:iof ~ jo g witnessing that the square

commutes. We write coconeg(X) for the type of cocones on S with vertex X.

Remark 18.1.2. Given two cocones (7,7, H) and (7, j’, H') with vertex X, the type of identifications
(i,j,H) = (7,j', H') in cocones (X) is equivalent to the type of triples (K, L, M) consisting of

K:in~i
Lij~y,

and a homotopy M witnessing that the square

iof =Lsilof

d b

jog 7 1'og

of homotopies commutes.
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Definition 18.1.3. Consider a cocone (i, j, H) with vertex X on the span § = (S, f, g), as indicated
in the following commuting square

For every type Y, we define the map

cocone-map(i,j, H) : (X = Y) — cocone(Y)
by h+ (hoihoj,h-H).
Definition 18.1.4. A commuting square

SLB

7| I

A*i>X.

with H :io f ~ jo gissaid to be a (homotopy) pushout square if the cocone (i, j, H) with vertex
X on the span S = (S, f, g) satisfies the universal property of pushouts, which asserts that the
map

cocone-map(i,j, H) : (X = Y) — cocone(Y)

is an equivalence for any type Y. Sometimes pushout squares are also called cocartesian squares.
Lemma 18.1.5. Consider a pushout square

SLB

7| i

AﬁX.

with H :io f ~ jo g, and consider a commuting square

with H' :i' o f ~ j' o g. Then the type of maps h : X — X' equipped with homotopies
K:hoin~i
L:h Oj ~ jl

and a homotopy M witnessing that the square

hoiof —Ls iof

h-Hl lH/

hojog ——+7jog

commutes, is contractible.
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Proof. For any map h : X — X', the type of triples (K, L, M) as in the statement of the lemma is
equivalent to the type of identifications

cocone-map((i,j, H),h) = (i,j/, H'),

by Remark 18.1.2. Therefore it follows that the type of quadruples (h, K, L, M) is equivalent to the
fiber of cocone-map(i, j, H) at (i’,j', H'). Since we have assumed that the cocone (i, j, H) satisfies
the universal property of the pushout of S, the map cocone-map(i, j, H) is an equivalence, and
therefore it has contractible fibers by Theorem 8.3.6. O

Theorem 18.1.6. Consider two cocones

8

s, B s—2.B
T
A—— X A—— X

i i
onaspan S = (S, f,g), and let h : X — X' be a map equipped with homotopies
K:hoin~i
L:hoj~7j

and a homotopy M witnessing that the square

hoiof&i’of

h-Hl lH’

hojog ﬁjlog

commutes. Then if any two of the following three statements hold, so does the third:
(i) The cocone (i, j, H) satisfies the universal property of the pushout of S.
(ii) The cocone (i',j', H') satisfies the universal property of the pushotu of S.
(iii) The map h is an equivalence.

Proof. First we observe that we have a commuting triangle

(X' =Y) —F s (X Y)

cocone—map(i’,j’,m A:one-map(i,j,H)

coconeg (Y

for any type Y. Therefore it follows from the 3-for-2 property of equivalences that if any two of the
maps in this triangle is an equivalence, so is the third. Now the claim follows from the observation
in Theorem 12.4.1 that & is an equivalence if and only if the map —oh: (X' = Y) — (X = Y) is
an equivalence for any type Y. O

In the following corollary we establish the fact that pushouts are uniquely unique.
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Corollary 18.1.7. Consider two pushouts

s-3.B s—2.B
T

AﬁX A— X
1

of a given span S = (S, f, g). Then the type of equivalences e : X ~ X' equipped with homotopies
K:hoin~i
L:hoj~j

and a homotopy M witnessing that the square

hoiofK—'fH"of

s i

hojog ——7jog

commutes, is contractible.
Proof. This follows from combining Lemma 18.1.5 and Theorem 18.1.6. O
Corollary 18.1.8. Consider a span

Aol s 8,8

in a universe U. Then the type
Z(X:I/{) Z(c:cocone(X))H (Y:u) is-eq uiv(cocone-mapy (C) )
of is a proposition.

Proof. Tt is routine to verify that the type of quadruples (¢, K, L, M) as in Corollary 18.1.8 is
equivalent to the identity type of the type of pushouts of the span S = (S, f, ¢). The claim then
follows, since Corollary 18.1.8 asserts that this type of quadruples is contractible. O

18.2 Suspensions
A particularly important class of examples of pushouts are suspensions.

Definition 18.2.1. Let X be a type. A suspension of X is a type XX equipped with a north pole
N : XX, a south pole S : X, and a meridian

merid : X — (N =),
such that the commuting square

const
X —=

1
const*l lconsts
1

— XX
consty

is a pushout square.
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We can use suspensions to present the spheres in type theory. The 2-sphere is a space which,
like the surface of the earth, has a north pole and a south pole. Moreover, for each point of the
equator there is a meridian that connects the north pole to the south pool. Of course, the equator
is a circle, so we see that the 2-sphere is just the suspension of the circle.

Similarly we can see that the (1 + 1)-sphere must be the suspension of the n-sphere. The
(n + 1)-sphere is the unit sphere in the vector space R"*2. This vector space has an orthogonal
basis ey, ..., e,42. Then the north and the south pole are given by e, and —e,, 4, respectively,
and for each unit vector in R"*! C R"*2 we have a meridian connecting the north pole with the
south pole. The unit sphere in R"*! is of course the n-sphere, so we see that the (1 + 1)-sphere
must be a suspension of the n-sphere.

These observations suggest that we can define the spheres by recursion on n. Note that the
spheres in type theory are defined entirely synthetically, i.e., without reference to the ambient
topological space R"*!. Indeed, from a homotopical point of view each space IR" is contractible,
so in type theory it is just presented as the unit type'.

Definition 18.2.2. We define the n-sphere S” for any n : IN by induction on n, by taking

s0.=2
gntl .= ygn,

Remark 18.2.3. Note that this recursive definition of the spheres only goes through in type theory
if we have (or assume) a universe that is closed under suspensions.

In the following lemma we give a slight simplification of the universal property of suspen-
sions, making it just a little easier to work with them.

Lemma 18.2.4. Let X and Y be types, and let £.X be a suspension of X. Then the map
(ZX - Y) - Z(y,y/:Y)X - (]/ = ]//)

given by f — (f(N), f(S), f - merid) is an equivalence.

Proof. Note that we have a commuting triangle

(ZX =Y

)
cocone—y \f&—)(f(N),f(S),f-merid)
)

cocones(Y) ———— Ly X = (¥ =)

where S is the span 1 - X — 1. The bottom map is given by (i,j, H) — (i(%),j(%), H). This
map is an equivalence, and the map on the left is an equivalence by the assumption that £ X is a
suspension of X. Therefore the claim follows by the 3-for-2 property of equivalences. O

1t is an entirely different matter to define the set R rather than the homotopy type of R. See Chapter 11 of [3] for
definitions of the Dedekind reals and the Cauchy reals.
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18.3 The duality of pullbacks and pushouts
Lemma 18.3.1. For any span S = (S, f, g) from A to B, and any type X the square

coconeg(X) —2— XB

nll lfog

x4 — X5,

which commutes by the homotopy 7} := A(i, j, H). eq-htpy(H), is a pullback square.
Proof. The gap map cocones(X) — X4 x ys X® is the function
Ai,j,H). (i,],eq-htpy(H)).

This is an equivalence by Theorem 9.1.3, since it is the induced map on total spaces of the family
of equivalences eg-htpy. Therefore, the square is a pullback square by Theorem 17.2.6. O

In the following theorem we establish the duality between pullbacks and pushouts.

Theorem 18.3.2. Consider a commuting square

8
—_—

-
—— W
T W

b

— X,
1

with H :io f ~ jo g. The following are equivalent:
(i) The square is a pushout square.

(ii) The square

T4 —7 TS

which commutes by the homotopy
Ah.eq-htpy(h - H)

is a pullback square, for every type T.

Proof. 1t is straightforward to verify that the triangle

TX
cocone-map(iy xap/(‘—oi,—Ojleq—hth(—'H))

cocone(T) TA x5 TP

gap(i,j.eq-htpy(H))

commutes. Since the bottom map is an equivalence by Lemma 18.3.1, it follows that if either one
of the remaining maps is an equivalence, so is the other. The claim now follows by Theorem 17.2.6.
O
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Example 18.3.3. The square

—0CcoNstpase
—

xS x1

—oconstbasel J{—oconst*

Xl X2

—oconst,

is a pullback square for each type X. Therefore it follows by the second characterization of
pushouts in Theorem 18.3.2 that the circle is a pushout

|

— 5 sl

—

In other words, S! ~ ¥2.
Theorem 18.3.4. Consider the following configuration of commuting squares:

A%BLC

O
X ﬁ Y — V4
with homotopies H : jo f ~ goiand K : 1o g ~ hok, and suppose that the square on the left is a

pushout square. Then the square on the right is a pushout square if and only if the outer rectangle is a
pushout square.

Proof. Let T be a type. Taking the exponent T(~) of the entire diagram of the statement of the
theorem, we obtain the following commuting diagram

—0

TZ —ol TY ] TX

- [-or

¢ —— T —— TA.
—ok —oi

By the assumption that Y is the pushout of B <— A — X, it follows that the square on the right
is a pullback square. It follows by Theorem 17.5.8 that the rectangle on the left is a pullback
if and only if the outer rectangle is a pullback. Thus the statement follows by the second
characterization in Theorem 18.3.2. O

Lemma 18.3.5. Consider a map f : A — B. Then the cofiber of the map inr : B — cofiby is equivalent
to the suspension LA of A.

18.4 Fiber sequences and cofiber sequences

Definition 18.4.1. Givenamap f : A — B, we define the cofiber cofib of f as the pushout

L}B

;[ linr

— cofibf.

inl
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The cofiber of a map is sometimes also called the mapping cone.

Example 18.4.2. The suspension ~.X of X is the cofiber of the map X — 1.

18.5 Further examples of pushouts

Definition 18.5.1. We define the join X * Y of X and Y to be the pushout

XxY —2 vy

P"ll linr

Definition 18.5.2. Suppose A and B are pointed types, with base points ay and by, respectively.
The (binary) wedge A V B of A and B is defined as the pushout

2 —— A+B

L

1—— AVB.

Definition 18.5.3. Given a type I, and a family of pointed types A over i, with base points a¢(i).
We define the (indexed) wedge \/;.;) A; as the pushout

j Ai. (1,80 (1)) S A
11— Vun Ai

Definition 18.5.4. Let X and Y be types with base points xy and g, respectively. We define the
wedge X VY of X and Y to be the pushout

indy (inl(xp),inr(yo))

2 X+Y
const*J/ linr
1 - XVY

inl

Definition 18.5.5. Let X and Y be types with base points x¢ and vy, respectively. We define a
map
wedge-incl : XVY — X x Y.

as the unique map obtained from the commutative square

inda (inl(xg),inr(yo))

X+Y
ti Jindicy (0. (o) 2. (x0)
1 XxY.

At. (x0.0)
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Definition 18.5.6. We define the smash product X AY of X and Y to be the pushout

wedge-incl

XVY ——— X XY

const*l J)n r

1— XAY.
inl

Exercises

18.1 Use Theorems 12.4.1 and 18.3.2 and Corollary 17.5.5 to show that for any commuting
square

where f is an equivalence, the square is a pushout square if and only if j : B — C is an
equivalence. Use this observation to conclude the following:

(i) If X is contractible, then X is contractible.
(ii) The cofiber of any equivalence is contractible.
(iif) The cofiber of a point in B (i.e., of a map of the type 1 — B) is equivalent to B.
(iv) There is an equivalence X ~ @ x X.
(v) If X is contractible, then X * Y is contractible.
(vi) If Ais contractible, then there is an equivalence A V B ~ B for any pointed type B.
18.2 Let P and Q be propositions.

(a) Show that P x Q satisfies the universal property of disjunction, i.e., that for any proposi-
tion R, the map
(P+xQ—=R)— (P—R)x(Q—R)
givenby f — (f oinl, f oinr), is an equivalence.
(b) Use the proposition R := is-contr(P * Q) to show that P x Q is again a proposition.
18.3 Let Q be a proposition, and let A be a type. Show that the following are equivalent:
(i) Themap (Q - A) — (@ — A) is an equivalence.
(ii) The type A9 is contractible.
(iii) There is a term of type Q — is-contr(A).
(iv) The mapinr: A — Q * A is an equivalence.
18.4 Let P be a proposition. Show that £P is a set, with an equivalence

(inl(*) = inr(*)) ~ P.

18.5 Show that A LIS B ~ B LIS® A, where S°P := (S, g, f) is the opposite span of S.
18.6 Use Exercise 17.8 to show that if

S—Y

X

i

—
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is a pushout square, then so is

AXS —— AXY

| |

AxX —— AXZ

for any type A.
18.7 Use Exercise 17.7 to show that if
S] — Yl 52 — Yz
X1 —_— Z1 X2 — ZZ

are pushout squares, then so is

S14S5 —— Y1+ Y,

| |

X1+X2 e Z1+Z2.

18.8 (a) Consider a span (S, f, g) from A to B. Use Exercise 17.6 to show that the square

S5 149l g

f+gi J{inrog

A+B ——— ALSB

[inLinr]

is again a pushout square.
(b) Show that XX ~ 2 x X.
18.9 Consider a commuting triangle

A" B
N
X
withH: f~goh.

(a) Construct a map cofib(;?,H) : cofibg — cc.)fibf.
(b) Use ?? to show that cofibeyfip, s, 1) = cofiby,.

18.10 Use Exercise 15.4 to show that for n > 0, X is an n-type if and only if the map

Ax.consty : X — (8" — X)

is an equivalence.
18.11 (a) Construct for every f : X — Y a function

Sf: X - XY,

(b) Show thatif f ~ g, thenXf ~ Xg.
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(c) Show that Xidx ~ idyx
(d) Show that

Z(gof) ~ (£g) o (Ef).
forany f: X -+ Yandg:Y — Z.
18.12 Consider a commuting diagram of the form

A0<;BO4>C0

|

A1<;B14>C1

L

Ay «— By ——
with homotopies filling the (small) squares. Use ?? to construct an equivalence
(Ag P Co) LAIE1CY) (4, LiP2 )
~ (Ag U Ay) LU(BU™BY) (o LIC1 ).

This is known as the 3-by-3 lemma for pushouts.
18.13 (a) Let I be a type, and let A be a family over I. Construct an equivalence

(Ve 241) = 2(V ) A1)

(b) Show that for any type X there is an equivalence

(Vi 2) = X+1

(c) Construct an equivalence
L(Fin(n+1)) ~ \/(i:Fin(n)) st.

18.14 Show that Fin(n + 1) * Fin(m + 1) 2 V(i.Fin(n.m)) S, for any n,m : IN.
18.15 For any pointed set X, show that the squares

st — 1 XxS8l — 31
l J{ and J{ J
Viex) 8! — ZX Viex) S — =X

are pushout squares.
18.16 Show that the square

st —— 1

l l

Slxsl — 5 82ygl

is a pushout square.
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18.17 For any type X, show that the mapping cone of the fold map X + X — X is the suspension
of X 4 1, i.e. show that the following square

X+X —1

| |

X — XX +1

is a pushout square.
18.18 Consider amap f : A — B. Show that f is a k-truncated map if and only if the square

A J Ask+1
f l Fras

B Bsk+1
1)

is a pullback square.

19 Cubical diagrams

In order to proceed with the development of pullbacks and pushouts, it is useful to study
commuting diagrams of the form

In these diagrams there are six homotopies witnessing that the faces of the cube commute, as
well as a homotopy of homotopies witnessing that the cube as a whole commutes.

Once the basic definitions of cubes are established, we focus on pullbacks and pushouts that
appear in different configurations in these cubical diagrams. For example, if all the vertical maps
in a commuting cube are equivalences, then the top square is a pullback square if and only if the
bottom square is a pullback square. In §20 we will use cubical diagrams in our formulation of
the universality and descent theorems for pushouts.

In our first main theorem of this lecture we show that given a commuting cube in which the
bottom square is a pullback square, the top square is a pullback square if and only if the induced
square of fibers of the vertical maps is a pullback square. This theorem should be compared to
Theorem 17.5.3, where we showed that a square is a pullback square if and only if it induces
equivalences on the fibers of the vertical maps.

In our second main theorem we use the previous result to derive the 3-by-3 properties for
pullbacks and pushouts.
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19.1 Commuting cubes

Definition 19.1.1. A commuting cube

C,
N,
!

consists of types and maps as indicated in the diagram, equipped with
(i) homotopies

top: flop' ~ g of
back-left : pohc ~ hpop'
back-right : gohc ~ hgogq’
front-left : foha ~ hyo f'
front-right : gohg ~ hyx o g’
bottom: fop ~gog

witnessing that the 6 faces of the cube commute,

(if) and a homotopy

coh-cube : ((f - back-left) * (front-left - p’)) * (hx - top)
~ (bottom - hc) * ((g - back-right) * (front-right - ¢'))
filling the cube.
In the following lemma we show that if a cube commutes, then so do its rotations and mirror

symmetries (that preserve the directions of the arrows).” This fact is obviously true, but there is
some ‘path algebra’ involved that we wish to demonstrate at least once.

2The group acting on commuting cubes of maps is the dihedral group D5 which has order 6.
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Lemma 19.1.2. Consider a commuting cube

\m/l/(d?(l

/YN

o >

s

-

NI
<1 D]
NP

.
X
N

T —— 0O

M

SN, AN
DD IIKT D
NN NI

also commute.

Proof. We only show that the first cube commutes, which is obtained by a counter-clockwise
rotation of the original cube around the axis through C" and X. The other cases are similar, and
they are formalized in the accompagnying Agda library.

First we list the homotopies witnessing that the faces of the cube commute:

top’ := back-left

back-left’ := back-right !

back-right’ := top~!

front-left’ := bottom !
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front-right’ := front-left !

bottom’ := front-right.

Thus, to show that the cube commutes, we have to show that there is a homotopy of type
((g - back-right 1) + (bottom -hc)> * (f - back-left)
~ (front-right - g") » ((hx -top 1) = (front-left ! . p’)).
Recall thath- H ! ~ (h-H) Yand H™' - h ~ (H - h) 1, so it suffices to construct a homotopy
((g - back-right) "1 + (bottom - hc)_l) * (f - back-left)
~ (front-right - g") * ((hx -top) 1+ (front-left - p')fl).

Now we note that pointwise, our goal is of the form
(et o ra=g (v p),
whereas the assumption that the original cube commutes yields an identification of the form
(@=p)=y=20-(er0)

Indeed, in the case that «, 8, v, J, €, and ( are general identifications, we can conclude our goal
using path induction on all of them. O

Lemma 19.1.3. Given a commuting cube as in Definition 19.1.1 we obtain a commuting square

fibg . (x) —— fibg (fio1 (%))

| |

fibs (fro1(x)) — fibg . (fooi (%))

forany x : A1p1.

Lemma 19.1.4. Consider a commuting cube

\X/

X/

|

X,

/N

If the bottom and front right squares are pullback squares, then the back left square is a pullback if and
only if the top square is.
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Remark 19.1.5. By rotating the cube we also obtain:

(i) If the bottom and front left squares are pullback squares, then the back right square is a
pullback if and only if the top square is.

(ii) If the front left and front right squares are pullback, then the back left square is a pullback
if and only if the back right square is.

By combining these statements it also follows that if the front left, front right, and bottom squares
are pullback squares, then if any of the remaining three squares are pullback squares, all of them
are. Cubes that consist entirely of pullback squares are sometimes called strongly cartesian.
19.2 Families of pullbacks

Lemma 19.2.1. Consider a pullback square

L B

8

NRELERYCN

— X
f

with H : f o p ~ g o h. Furthermore, consider type families Px, P4, Pg, and Pc over X, A, B, and C
respectively, equipped with families of maps

f': I (g.a)Pa(a) = Px(f(a))
8" T1(b:8)Pr(b) — Px(g(b))
p" T ecyPc(c) = Pa(p(c))
q": 11 e:c)Pe(c) — Pa(q(c)),
and for each ¢ : C a homotopy H], witnessing that the square

!

Pe(c) . Ps(q(c))
q [sie (19.1)
Pa(P(€)) —— Px(F(p(€))) —— Px(3(9(€)
p(e) "Px
commutes. Then the following are equivalent:
(i) Foreach c : C the square in Eq. (19.1) is a pullback square.
(ii) The square
totg(q')
Y(e:c) Pe(e) — Y(0:8) PB(b)
totp(p’)l J{totg(g’) (19.2)
Y(a:a) Pa(a) o) Y(x:x) Px (%)

is a pullback square.
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Corollary 19.2.2. Consider a pullback square

4q>B
8

PR

— X,
f
with H: fop ~ gogq,andlet c1,cp : C. Then the square

apq

(c1 =) (q(c1) = q(c2))
o, | |38 H(er)-2pe(8)

(p(e1) = p(e2)) flp(er)) = glale2)),

Aw.apg(a) - H(cz)

commutes and is a pullback square.

Theorem 19.2.3. Consider a commuting cube

NnN+—n0

=
=

AN

el

X/

in which the bottom square is a pullback square. Then the following are equivalent:

(i) The top square is a pullback square.

(ii) The square

fiby (c) —— fibg(q(c))

l |

fiby (p(c)) — fiby(f(p(c)))

is a pullback square for each c : C.
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19.3 The 3-by-3-properties for pullbacks and pushouts

Theorem 19.3.1. Consider a commuting diagram of the form

AA — M oax o8
f AJ{ = f XJ =

xA 2 xx X8
gAT gXT

BA —— BX

with homotopies

ff:XfofA~AfofX
fg:XgogB~ AgofX

gf:

AB

Jgg

XB

}ZB

BB

filling the (small) squares. Furthermore, consider pullback squares

AC —— AB

L

AA — AX

CA —— BA

I

AX — XX

AA — XA

Finally, consider a commuting square

XC —— XB

|

XA — XX

CX — BX

|

D34>D2

|

|

DO E— Dl-

Then the following are equivalent:
(i) This square is a pullback square.

(ii) The induced square

is a pullback square.

|

Dg*)Cg

|

A3*>B3

BC —— BB

L

BA —— BX

CB —— BB

|

AB —— XB.

153
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Proof. First we construct an equivalence
(AO X By Co) X(A1X31C1) (A2 XB, Cz) =~ (AO X Aq Az) X(BOXBIBZ) (CO X Cz)
Now it follows that we have an equivalence

cone( fo, 80)

Exercises

19.1 Some exercises.

20 Universality and descent for pushouts

We begin this lecture with the idea that pushouts can be presented as higher inductive types. The
general idea behind higher inductive types is that we can introduce new inductive types not only
with constructors at the level of points, but also with constructors at the level of identifications.
Pushouts form a basic class of examples that can be obtained as higher inductive types, because
they come equipped with the structure of a cocone. The cocone (i, j, H) in the commuting square

equips the type C with two point constructors
it:A—=C
j:B—=C

and a path constructor

H: T (s:5)i(f(s)) = j(8(s))

that provides an identification H(s) : i(f(s)) = j(g(s)) for every s : S. The induction principle
then specifies how to construct sections of families over C. Naturally, it takes not only the point
constructors i and j, but also the path constructor H into account.

The induction principle is one of several equivalent characterizations of pushouts. We will
prove a theorem providing five equivalent characterizations of homotopy pushouts. Two of
those we have already seen in Theorem 18.3.2: the universal property and the pullback property.
The other three are

(i) the dependent pullback property,
(ii) the dependent universal property,

(iii) the induction principle.
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An implication that is particularly useful among our five characterizations of pushouts, is the
fact that the pullback property implies the dependent pullback property. We use the dependent
pullback property to derive the universality of pushouts (not to be confused with the universal
property of pushouts), showing that for any commuting cube

A’/Z\B’
>l
Nl

in which the back left and right squares are pullback squares, if the front left and right squares
are also pullback squares, then so is the induced square

A'US' B » D

! |

ALSB » D

We then observe that the univalence axiom can be used together with the universal property
of pushouts to obtain such families over pushouts in the first place. We prove the descent
theorem, which asserts that for any diagram of the form

in which the bottom square is a pushout square and the back left and right squares are pullback
squares, there is a unique way of extending this to a commuting cube
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in which also the front left and right squares are pullback squares. Thus the converse of the
universality theorem for pushouts also follows. The descent property used to show that pullbacks
distribute over pushouts, and to compute the fibers of maps out of pushouts (the source of many
exercises).

We note that the computation rules in our treatment for the induction principle of homotopy
pushouts are weak. In other words, they are identifications. In this course we have no need for
judgmental computation rules. Our focus is instead on universal properties. We refer the reader
who is interested in the more ‘traditional” higher inductive types with judgmental computation
rules to [3].

20.1 Five equivalent characterizations of homotopy pushouts

Consider a commuting square

SLB

d b (20.1)

AﬁH

with H :io f ~ jo g, where we will sometimes write S for the span A <~ S — B. Our first goal
is to formulate the induction principle for pushouts, which specifies how to construct a section
of an arbitrary type family P over X. Like the induction principle for the circle, the induction
principle of pushouts has to take both the point constructors and the path constructors of X into
account. In our case, the point constructors are the maps

itA—=X
j:B—=X,
and the path constructor is the homotopy
H: 1 (s5)i(f(s)) = j(8(s))-

Therefore, we obtain for any section /1 : T] (,.x)P(x) a triple (h4, hp, hs) consisting of

ha : 11 (a:a)P(i(a))
hg T (:3)P(j (b))
hs : 11 s:s)trp(H(s), h(i(f(s)))) = h(j(g(s)))-
The dependent functions 4 and hp are simply given by
hy:=hoi
hp:=hoj.

The homotopy kg is defined by hg(s) := apdj,(H(s)), using the dependent action on paths of h.
We call such triples (h4, hp, hs) dependent cocones on P over the cocone (i, j, H), and will write
dep-cocone; ; ) (P) for this type of dependent cocones. Thus, we have a function

ev-pushout(P) : (H (X:X)P(x)) — dep-cocone; ; 1) (P).

We are now in position to define the induction principle and the dependent universal property
of pushouts.
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Definition 20.1.1. We say that X satisfies the induction principle of the pushout of S if the
function

ev-pushout(P) : (H (X:X)P(x)) — dep-cocone; ; 1y (P).
has a section for every type family P over X.

Definition 20.1.2. We say that X satisfies the dependent universal property of the pushout of
S if the function

ev-pushout(P) : (H (X:X)P(x)) — dep-coconey; ; i) (P).
is an equivalence for every type family P over X.

Remark 20.1.3. For (ha,hg, hs) and (I, i, k) in dep-cocone; ; 11y (P), the type of identifications
(ha,hp, hs) = (W4, W, ) is equivalent to the type of triples (K4, K, Kg) consisting of

Ka :TT(ayha(a) = Hy(a)
Kp : T1 (5:8)h5(b) = hp(D),

and a homotopy Kg witnessing that the square

aptrp(H(s))(KA(f(s)))

trp(H(s), ha(f(s))) trp(H(s), Wy (f(5)))
hs(s) s (s)
hp(8(s)) hp(8(s))

Kp(g(s))

commutes for every s : S.

Therefore we see that the induction principle of the pushout of S provides us, for every
dependent cocone (h,hp, hs) of P over (i,j, H), with a dependent function & : T (y.4)P(x)
equipped with homotopies

Ka : T (a:a)h(i(a)) = ha(a)
Kg : T1 (.3 (j(b)) = (D),

and a homotopy Kg witnessing that the square

aPyp(H(s)) (Ka(f(5)))

trp(H(s), h(i(f(s)))) trp(H(s), ha(f(s)))
apd;,(H(s)) ’ Hhs(5>
h(j(g(s))) hg(8(s))

Kp(g(s))

commutes for every s : S. These homotopies are the computation rules for pushouts. The
dependent universal property is equivalent to the assertion that for every dependent cocone
(ha,hp, hs), the type of quadruples (h, K4, Kg, Kg) is contractible.
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Theorem 20.1.4. Consider a commuting square
fl l]- (20.2)

with H : (io f) ~ (jog). Then the following are equivalent:
(i) The square in Eq. (20.2) is a pushout square.
(ii) The square in Eq. (20.2) satisfies the pullback property of pushouts.

(iii) The square satisfies the dependent pullback property of pushouts: For every family P over C, the
square

h—hoj

1o P(2) [T P(i(y))
hHhoiJ J{hb—mog (203)

M en Pi(0) i Ty PU) —— Tl PUE()),

Al As.trp(H(s) h(s))
which commutes by the homotopy
Ah.eq-htpy(As.apd,(H(s))),
is a pullback square.
(iv) The type C satisfies the dependent universal property of pushouts.
(v) The type C satisfies the induction principle of pushouts.

Proof. We have already seen in Theorem 18.3.2 that (i) and (ii) are equivalent.
To see that (ii) implies (iii), note that we have a commuting cube

Yc—c) [T (ec)P(h(c))

Y- [T (aa Yec) P(e))© Y(n:B—c) I (0:3)P(h(D))
/ \
1 = —
(Lo P Yns—c) I (s:5)P(h(s)) (Zec) P()°
(Z(co) P(c))°®

in which the vertical maps are equivalences. Moreover, the bottom square is a pullback square
by the pullback property of pushouts, so we conclude that the top square is a pullback square.
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Since this is a square of total spaces over a pullback square, we invoke Lemma 19.2.1 to conclude
that for each /1 : C — C, the square

IT(c:c)P(h(c)) IT(:5)P(h(j(D)))

[T(a:a)P(h(i(a))) — T1(s:5)P(h(i(f(s)))) —— I (s:5)P(R(j(&(5))))
tr((k:SﬁC)HH(S:S>P(k(s)))(eq'htPY(h'H))

is a pullback square. Note that the transport with respect to the family k — [T ,.5)(Pk(s)) along
the identification eq-htpy(/ - H) is homotopic to the map

A As.trpop(H(s), h(s)) T (s:5)P(h(i(f(5)))) = T1 (s:5) P(R(j(8(5))))-
Therefore we conclude that the square
[T (c:c)P(h(c)) T w:3)P(h(j(b)))

|

[T(an)P(h(i(a)) —— I1(s:5)P(R(i(f(5)))) ——— I1(s:5)P(h(j(8(s))))
Ah.As.trpon (H(s),h(s))

is a pullback square for each i : C — C. Using the case h = id : C — C we conclude that the
cocone (i, j, H) satisfies the dependent pullback property.

To see that (iii) implies (ii) we recall that transport with respect to a trivial family is homotopic
to the identity function. Thus we obtain the pullback property from the dependent pullback
property using the trivial family Ac. T over C.

To see that (iii) implies (iv) we note that ev-pushout(P) is an equivalence if and only if the gap
map of the square in Eq. (20.3) is an equivalence.

It is clear that (iv) implies (v), so it remains to show that (v) implies (iv). If X satisfies the
induction principle of pushouts, then the map

ev-pushout : (I—[ (X:X)P(x)) — dep-cocone; ; i1y (P)

has a section, i.e., it comes equipped with

ind-pushout : dep-cocone; ; 1) (P) — (H (x:X)P(x))
comp-pushout : ev-pushout o ind-pushout ~ id.
To see that ev-pushout is an equivalence it therefore suffices to construct a homotopy
ind-pushout(ev-pushout(h)) ~ h

for any & : [T (,.x)P(x). From the fact that ind-pushout is a section of ev-pushout we obtain an
identification
ev-pushout(ind-pushout(ev-pushout(%))) = ev-pushout(h).

Therefore we observe that it suffices to construct a homotopy h ~ I for any two functions
b TT (2x) P(x) that come equipped with an identification

ev-pushout(h) = ev-pushout(1’).
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Now we recall from Remark 20.1.3 that this type of identifications is equivalent to the type of
triples (K4, Kp, Kg) consisting of

KA : H(uA)h<l(a)) = h/(l(ﬂ))
Kp : T (p:p)h(j(b)) = h

and a homotopy Kg witnessing that the square

Py (H(s) (Ka (f(5)))

trp(H(s), h(i(f(s)))) trp(H(s), W' (i(f(s))))
apd ((5)| apdyy (H(s))
h(j(g(s))) W (j(g(s)))

Kp(g(s))

commutes for every s : S. Note that from such an identification Ks(s) we also obtain an
identification

Ks(s) t trn(y=r(x) (H(s), Ka(f(5))) = Kp(8(s))-

Indeed, by path inducgtion on p : x = x” we obtain an identification tresh(x)=h'(x) (P, 9) = q', for
any p:x = x',any q : h(x) = I/(x) and any ¢’ : h(x") = I/ (x) for which the square

apyg, (‘7)
trp(p, h(x)) =L trp(p, I (x))
apdy (p) ’ apd, (p)
h(x') = W (x')

Now we see that the triple (K4, K, K§) forms a dependent cocone on the family x — h(x) =
h'(x). Therefore we obtain a homotopy h ~ h’ as an application of the induction principle for
pushouts at the family x — h(x) = h'(x). O

20.2 Type families over pushouts

Given a pushout square

SLB

7| I

A — X
with H:io f ~ jog, and afamily P : X — U/, we obtain
Poi:A—=U
Poj:B—=U
Ax.trp(H(x)) : TT (s P((f (%)) = P(j(8(x)))-

Our goal in the current section is to show that the triple (P4, Pg, Ps) consisting of P4 := P o/,
Pp :=Poj,and Ps := Ax.trp(H(x)) characterizes the family P over X.
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Definition 20.2.1. Consider a commuting square

with H :io f ~ jo g, where all types involved are in I. The type Desc(S) of descent data for X,
is defined defined to be the type of triples (P4, Pg, Ps) consisting of

Py:A—U
Pg:B—U
Ps : 11 (x:5)Pa(f (x)) = Pp(g(x))-

Definition 20.2.2. Given a commuting square

g
—

~

—
— W

!

b

i
with H :io f ~ jo g, we define the map
desc-famgs(i,j, H) : (X — U) — Desc(S)
by P+ (Poi,Poj,Ax.trp(H(x))).
Theorem 20.2.3. Consider a pushout square

SLB

7| i

AﬁX.

with H :io f ~ jo g, where all types involved are in U, and suppose we have
Py:A— U
Pg:B — U

Ps : T (x:5)Pa(f (x)) = Pp(g(x)).

Then the function
desc-famg(i,j, H) : (X — U) — Desc(S)

is an equivalence.

Proof. By the 3-for-2 property of equivalences it suffices to construct an equivalence ¢ : coconeg (i) —
Desc(S) such that the triangle

uX

cocone-maps(i,j;}I)/ &‘esc-fams(i,j,H)

coconegs (U) Z » Desc(S)
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commutes.
Since we have equivalences

equiv-eq : (P4(f(x)) = Po(g(x))) = (Pa(f(x)) = Pa(g(x)))

for all x : S, we obtain by Exercise 12.12 an equivalence on the dependent products

(M sy Pa(F(x)) = Po(g(x))) = (T (uss) PA(f (%) = Pa(3(x)) ).
We define ¢ to be the induced map on total spaces. Explicitly, we have
¢ := A(Pa, P, K). (P4, Pg, Ax. equiv-eq(K(x))).
Then ¢ is an equivalence by Theorem 9.1.3, and the triangle commutes by ??. O

Corollary 20.2.4. Consider descent data (P, Pg, Ps) for a pushout square as in Theorem 20.2.3. Then
the type of quadruples (P, e, ep, es) consisting of a family P : X — U equipped with two families of
equivalences

ea Il (a:n)Pa(a) = P(i(a))
eg : [1(:)Ps(a) = P(j(b))
and a homotopy eg witnessing that the square

Pa(f(x)) —2 plicf(x)))

Po(x)| Jurpi2)

Pa(g(x)) ——= Pli(s())

commutes, is contractible.

Proof. The fiber of this map at (P4, P, Ps) is equivalent to the type of quadruples (P, e4,ep, es)
as described in the theorem, which are contractible by Theorem 8.3.6. O

20.3 The flattening lemma for pushouts

In this section we consider a pushout square

with H :io f ~ jo g, descent data
Py:A—U
Pg:B—U
Ps : T1 (xis)Pa(f (x)) = Pp(g(x)),
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and a family P : X — U equipped with
ea : [1(aa)Pala) = P(i(a))
eg : [1(p:3)Ps(a) = P(j(b))

and a homotopy eg witnessing that the square

Pa(f(x)) —A s piicf(x)))
Po(x)| EE)
Pg(g(x)) ————— P(j(g(x)))

ep(g(x))
commutes.

Definition 20.3.1. We define a commuting square

/

Y(rs) PA(f (%)) =5 T(p) Po(b)
7 7
Z(a:A) PA(”) f) Z(x:X) P(x)

with a homotopy H' : i’ o f/ ~ j' o ¢’. We will write S’ for the span

/

Y(a:n) Pa(a) L Y(x:s) Pa(f(x)) £ Y(v:B) P5(b).

Construction. We define

1= totp(Ax.idp, (£(x)))
g = totg(es)
i’ :=tot;(en)
j' := totj(ep).

Then it remains to construct a homotopy H' : i’ o f' ~ j' 0 ¢’. In order to construct this homotopy,
we have to construct an identification

({(f(x)) ealy)) = (j(g(x)) esles(y)))

forany x : Sand y : P4(f(x)). Note that have the identification
eq-pair (H(x), es(x,y) )
of this type. O

Lemma 20.3.2 (The flattening lemma). The commuting square

/

Y(es) PA(F(x)) —5— L) P5 (D)

g !

Z(a:A) PA(“) f) Z(X:X) P(X)

is a pushout square.
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Proof. To show that the square of total spaces satisfies the pullback property of pullbacks, note
that we have a commuting cube

ZXX P(x
TL(a:4) Pa Y v:8) P (D)
IT ()T a) L) Palf s )TPB(b)

\J/

[T (ess) TP

for any type T. In this cube, the vertical maps are all equivalences, and the bottom square is a
pullback square by the dependent pullback property of pushouts. Therefore it follows that the
top square is a pullback square. O

20.4 The universality theorem

Theorem 20.4.1. Consider two pushout squares

|

N

S —— B

[

Al ——

N

and a commuting cube

in which the back left and right squares are pullback squares. The following are equivalent:
(i) The front left and right squares are pullback squares.

(ii) The induced commuting square

Q
o«+«—Q

(@R

is a pullback square.
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20.5 The descent property for pushouts

In the previous section there was a significant role for families of equivalences, and we know
by Theorems 17.5.2 and 17.5.3: families of equivalences indicate the presence of pullbacks. In
this section we reformulate the results of the previous section using pullbacks where we used
families of equivalences before, to obtain new and useful results. We begin by considering the
type of descent data from the perspective of pullback squares.

Definition 20.5.1. Consider a span S from A to B, and a span S’ from A’ to B'. A cartesian
transformation of spans from S’ to S is a diagram of the form

a Ly tp

hAl hsl lhB
A <T S — B

with F: fohg ~hyo f and G: gohg ~ hp o g, where both squares are pullback squares.
The type cart(S’,S) of cartesian transformation is the type of tuples

(hA/ hS/ hB/ F/ G/ Pf/ Pg)

where py : is-pullback(hs, ha, F) and pg : is-pullback(hs, hp, G), and we write

Cart(S) = E(A’,B’:Z/{)Z(S’:Span(A/,B’))Cart(slf S)
Lemma 20.5.2. There is an equivalence
cart-descs : Desc(S) — Cart(S).

Proof. Note that by Theorem 17.5.6 it follows that the types of triples (f',F, ps) and (g, G, pg)
are equivalent to the types of families of equivalences

[T (s fibng (x) = fiby,, (f (x))

IT (x:s) fibng (x) == fiby, (g(x))

respectively. Furthermore, by Theorem 24.5.4 the types of pairs (S, hs), (A’,h4), and (B, hp)
are equivalent to the types S — U, A — U, and B — U, respectively. Therefore it follows that
the type Cart(S) is equivalent to the type of tuples (Q, Py, ¢, Pg, Ps) consisting of
Q:S—-U
Pya:A—U
Pg:B — U
¢ : [T (x5)Qx) = Pa(f(x))
Ps : TT (x:5)Q(x) =~ Pp(g(x)).

However, the type of ¢ is equivalent to the type P4 o f = Q. Thus we see that the type of pairs
(Q, ¢) is contractible, so our claim follows. O

12



166 CHAPTER 1IV. HOMOTOPY PULLBACKS AND PUSHOUTS

Definition 20.5.3. We define an operation
cart-mapg : (Z(X/:U)X/ — X) — Cart(S).
Construction. Let X' : U and hx : X’ — X. Then we define the types
A=A Xx X'
B := B xx X
Next, we define a span &’ := (5, f/,¢’) from A’ to B'. We take
=8 x4 A
f = mo.

To define ¢/, lets : S, let (a,x',p) : A xx X/, and let g : f(s) = a. Our goal is to construct a term
of type B x x X’. We have g(s) : Band x’ : X’, so it remains to show that j(g(s)) = hx(x’). We
construct such an identification as a concatenation

H(s)"! (9)

j(g(s)) i(f(s)) == i(a) === nx(x').

To summarize, the map ¢’ is defined as

8 = As, (0,4, p),q)- (8(s), %", H(s) ™+ (api(q) * p))-

Then we have commuting squares

AxxX +— Sx4 A —— Bxx X

| | |

A S B.

Moreover, these squares are pullback squares by Theorem 17.5.8. O
The following theorem is analogous to Theorem 20.2.3.

Theorem 20.5.4 (The descent theorem for pushouts). The operation cart-mapg is an equivalence

(z(x,:mx’ = X) ~ Cart(8)
Proof. 1t suffices to show that the square

desc-fam (i,
X oy SRS, ams (i, H) Desc(S)

map-fa mxi lcart-desc S

/
Z(X/:u) X =X W Cart(S)
commutes. To see that this suffices, note that the operation map-famy is an equivalence by
Theorem 24.5.4, the operation desc-famg(i, j, H) is an equivalence by Theorem 20.2.3, and the
operation cart-descg is an equivalence by Lemma 20.5.2.
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To see that the square commutes, note that the composite
cart-mapg o map-famy

takes a family P : X — U to the cartesian transformation of spans

AxxbP «— Sx, (AXXP) —— BxxP

l “| l

A S B,

where P := ¥ (,.x) P().
The composite
cart-descg o desc-famy

takes a family P : X — U to the cartesian transformation of spans

Y(a:n) P(i(a)) —— YLas) P(i(f(5))) —— L) P((D))

l | |

A S B

These cartesian natural transformations are equal by Lemma 17.5.1 O

Since cart-mapg is an equivalence it follows that its fibers are contractible. This is essentially
the content of the following corollary.

Corollary 20.5.5. Consider a diagram of the form

with homotopies
F:fohg~hyof
G:gohs~hgog
H:iof ~jog,

and suppose that the bottom square is a pushout square, and the top squares are pullback squares. Then
the type of tuples (X', hx), (7', L, p), (i, ],q), (H',C)) consisting of

(i) Atype X' : U together with a morphism
hX X = X,
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(ii)) Amapi' : A" — X', a homotopy I :iohp ~ hx oi', and a term p witnessing that the square

is a pullback square.
(iti) Amapj : B' — X', a homotopy | : johg ~ hx o], and a term q witnessing that the square

is a pullback square,

(iv) A homotopy H' :i' o f' ~ j' o ¢, and a homotopy
Ce(i-F)=((I-f') (hx -H')) ~ (H hs)*((j-G)* (J-&"))

witnessing that the cube

commutes,

is contractible.
The following theorem should be compared to the flattening lemma, Lemma 20.3.2.

Theorem 20.5.6. Consider a commuting cube

S/
VN
A s B
A EAl
A T
N A

If each of the vertical squares is a pullback, and the bottom square is a pushout, then the top square is a

pushout.
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Proof. By Theorem 17.5.3 we have families of equivalences
F : TT (x:5)fibpg (x) = fiby, (f(x)
G T (x:5) fibng (x) == fiby, (g(x
L2 1T (a:)fibi , (@) = fiby, (i(a
]+ T1 (0:) fibng (b) = fiby, (j (b))
Moreover, since the cube commutes we obtain a family of homotopies

K TT (i) I(f(x)) 0 F(x) ~ J(8(x)) © G(x).

)
)
)
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We define the descent data (Py4, Pg, Ps) consisting of P4 : A — U, P : B — U, and Ds :

[T (x:5)Pa(f(x)) = Pp(g(x)) by
PA(CI) = ﬁbhA (ﬂ)
PB(b) = ﬁth (b)
Ps(x) := G(x) o F(x) L.

We have
P := fiby,
ea =1
eg =]
es =K.

Now consider the diagram

Y(s:s) fibng (8) ——— La:s) fibn, (f(5)) —— Lp:) fibn, (b)

| | |

Y(a:4) fibp, (@) —— Laea) fiby, () —— L (x:x) fibpy (%)

Since the top and bottom map in the left square are equivalences, we obtain from Exercise 18.1
that the left square is a pushout square. Moreover, the right square is a pushout by Lemma 20.3.2.

Therefore it follows by Theorem 18.3.4 that the outer rectangle is a pushout square.

Now consider the commuting cube
Y (s:5) fibng ()

Y (a:4) fibp, (a) - s’ — X
i /\z fib ()/\ i
(x:X) TRy (X

|

X'.

p:8) fibp, (D)
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We have seen that the top square is a pushout. The vertical maps are all equivalences, so
the vertical squares are all pushout squares. Thus it follows from one more application of
Theorem 18.3.4 that the bottom square is a pushout. O

Theorem 20.5.7. Consider a commuting cube of types

AN
1> <
N1

and suppose the vertical squares are pullback squares. Then the commuting square

/

o]

o3 ——

AUSB — - X

! |

AUSB —— X

is a pullback square.

Proof. It suffices to show that the pullback
(ALSB) xx X’

has the universal property of the pushout. This follows by the descent theorem, since the vertical
squares in the cube

( L B) xx X'

l

AULSB

are pullback squares by Theorem 17.5.8. O
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20.6 Applications of the descent theorem

Theorem 20.6.1. Consider a commuting cube

@

=
=

VAN

Q

X/

in which the bottom square is a pushout square. If the vertical sides are pullback squares, then for each
¢ : C the square of fibers

fibio fong (€) — fibjogons (¢) —— fibjop,(c)

l l

fibiop, (€) fibp. (c)

is a pushout square.

Exercises

20.1 Use the characterization of the circle as a pushout given in Example 18.3.3 to show that the

square

sl+st Y, g
[id,id]J{ J{/\t. (t,base)
St ———— sl xs!
At. (t,base)

is a pushout square.
20.2 Let f : A — B be a map. The codiagonal V of f is the map obtained from the universal

property of the pushout, as indicated in the diagram

Show that fiby , (b) ~ X(fibs(b)) forany b : B.
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20.3

20.4

20.5
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Consider twomaps f : A — X and g : B — X. The fiberwise join f * g is defined by the
universal property of the pushout as the unique map rendering the diagram

AxxB —"2 . B

|m

commutative, where A xx B is defined as a pushout, as indicated. Construct an equivalence
fibryg(x) = fibs(x) * fibg (x)

for any x : X.
Consider two maps f : A — Band g: C — D. The pushout-product

fOg: (AxD)UA*C (BxC) — BxD

of f and g is defined by the universal property of the pushout as the unique map rendering
the diagram

AxC fxide BxC

id4 ng{ J{inr

AxD —" (A x D)uA*C (B x C)

fOg

Fxidn B x D

commutative. Construct an equivalence
fibpog (b, d) ~ fibf(b) * fibg (d)
forallb: Bandd: D.

Let A and B be pointed types with base points a¢ : A and b : B. The wedge inclusion is
defined as follows by the universal property of the wedge:

1
l lim Ab. (ag,b)
A

wedge-ing g "

Aa. (a,bg) AXB

Show that the fiber of the wedge inclusion A V B — A x B is equivalent to Q(B) x Q)(A).
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20.6 Let f : XV X — X be the map defined by the universal property of the wedge as indicated
in the diagram

12X

X0 inr

——

-
inl

X — XVX

(a) Show that fibs(xp) ~ ZQ(X).
(b) Show that cof; ~ XX.

20.7 Consider a pushout square

SLB

7| i

A—i>X,

and suppose that f is an embedding. Show that j is an embedding, and that the square is
also a pullback square.

21 The identity types of pushouts

21.1 Characterizing families of maps over pushouts

Definition 21.1.1. Consider a span &

Al s 8,5

and consider P, Q : Fam-pushout(S). A morphism of descent data from P to Q over S is defined
to be a triple (h, hp, hs) consisting of

ha T (x.a)Pa(x) = Qa(x)
hg : 11 (y:8)P8(v) — QB(Y)

equipped with a homotopy hg witnessing that the square

Pa(F(s) —2U s 0, (F(s)

PS(S)J( J{QS(S)

Pp(8(s)) — oy w8

commutes for every s : S. We write homg (P, Q) for the type of morphisms of descent data over
S.

An equivalence of descent data from P to Q is a morphism / such that 14 and hp are families
of equivalences.
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Remark 21.1.2. The identity type h = h’ of homg (P, Q) is characterized as the type of triples
(Ha, Hp, Hg) consisting of

Ha : 1 (anyha(a) ~ Hy(a)

Hg : T1 (4315 (b) ~ ()

and a homotopy Kg(s) witnessing that the square

hp(g(s)) © Ps(s) —— Qs(s) o ha(f(s))

| l

hp(8(s)) o Ps(s) —— Qs(s) oMy (g(s))
of homotopies commutes for every s : S.

Definition 21.1.3. Consider a commuting square

with H:io f ~ jo f,and let P and Q be type families over X. We define a map
(n (xx) P(x) = Q(x)) —+ homg (desc-fam(P), desc-fam(Q)).
Construction. Let h : [T (x.x)P(x) — Q(x). Then we define

ha I (a:a)P(i(a)) — Q(i(a))
hp : T1 (b:5) P(j(D)) = Q(j(b))

by ha(a,p) := h(i(a),p) and hg(b,q) := h(j(b),q). Then it remains to define for every s : S a
homotopy hs(s) witnessing that the square
, ha(f(s)) ,
Pi((s))) — QUi(£()))
wrp(H(S) | |trottts)
PU(E() o QU(E()

commutes. Note that every family of maps 1 : [T (,.x)P(x) — Q(x) is natural in the sense that
for any path p : x = x” in X, there is a homotopy ¢ (p, ) witnessing that the square

P(x) — Q(x)

trp P)J{ J{trQ

commutes. Therefore we define hg(s) := ¢(H(s), h). O
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Theorem 21.1.4. The map defined in Definition 21.1.3 is an equivalence.

Proof. We will first construct a commuting triangle

[T (xx) P(x) = Q(x)

— T

dep-cocone; ; iy (x — P(x) — Q(x)) > homg (desc-fam(P), desc-fam(Q))

Recall from Theorem 20.1.4 that X satisfies the dependent universal property, so the map on the
left is an equivalence. Therefore we will prove the claim by showing that the bottom map is an
equivalence.

In order to construct the bottom map, we first note that for any two maps « : P(x) — Q(x)
and &’ : P(x") — Q(«’) and any path p : x = «/, there is an equivalence

o)+ (tramspwsoi (P F) = £) = (T e £ ra(p,y) = trc(p, f®)) )-
The equivalence g is defined by path induction on p, where we take
@(refl, f, f') := htpy-eq o inv.
Now we define the bottom map in the asserted triangle to be the map
(ha,hp, hs) — (ha,hp,As. 9(H(s), ha(f(s)), hp(g(s)), hs(s)))-

Note that this map is an equivalence, since it is the induced map on total spaces of an equivalence.
It remains to show that the triangle commutes. By Remark 21.1.2 it suffices to construct
families of homotopies

Ka : T (a:a)hi(a) ~ hia)
Kp - 113 j) ~ 1)
and for each s : S a homotopy Ks(s) witnessing that the square

p(H(s)h)

h](g(s)) Otl’p(H(S)) trQ(H(s)) Ohi(f(s))

l |

Rj(g(s)) © trp(H(s)) tro(H(s)) o hi(f(s))

P(H(8)hi(p(s)) Mg (s))2Pdn (H(5)))

commutes. Of course, we take K4 (a) := htpy-refl and Kg(b) := htpy-refl, so it suffices to show
that

W(H(s), h) ~ @(H(s), hi(f(s)), Big(s)), aPdi(H(s)))-
Now we would like to proceed by homotopy inductionon H : i o f ~ jo g. However, we can
only do so after we generalize the problem sufficiently to a situation where H has free endpoints.
It is indeed possible by homotopy induction to construct for every f,g: S — X equipped with a
homotopy H : f ~ g, every family of maps & : [] (x.x)P(x) = Q(x) and every s : S, a homotopy

lP(H(S)/h) ~ ¢(H(S)/hf(s)’hg(s)/apdh<H(S)))° [
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21.2 Characterizing the identity types of pushouts

Definition 21.2.1. Consider a span S equipped with a : A, and consider P : Fam-pushout(S)
equipped with p : P4(a). We say that P is universal if for every Q : Fam-pushout(S) the
evaluation map

homs (P, Q) — Qa(a)

given by h — h4(a, p) is an equivalence.
Lemma 21.2.2. Consider a pushout square

SLB

7| L

A — X
with H : iof ~ jog, and let a : A. Furthermore, let P be the descent data for the type family

x +— i(a) = x over X. Then P is universal.

Proof. Since desc-fam is an equivalence, it suffices to show that for every type family Q over X,
the map

homg (desc-fam(ld(i(a))), desc-fam(Q)) — Q(i(a))
given by h — hy(a, refl;,)) is an equivalence. Note that we have a commuting triangle

IT(x:x)(i(a) = x) = Q(x) —— homg(desc-fam(Id(i(a))), desc- fam(Q))

thhA refl
ev-refl

The map ev-refl is an equivalence by Theorem 12.3.3, and the top map is an equivalence by
Theorem 21.1.4. Therefore it follows that the remaining map is an equivalence. O

Theorem 21.2.3. Consider a pushout square

SLB

7| I

AﬁX

with H : iof ~ jog, and let a : A. Furthermore consider a pair (P,pg) consisting of P :
Fam-pushout(S) and p : P4 (a). If P is universal, then we have two families of equivalences

€A :H(x:A)PA(x) ~ (Z(Ll) = Z(X))
eg : [Ty Pe(y) = (i(a) = j(b))

equipped with a homotopy eg witnessing that the square

PA((s)) ) Py(3(s))

(e | Jensts)

(l( =i(f(s))) (i(a) = g(s))

—_—
Ap.pH(s)
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commutes for each s : S, and an identification e (a,r) = refl,)

Theorem 21.2.4. Let X be a pointed type with base point xq : X. Then the loop space of X is the initial
type Y equipped with a base point yq : Y, and a pointed map
X = (YY)

Proof. The type of pairs (Y, u) consisting of a pointed type Y and a pointed map p : X —, (Y ~
Y) is equivalent to the type of triples (Y, Z, u) consisting of a pointed type Y, a type Z, and a
map pu: X — (Y ~ Z). O

Corollary 21.2.5. The loop space of S? is the initial type X equipped with a point xo : X and a homotopy
H:id ~id.

Exercises

21.1 Consider the suspension
P——1

L

1T>ZP

of a proposition P. Show that (N = S) ~ P.
21.2 Show that if X has decidable equality, then XX is a 1-type.
21.3 Consider a pushout square

where f : A — B is an embedding.

(a) Show that there are equivalences

(i(b) = i(y)) =~ (b =y) = fibs(b)
(i(b) = j(x)) = fibs(b)
forany b,y : B.
(b) Use Exercise 21.4.b to show that if B is a k-type, then so is X, for any k > 0.
21.4 Consider the join

PxX —2 ,x

PHl linr

of a proposition P and an arbitrary type X.

(a) Show that for any x,y : X there is an equivalence e : (inr(x) = inr(y)) ~ P * (x = y)
for which the triangle

(inr(x) =inr(y)) ———— Px* (x =y)
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commutes.
(b) Show that if X is a k-type, then sois P * X.



Chapter V

Homotopy quotients

22 Sequential colimits

Note: This chapter currently contains only the statements of the definitions and theorems, but no proofs. I
hope to make a complete version available soon.

221 The universal property of sequential colimits

Type sequences are diagrams of the following form.

fo f f

A

Aq Ay

Their formal specification is as follows.

Definition 22.1.1. An (increasing) type sequence A consists of

A:N—=U
f11 (n:lN)An — Ayt

In this section we will introduce the sequential colimit of a type sequence. The sequential
colimit includes each of the types A, but we also identify each x : A, with its value f,(x) : A;41.
Imagine that the type sequence Ag — A; — Ay — - - - defines a big telescope, with A sliding
into Aq, which slides into A,, and so forth.

As usual, the sequential colimit is characterized by its universal property.

Definition 22.1.2. (i) A (sequential) cocone on a type sequence A with vertex B consists of
h:T1 () An — B
H 1T () fr ~ fan © Hao
We write cocone(B) for the type of cones with vertex X.
(ii) Given a cone (h, H) with vertex B on a type sequence A we define the map
cocone-map(h, H) : (B — C) — cocone(B)

givenby f — (f o h, An. Ax.aps(Hn(x))).

179
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(iii) We say that a cone (h, H) with vertex B is colimiting if cocone-map(h, H) is an equivalence
for any type C.

Theorem 22.1.3. Consider a cocone (h, H) with vertex B for a type sequence A. The following are
equivalent:

(i) The cocone (h, H) is colimiting.
(ii) The cocone (h, H) is inductive in the sense that for every type family P : B — U, the map

(H (b:B)P(b)) = 00T gy T () P (2)))
IT () T (e, Erp (Hn (%), B (%)) = g1 (fu (%))

given by
s (An.sohy, An. Ax.apdgs(Hy(x)))

has a section.

(iii) The map in (ii) is an equivalence.

22.2 The construction of sequential colimits
We construct sequential colimits using pushouts.

Definition 22.2.1. Let A = (A, f) be a type sequence. We define the type A as a pushout

i, _
At A el oz

[id,id}l linr

ATAOO.

Definition 22.2.2. The type A« comes equipped with a cocone structure consisting of
seq-in : [T Ny An — Aco
seq-glue : [T (un) [T (x:,)inn (%) = inpp1 (fu (X))
Construction. We define
seg-in(n, x) := inr(n, x)
seq-glue(n, x) := glue(inl(n, x)) ! » glue(inr(n, x)).
O
Theorem 22.2.3. Consider a type sequence A, and write A := Y (n:N) An. Moreover, consider the map
op:A— A

defined by o 4(n,a) := (n+1, fu(a)). Furthermore, consider a cocone (h, H) with vertex B. The
following are equivalent:

(i) The cocone (h, H) with vertex B is colimiting.
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(ii) The defining square
A+ A2, 4
[id,id]J{ J{/\(n,x).hn(x)

A > AOO/
A(n,x). hy (x)

of A is a pushout square.

22.3 Descent for sequential colimits
Definition 22.3.1. The type of descent data on a type sequence A = (A4, f) is defined to be
Desc(A) = Lni11 ) An—t) T (n) T (x:4,) B (%) 2 Bua (fu(x))-
Definition 22.3.2. We define a map
desc-fam : (Aco — U) — Desc(\A)
by B — (An.Ax. B(seq-in(n,x)), An. Ax. trg(seq-glue(n, x))).

Theorem 22.3.3. The map
desc-fam : (Aco — U) — Desc(\A)

is an equivalence.

Definition 22.3.4. A cartesian transformation of type sequences from A to B is a pair (h, H)
consisting of

h: H(n:]N)AVl — By,
H: H(n:]N)ng 0 hy ~ hyy1 0 fu,

such that each of the squares in the diagram

Ao fo A bl Ay f2
hol h]l th
Bo 80 By 81 B 82

is a pullback square. We define
cart(A, B) := Z(hZH(;1;N)An—>Bn)

LT oy gnotnh 10 fu) LT iy is-pullback (o, fu, i),

and we write

Cart(B) := ¥ g:seq)Cart(A, B).
Definition 22.3.5. We define a map
cart-map(B) : (Z(X/:M)X’ — X) — Cart(B).

which associates to any morphism / : X’ — X a cartesian transformation of type sequences into

B.

Theorem 22.3.6. The operation cart-map(B3) is an equivalence.
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22.4 The flattening lemma for sequential colimits

The flattening lemma for sequential colimits essentially states that sequential colimits commute
with 2.

Lemma 22.4.1. Consider
B: H(H:N)Aﬂ —U
g1l (n:IN)H (x:An)B”(x) = Bﬂ-‘rl(f'fl (x))
and suppose P : Aec — U is the unique family equipped with
e : IT () B (x) = P(seq-in(n, x))

and homotopies Hy (x) witnessing that the square

By (%) $n(x) Byt (fu(x))
en% jenﬂ (ful2)

P(Seq-ln(?’l,x)) m) P(seq-in(n + 1,fn(x)))

commutes. Then Y ;. 4.,y P(t) satisfies the universal property of the sequential colimit of the type sequence

toty, (80) toty, (81)

totg, (82)
Y(x:a0) Bo(x) —— L(x:a,) B1(x) —— L(xa,) Ba(x) —— -+~

In the following theorem we rephrase the flattening lemma in using cartesian transformations

of type sequences.

Theorem 22.4.2. Consider a commuting diagram of the form

lNX/(

By — By —|— By —— -+

If each of the vertical squares is a pullback square, and Y is the sequential colimit of the type sequence By,
then X is the sequential colimit of the type sequence Ay,.

Corollary 22.4.3. Consider a commuting diagram of the form
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If each of the vertical squares is a pullback square, then the square

Aw — X

L

Boo —— Y

is a pullback square.

Exercises

22.1 Show that the sequential colimit of a type sequence

fo A

Ao Ay f2

Ap
is equivalent to the sequential colimit of its shifted type sequence

f f f3

Ay

Ap Aj

22.2 Consider a type sequence

fo A

Ao Ay f

Ay

and suppose that f, ~ const,, ,, for some a, : [] (,.n)An- Show that the sequential colimit
is contractible.
22.3 Define the co-sphere S* as the sequential colimit of

S() fO Sl fl Sz fz

where f : S° — S! is defined by fy(02) = inl(x) and fo(12) = inr(x), and f, 1 : S"T1 —
§"*2 is defined as %( f, ). Use Exercise 22.2 to show that S% is contractible.

22.4 Consider a type sequence

fo

A f

Ao Aq Aj

in which f, : Ay, = Aj41 is weakly constant in the sense that

IT (x,y:An)fn(x) = f" (y)

Show that A is a mere proposition.

23 The homotopy image of a map

23.1 The universal property of the image of a map

In this section we will construct the homotopy image of an arbitrary map f : A — X. The idea of
the image of f is that it is in a way the least subtype of X that contains all the values of f. More
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precisely, the image of f is an embedding i : im(f) < X that fits in a commuting triangle

A—>1m

\/

and satisfies the universal property of the image inclusion of f. Informally, the universal property
of the image asserts that there is a unique map / : im(f) — B for which the diagram

commutes. Note that there is quite a lot of information in this diagram: not only are there the
three small commuting triangles; there is also the large commuting triange in the back, and there
is a three-dimensional solid filling the space between the four triangles. We make the following
definition, in order to express the universal property of the image efficiently.

Definition 23.1.1. Let f : A = X and g : B — X be maps. A morphism from f to g over X
consists of amap h : A — B equipped with a homotopy H : f ~ g o h witnessing that the triangle

A—tB
N
X
commutes. Thus, we define the type
homx(f,8) = Ln:a—p)f ~ goh
Composition of morphisms over X is defined by

(k,K)o(h,H) := (koh,H" (K-h)).

Definition 23.1.2. Consider a commuting triangle

A—T 1

N4

with H : f ~ ioq, where i is an embedding. We say that i has the universal property of the
image of f if the map
-o(g,H) : homx(i,m) — homx(f, m)

is an equivalence for every embedding m : B — X.
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Remark 23.1.3. Consider a commuting triangle
A—T
N
X
with H : f ~ iogq, where i is an embedding. Then it is not hard to see that the embedding i

satisfies the universal property of the image inclusion if and only if for every commuting triangle

A—=2 B

N

with G : f ~ m o g, where m is an embedding, the type of quadruples (1, K, L, M) consisting of
(i) amaph:I— B,

(ii) a homotopy K : i ~ m o h witnessing that the triangle

commutes,
(iii) a homotopy L : g ~ h o q witnessing that the triangle

A—1 1

N

B
commutes,
(iv) ahomotopy M : H* (K- gq) ~ G+ (m - L) witnessing that the square

f—S— mog

| e

ioq K4q> mohog

commutes,

is contractible. However, the situation is in fact much simpler, because the type homx ( f,m)isa
proposition whenever m is an embedding.

Lemma 23.14. Forany f : A — X and any embedding m : B — X, the type homx(f,m) is a
proposition.
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Proof. Recall from Exercise 12.14 that the type homyx (f, m) is equivalent to the type

Therefore it suffices to show that this type is a proposition. Recall from Corollary 10.3.7 that
a map is an embedding if and only if its fibers are propositions. Thus we see that the type
[T (x:x)fibs(x) — fiby (x) is a product of propositions, hence it is a proposition by Theorem 12.1.3.

O

Proposition 23.1.5. Consider a commuting triangle
A—"1
N
X
with H : f ~ i o q, where i is an embedding. Then the following are equivalent:
(i) The embedding i satisfies the universal property of the image inclusion of f.

(ii) For every embedding m : B — X there is a map

homy (f,m) — homy(i, m).

Proof. Since homx(f,m) is a proposition for every every embedding m : B — X, the claim
follows immediately by Exercise 12.5. O

Just as in the cases for pullbacks and pushouts, the universal property of the image implies
that the image is determined uniquely. We will show here that the type of image factoriza-
tions of any map is a proposition. In §23.4 we will construct the image, after constructing the
propositional truncation.

Proposition 23.1.6. Let f be a map, and consider two commuting triangles

!

A—T B

withl: f ~iogand I : f ~ i oq', in which i and i’ are assumed to be embeddings. Moreover, consider
(h, H) : homy(i, 1)

equipped with an identification (h, H) o (q,1) = (¢',I') inhomx (f,i’). Then, if any two of the following
properties hold, so does the third:

(i) The embedding i satisfies the universal property of the image inclusion of f.
(ii) The embedding i’ satisfies the universal property of the image inclusion of f.

(iii) The map h is an equivalence.
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Proof. Consider an embedding m : C — X. Then we have a commuting triangle

homy (i, m) % homy (i, m)

N

homx (f, m),

so it follows that if any two of these maps are equivalences, then so is the third. The claim now
follows by the observation that — o (h, H) is an equivalence for every embedding m : C — X if
and only if 1 is an equivalence. O

Corollary 23.1.7. Consider two image factorizations

l

A", AT . p
VA JN/
X

ofamap f,withI: f ~ioqand I': f ~ i’ oq'. Then the type of (¢, H) : homx(i,i") in which e is an
equivalence, equipped with an identification

(e,H)o(q,1)=(q.,1)

in homy (f,1"), is contractible.

23.2 The universal property of propositional truncation

An important special case of the homotopy image of a map is the image of the terminal projection
consty : A — 1,

which results in an embedding I < 1. Embeddings into the unit type are in fact just propositions.
To see this, note that

Y(au)L(r.a—1)is-emb(f) > ¥ 44¢)is-emb(const.)
~ ¥ (Al (x1)is-prop(fibconst, (x))
~ Y Awt)is-prop(fibeonst, (%))
~ Y (au)is-prop(A).

Therefore, the universal property of the image of the map A — 1is equivalently described as a
proposition P satisfying the universal property of the propositional truncation:

Definition 23.2.1. Let A be a type, and let P be a proposition that comes equipped with a map
f: A — P. Wesay that f : A — P satisfies the universal property of propositional truncation
of A if for every proposition Q, the precomposition map

—of:(P=Q) = (A=Q)

is an equivalence.
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Proposition 23.2.2. Let A be a type, and consider a commuting triangle

A
2N
P— ¥

where P and P’ are propositions. If any two of the following three assertions hold, so does the third:
(i) The map f satisfies the universal property of the propositional truncation of A.
(ii) The map f' satisfies the universal propertyof the propositional truncation of A.
(iii) The map h is an equivalence.

Proof. Note that the map h : P — P’ is an equivalence if and only if for every proposition Q, the
precomposition map
—oh:(PP= Q)= (P— Q)

is an equivalence. Thus, the claim follows by observing that for every proposition Q we have the
triangle

(P> Q) —*= (P~ Q)

N

A— Q).

23.3 Constructing the propositional truncation

The propositional truncation can be used to construct the image of a map, so we construct
that first. We construct the propositional truncation of A via a construction called the join
construction, as the colimit of the sequence of join-powers of A

A—— AxA— Ax(AxA) — ---

The join-powers of A are defined recursively on 7, by taking'

We will write A** for the colimit of the sequence

A"y Ax Ay Ax (Ax A) 00, L

n this definition, the case A*! := A is slightly redundant because we have an equivalence
AxQ~ A

Nevertheless, it is nice to have that A*! = A.
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The sequential colimit A** comes equipped with maps in-seq, : A*("*1) — A** and we will
write
1 :=in-seqp: A — A™.

Our goal is to show A** is a proposition, and that 7 : A — A** satisfies the universal property
of the propositional truncation of A. Before showing that A** is indeed a proposition, let us
show in two steps that for any proposition P, the map

(A*™ = P)— (A—P)
is indeed an equivalence.

Lemma 23.3.1. Suppose f : A — P, where A is any type and P is a proposition. Then the precomposition
function
—oinr: (A*B—P)— (B—P)

is an equivalence, for any type B.
Proof. Since the precomposition function
—oinr: (A*B— P)— (B—P)
is a map between propositions, it suffices to construct a map
(B—P)— (AxB—P).
Let g : B — P. Then the square

AxB -2, B

Prll J{g

commutes since P is a proposition. Therefore we obtain a map A * B — P by the universal
property of the join. O

Proposition 23.3.2. Let A be a type, and let P be a proposition. Then the function
—on:(A™ = P)—=(A—P)
is an equivalence.

Proof. Since the map
—on:(A*™ = P) = (A—P)

is a map between propositions, it suffices to construct a map in the converse direction.
Let f : A — P. First, we show by recursion that there are maps

fu: AXOFD) L p,

The map fj is of course just defined to be f. Given f, : A*("+1) we obtain f, 1 : A+ A*(*+1) — p
by Lemma 23.3.1. Because P is assumed to be a proposition it is immediate that the maps f;,
form a cocone with vertex P on the sequence

A" Ax A My Ak (AxA) 0 L

From this cocone we obtain the desired map (A** — P). O
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Proposition 23.3.3. The type A** is a proposition for any type A.
Proof. By Theorem 10.1.3 it suffices to show that
A*® — is-contr( A*®).

Since the type is-contr(A**) is already known to be a proposition by Exercise 12.2, it follows
from Proposition 23.3.2 that it suffices to show that

A — is-contr(A™®).

Let x : A. To see that A*® is contractible it suffices by Exercise 22.2 to show that inr :
A*" — A*("+1) js homotopic to the constant function const; (). However, we get a homotopy

constjy|(y) ~ inr immediately from the path constructor glue. O

All the definitions are now in place to define the propositional truncation of a type.
Definition 23.3.4. For any type A we define the type
| Al -1 := A™,

and we define 7 : A — ||A||_; to be the constructor in-seqq of the sequential colimit A**. Often
we simply write ||A]| for ||Al|_1.

The type ||A|| -1 is a proposition by Proposition 23.3.3, and
n:A = | All
satisfies the universal property of propositional truncation by Proposition 23.3.2.

Proposition 23.3.5. The propositional truncation operation is functorial in the sense that for any map
f A — Bthereis a unique map || f|| : ||A|| — ||B|| such that the square

A%B

a K

A B
Al > 18]

commutes. Moreover, there are homotopies

lidall ~idy4
ligofll ~liglollfl-

Proof. The functorial action of propositional truncation is immediate by the universal property
of propositional truncation. To see that the functorial action preserves the identity, note that the
type of maps ||A|| — ||A]| for which the square

1Al > Al

commutes is contractible. Since this square commutes for both ||id|| and for id, it must be that
they are homotopic. The proof that the functorial action of propositional truncation preserves
composition is similar. O
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23.4 The image of a map

The image of a map f : A — X can now be defined using the propositional truncation:

Definition 23.4.1. For any map f : A — X we define the image of f to be the type
im(f) = Ty b ()|

Furthermore, we define

(i) The image inclusion
Zf : 1m(f) — X
to be the projection pr;.
(ii) The map
qr: A — im(f)
to be the map given by g(x) := (f(x), 17(x, refl(y))).
(iii) The homotopy Iy : f ~ if o qf witnessing that the triangle

q .
A —— im

d (f)
N
X

commutes, to be given by I¢(x) := refle ).
Proposition 23.4.2. The image inclusion i¢ : im(f) — X of any map f : A — X is an embedding.

Proof. The fiber of i at x : X is equivalent to the type [|fibs(x)|. In particular we see that the
fibers are propositions, so iy is an embedding. O

Theorem 23.4.3. The image inclusion iy : im(f) — X of any map f : A — X satisfies the universal
property of the image inclusion of f.

Proof. Consider an embedding m : B — X. Note that we have a commuting square

homy (if, m) homy (f, m)

! !

(II(MX)ﬁbU(x)<—>ﬂbm(x)) e (II(MX)ﬁbf(x)-+-ﬁbm(x))

The vertical maps are of the form
(h,H) = Ax.A(y, p)- (h(y), H(y) "+ p),
and they are both equivalences. The map
¢x = fibr(x) — fibl-f(x)

given by ¢y (a, p) := ((h(a),n(a, p)), p) is a propositional truncation for every x : X. Therefore it
follows that the map

(fibif(x) — fibm (x)) — (fibs(x) — fibu(x))
is an equivalence, for every x : X. Thus we conclude that the bottom map in the above square is
an equivalence, which implies that the top map is an equivalence. O
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23.5 Surjective maps

Another application of the propositional truncation is the notion of surjective map.
Definition 23.5.1. A map f : A — B is said to be surjective if there is a term of type
is-surj(f) := I y:p) lIfibs (D).

Example 23.5.2. Any equivalence is a surjective map, and so is any map that has a section (those
are sometimes called split epimorphisms). Other examples include the base point inclusion
1— S"foranyn > 1.

Proposition 23.5.3. Consider a map f : A — B. Then the following are equivalent:
(i) The map f : A — B is surjective.

(ii) For any family P of propositions over B, the precomposition map

~of : (MnP®) = (M P(f(x))
is an equivalence.

Proof. Suppose first that f is surjective, and consider the commuting square

—of

(M P®)) (T ea)P(F()

h—Ay. consth(y)l Th»—))\x‘h(f(x),(x,reflf<x)))

(M lifier Il = P®)) —=mmmm (Musfibry) = P)
In this square, the bottom map is an equivalence by the universal property of the propositional
truncation of fib¢(y). The map on the right is also easily seen to be an equivalence. Furthermore,
the map on the left is an equivalence by the assumption that f is surjective, from which it follows
that the types ||fib¢(y)|| are contractible. Therefore it follows that the top map is an equivalence,
which completes the proof that (i) implies (ii).
For the converse, it follows immediately from the assumption (ii) that

o f + (T Ifibp )11 ) = (T o) lfibp (FG))I)

is an equivalence. Hence it suffices to construct a term of type ||fibs(f(x))|| for each x : A. This
is easy, because we have

1 reflpge) ¢ by (F(x))]l- o

Theorem 23.5.4. Consider a commuting triangle
q
A—— B
N o
X

in which m is an embedding. Then the following are equivalent:
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(i) The embedding m satisfies the universal property of the image inclusion of f.

(ii) The map q is surjective.

Proof. First assume that m satisfies the universal property of the image inclusion of f, and
consider the composite function

(Zep) lfibg ()]} ) > B =" X.

Note that m o pry is a composition of embeddings, so it is an embedding. By the universal
property of m there is a unique map h for which the triangle

B iy Tp [ifibg ()]

X Aprl

X

commutes. Now note that pry o /1 is a map such that m o (pry o 1) ~ m. The identity function
is another map for which we have m o id ~ m, so it follows by uniqueness that pr; o h ~ id. In
other words, the map / is a section of the projection map. Therefore we obtain by Exercise 12.17
a dependent function

IT (0:) lIfibg () |,

showing that q is surjective.
For the converse, suppose that g is surjective. To prove that m satisfies the universal property
of the image factorization of f, it suffices to construct an equivalence

homy (f,m") — homy(m,m’),

for any embedding m’ : B — X. To see that there is such an equivalence, we make the following
calculation

homy (m,m’") = TT (y.x) fibm (x) — fiby (x)
~ [T (p:B) fibyw (m (b
~ TT (g:) fiby (m
~ [T () fibur (f(a))
>~ [T (ex)fibg(x) — fiby (x)
=~ homy(f, m’).

In this calculation, the first and last equivalence hold by Exercise 12.14. The second and second
to last equivalences hold by Exercise 12.20. The third equivalence holds by Proposition 23.5.3,
since g is assumed to be surjective, and the fourth equivalence holds since we have a homotopy

f~mof. O

Corollary 23.5.5. Every map factors uniquely as a surjective map followed by an embedding.
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Proof. Consider a map f : A — X, and two factorizations

!

A1 B

of f where m and m’ are embeddings, and g and g’ are surjective. Then both m and m' satisfy
the universal property of the image factorization of f by Theorem 23.5.4. Now it follows by
Corollary 23.1.7 that the type of (¢, H) : homx(7,i’) in which e is an equivalence, equipped with
an identification

(e,H)o(q,1)=(q.,1)

in homy(f,i’), is contractible. O

23.6 Logic in type theory

Note that, given a family of propositions P over a type A, the type }_(,.4) P(a) isn’t necessarily
a proposition. Instead, we think of ¥ (,.4) P(a) of the subtype of A containing the terms that
satisfies P. Using the propositional truncation we can assert that there exists a term in A that
satisfies P without requiring one to construct it.

Definition 23.6.1. Let P : A — Prop be a family of propositions over a type A. Then we define
J@a)P(a) = [|Laa)P(a)]].
Similarly, we can define the disjunction of two propositions P and Q to be the proposition

|P + Q||, which clearly satisfies the universal property of disjunction’. In the following table we
give an overview of the logical connectives on propositions.

Logical connective  Interpretation in HoTT

T 1

il @

PAQ PxQ

PVQ IP+Ql

P—Q P—Q

P+ Q P~Q

-P P—-

Vx.P(x) IT (x:a)P(x)

Fx.P(x) | Zxa) P(x) |
Ax.P(x) is-contr (L (y.4) P(x))

2 Alternatively, we have shown in Exercise 18.2 that the join P * Q also is a proposition that satisfies the universal
property of disjunction.
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Exercises

23.1 Show thatif f : A — X is an embedding, then f itself satisfies the universal property of
the image inclusion of f.
23.2 Show that

||A|| = H(P:Prop)(A - P) — P

for any type A : U. This is called the impredicative encoding of the propositional trunca-
tion.
23.3 For any B : A — U, construct an equivalence

(BaaIB@I) = [Za)B@)]

234 Let P P ) .-+ be a sequence of propositions. Show that
colimy (Py) ~ El(n:N)Pn.
23.5 Show that the relation x,y — ||x = y|| is an equivalence relation, on any type.
23.6 Let f : A — B be a map. Show that the following are equivalent:
(i) The commuting square
A — || A]l

fl List

B —— ||B]|.

is a pullback square.
(ii) There is a term of type A — is-equiv(f).
(iii) The commuting square

AxA%BxB

Pr]J/ lpﬁ

A———— B

f
is a pullback square.
23.7 Consider a pullback square
A LA
7 |7
B’ — B,

in which g : B’ — B is surjective. Show that if f' : A’ — B’ is an embedding, then so is
f:A—B.
23.8 Show that a type A is a proposition if and only if the map inl : A — A x A is an equivalence.
23.9 Let A be a type, and let P be a proposition.

(a) Show thatinl: P — P * A is an embedding.
(b) Show thatinl: P — P x A is an equivalence if and only if ||A| — P holds.
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23.10 Consider a family of diagrams of the form

Ai — C — X

q b b

B —— D ——Y

indexed by i : I, in which the left squares are pullback squares, and assume that the induced
map

(Z(m)&') —D
is surjective. Show that the following are equivalent:
(i) For eachi : I the outer rectangle is a pullback square.
(if) The right square is a pullback square.
Hint: By Theorem 17.6.3 it suffices to prove this equivalence for a single diagram of the

form
A— C— X

[

where the map B — D is assumed to be surjective.
23.11 (a) Consider amap f : A — B. Show that the following are equivalent:
(i) The map f is surjective.
(ii) For every set C, the precomposition function

-of:(B—=C)—= (A—=0C)

is an embedding.
Hint: To show that (ii) implies (i), use the assumption with the set C = Prop.
(b) Give an example of a surjective map f : A — B and a type C which is not a set, such
that the precomposition function

—of:(B—=-C)— (A—C)

is not an embedding.
23.12 Consider a pushout square

SLB

7| I

(a) Show that if f is surjective, then so is j.
(b) Show that the two small squares in the diagram

S#B

Qfl l‘i/’

im(f) > im(j)

I

A4i>X
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are both pushout squares, and that the bottom square is also a pullback square.
23.13 Consider a pullback square

E -3, E

p’l lp
B T) B

in which p is assumed to be surjective. Show that p’ is also surjective, and show that the
following are equivalent:

(i) The map f is an equivalence.
(ii) The map g is an equivalence.

23.14 Consider amap f : A — B. Show that the following are equivalent:
(i) fisan equivalence.

(ii) f is both surjective and an embedding.

24 Set quotients

In this section we construct the quotient of a type by an equivalence relation. By an equivalence
relation we understand a binary relation R : A — (A — Prop) which is reflexive, symmetric,
and transitive. In particular, we note that equivalence relations take values in Prop. The quotient
A/R is constructed as the type of equivalence classes, which is just the image of the map
R: A — (A — Prop). Thus, our construction of the quotient by an equivalence relation is very
much like the classical construction of a quotient set. Examples of set quotients are abundant.
We cover two of them: the type of rational numbers and the set truncation of a type.

There is, however, a subtle issue with our construction of the set quotient as the image of the
map R: A — (A — Prop). What is the universe level of the quotient A/R? Let us suppose that
U is a universe that contains A and each R(x,y). Then Prop, the type of propositions in i/, is a
type in the universe U, constructed in Remark 6.2.1. Therefore the type Prop” as well as the
quotient A/R are also types in & . That seems unfortunate, because in Zermelo-Fraenkel set
theory the quotient of a set by an equivalence relation is an ordinary set, and not a more general
class.

In Zermelo-Fraenkel set theory quotients are are sets because of the axiom schema of replace-
ment. The replacement axioms assert that the image of any function is again a set. This leads us
to wonder about a type theoretical variant of the replacement axioms. Indeed, there is such a
variant. The type theoretic replacement property asserts that for any map f : A — B from a type
A in U to a type B of which the identity types are equivalent to types in I/, the image of f is also
equivalent to a type in I/, and in fact this property is a theorem. We prove it in Theorem 24.5.22,
using the univalence axiom and a new construction of the image of a map.

24.1 Equivalence relations

Definition 24.1.1. Let R : A — (A — Prop) be a binary relation valued in the propositions. We
say that R is an equivalence relation if R comes equipped with

0 IT (a)R(x, %)
v H(x,y:A)R(xry) - R(ylx)
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T I yza) R0 y) = (R(y,2) = R(x,2)),
witnessing that R is reflexive, symmetric, and transitive.

Definition 24.1.2. Let R : A — (A — Prop) be an equivalence relation. The equivalence class
of x : A is defined to be
[x]R := R(x).
More generally, a subtype P : A — Prop is said to be an equivalence class if it satisfies
is-equivalence-class(P) := J(y.4)P = R(x).
Furthermore, we define A/ R to be the type of equivalence classes, i.e., we define

A/R = ¥ (p.a-,prop)is-equivalence-class(P).

In other words, A/R is the image of the map [—]gr : A — (A — Prop). In the following
proposition we characterize the identity type of A/R. As a corollary, we obtain equivalences

([¥]r = [v]r) = R(x,y),

justifying that the quotient A/R is defined to be the type of equivalence classes. Note that in our
characterization of the identity type of A/R we make use of the univalence axiom.

Proposition 24.1.3. Let R : A — (A — Prop) be an equivalence relation. Furthermore, consider x : A
and an equivalence class P. Then the canonical map

([x]r = P) = P(x)
is an equivalence.

Proof. By Theorem 9.2.2 it suffices to show that the total space
Y(pasr)P(x)

is contractible. The center of contraction is of course [x]|r, which satisfies [x]r(x) by reflexivity of
R. It remains to construct a contraction. Since }_p.4,g) P(x) is a subtype of A/R, we construct a
contraction by showing that

[x]g =P
whenever P(x) holds. Recall that P is an equivalence relation, i.e., that there exists a y : A such
that P = [y]g. Note that our goal is a proposition, so we may assume that we have such a y. Then
we obtain that R(x, y) holds from the assumption that P(x) holds. Thus, we have to show that

given that R(x, y) holds. By function extensionality and the univalence axiom, it is equivalent to
show that

[T (2 R(x,2) = R(y,2)

We get a function R(x,z) — R(y, z) by transitivity, since R(y, x) holds by symmetry. Conversely,
we get a function R(y,z) — R(x,z) directly by transitivity. Thus, we obtain that

R(x,z) <> R(y,z)

for any z : A, which is sufficient to prove that they are equivalent because R is valued in Prop. O
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Corollary 24.1.4. Consider an equivalence relation R on a type A, and let x,y : A. Then there is an
equivalence

([¥]r = [v]r) = R(x,y).

Proof. By Proposition 24.1.3 we have an equivalence

([¥]r = [y]r) = R(y, x).

Moreover, R(y, x) is equivalent to R(x, y) by symmetry of R. O

24.2 The universal property of set quotients

The quotient A/R is constructed as the image of R, so we obtain a commuting triangle

AR, A/R

A

PropA,

and the embedding ig : A/R — Prop” satisfies the universal property of the image of R. This
universal property is, however, not the usual universal property of the quotient.

Definition 24.2.1. Consider amap g : A — B into a set B satisfying the property that f(x) = f(y)
whenever R(x, y) holds. We say that g satisfies the universal property of the set quotient by R
if for every map f : A — X into a set X such that f(x) = f(y) whenever R(x, y) holds, there is a
unique extension

A
ql\f/‘
B y X.

Remark 24.2.2. Formally, we express the universal property of the quotient by R as follows.
Consider a map q : A — B that satisfies the property that

H Tl ()RG5 Y) = () = F).

Then there is for any set X a map

7 (B X) = (T(rasx Il gea R0 y) = (F(x) = F¥)))
This map takes a function & : B — X to the pair

q*(h) := (hog, Ax. Ay. Ar.apy (Hyy(7))).

The universal property of the set quotient of R asserts that the map g* is an equivalence for every
set X. It is important to note that the universal property of set quotients is formulated with
respect to sets.

Theorem 24.2.3. Let R : A — (A — Prop) be an equivalence relation, and consider a map g : A — B
into a set B. Then the following are equivalent.
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(i) The map q satisfies the property that
q(x) = q(y)

for every x,y : A for which R(x,y) holds, and moreover q satisfies the universal property of the set
quotient of R.

(ii) The map q is surjective and effective, which means that for each x,y : A we have an equivalence
(7(x) = q(y)) = R(x,y).
(iii) The map R : A — (A — Prop) extends along q to an embedding

A—1 B

m i

PropA
and the embedding i satisfies the universal property of the image inclusion of R.

Proof. We first show that (ii) is equivalent to (iii), since this is the easiest part. After that, we will
show that (i) is equivalent to (ii).
Assume that (ii) holds. Then g is surjective by Theorem 23.5.4. Moreover, we have

R(x,y) ~ R(x) = R(y)
~i(q(x)) =i(q(y))
~q(x) =q(y)

In this calculation, the first equivalence holds by Corollary 24.1.4; the second equivalence holds
since we have a homotopy R ~ i o q; and the third equivalence holds since i is an embedding.
This completes the proof that (ii) implies (iii).
Next, we show that (iii) implies (ii). Assuming (iii), we define a map
i: B — Prop”

by i(b,a) := b = q(a). Then the triangle

commutes, since we have an equivalence

i(q(a),a") ~ R(a,a")

for each a,a’ : A. To show that i is an embedding, it suffices to show that i is injective, i.e., that

I pp) (i(b) = (b)) — (b =V)
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Note that this is a property, and that g is assumed to be surjective. Hence by Proposition 23.5.3 it
is equivalent to show that

I (0,04 (i(q(a)) = i(q(a))) — (q(a) = q(a")).
Since R ~ ioq, and q(a) = g(a’) is assumed to be equivalent to R(a,a’), it suffices to show that

[T (a.04)(R(a) = R(a')) = R(a,a"),

which follows directly from Corollary 24.1.4. Thus we have shown that the factorization R ~ iog
factors R as a surjective map followed by an injective map. We conclude by Theorem 23.5.4 that
the embedding i satisfies the universal property of the image factorization of R, which finishes
the proof that (iii) implies (ii).

Now we show that (i) implies (ii). To see that g is surjective if it satisfies the assumptions in
(i), consider the image factorization

A—>1rn

\/

We claim that the map i, has a section. To see this, we first note that we have

9q(x) = q4(y)

for any x,y : A satisfying R(x,y), because if R(x,y) holds, then g(x) = g(y) and hence
ig(q4(x)) = i5(q4(y)) holds and i; is an embedding. Since im(q) is a set, we may apply the
universal property of 4 and we obtain a unique extension of g, along g

A

L™

PR im(q).

)

Now we observe that the composite i; o 1 is an extension of g along g, so it must be the identity
function by uniqueness. Thus we have established that / is a section of i;. Now it follows from
the fact that i, is an embedding with a section, that i; is an equivalence. We conclude that g is
surjective, because g is the composite i, o g, of a surjective map followed by an equivalence.

Now we have to show that g(x) = g(y) is equivalent to R(x, y). We first apply the universal
property of g to obtain for each x : A an extension of R(x) along g

ﬂl\

> Prop.

R(x

Since the triangle commutes, we have an equivalence R(x,q(x’)) ~ R(x,x’) for each x" : A. Now
we apply Theorem 9.2.2 to see that the canonical family of maps

Iy (a(x) =y) = R(x,y)
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is a family of equivalences. Thus, we need to show that the type }(,.5) R(x,y) is contractible.
For the center of contraction, note that we have g(x) : B, and the type R(x,q(x)) is equivalent to
the type R(x, x), which is inhabited by reflexivity of R. To construct the contraction, it suffices to
show that

T R(xy) — (9(x) = y).
Since this is a property, and since we have already shown that g is a surjective map, we may
apply Proposition 23.5.3, by which it suffices to show that

[T () R(x,9(x")) = (q(x) = q(x)).

Since R(x,q(x')) =~ R(x,x'), this is immediate from our assumption on g. Thus we obtain the
contraction, and we conclude that we have an equivalence R(x,y) ~ (q(x) = y) for each y : B. It
follows that we have an equivalence

R(x,y) ~ (q(x) = q(y))

for each x,y : A, which completes the proof that (i) implies (ii).
It remains to show that (iii) implies (i). Assume (iii), and let f : A — X be a map into a set X,
satisfying the property that

I (oa:a)R(a,a") = (f(a) = f(a')).

Our goal is to show that the type of extensions of f along g is contractible. By Exercise 23.11.a it
follows that there is at most one such an extension, so it suffices to construct one.
In order to construct an extension, we will construct for every b : B a term x : X satisfying the

property
P(x) 1= J(@a)(f(a) = x) A (g(a) = b).

Before we make this construction, we first observe that there is at most one such x, i.e., that the
type of x : X satisfying P(x) is in fact a proposition. To see this, we need to show that x = x’ for
any x,x’" : X satisfying P(x) and P(x’). Since X is assumed to be a set, our goal of showing that
x = ¥’ is a property. Therefore we may assume that we have 4,4 : A satisfying

fla) =x gla) =10
fla') =« g(a’) = b.

It follows from these assumptions that q(a) = g(a’), and hence that R(a,4’) holds. This in turn
implies that f(a) = f(a’), and hence that x = x’.
Now let b : B. Our goal is to construct an x : X that satisfies the property

J(a)(f(a) = x) A (9(a) = D).

Since g is assumed to be surjective, we have ||fib;(b)||. Moreover, since we have shown that at
most one x : X exists with the asserted property, we get to assume that we have a : A satisfying
g(a) = b. Now we see that x := f(a) satisfies the desired property.

Thus, we obtain a function & : B — X satisfying the property that for all b : B there exists an

a : A such that
f(a) =h(b) and  g(a) =0.

In particular, it follows that h(g(a)) = f(a) for all a : A, which completes the proof that (ii)
implies (i). O
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24.3 The rational numbers

24.4 Set truncation

Lemma 24.4.1. For each type A, the relation I _;) : A — (A — Prop) given by

[y (xy) =[x =y

is an equivalence relation.

Proof. For every x : A we have |refly| : ||[x = x]|, so the relation is reflexive. To see that the
relation is symmetric note that by the universal property of propositional truncation there is a
unique map ||inv| : [[x = y|| — ||y = x| for which the square

X = ey || Y = X

I =yl v Iy = =1

commutes. This shows that the relation is symmetric. Similarly, we show by the universal
property of propositional truncation that the relation is transitive. O

Definition 24.4.2. For each type A we define the set truncation
[Allo := A/I_q),
and the unit of the set truncation is defined to be the quotient map.

Theorem 24.4.3. For each type A, the set truncation satisfies the universal property of the set truncation.

24.5 Type theoretic replacement
Essentially small types and maps

It is a trivial observation, but nevertheless of fundamental importance, that by the univalence
axiom the identity types of U are equivalent to types in I/, because it provides an equivalence
(A = B) ~ (A ~ B), and the type A ~ Bisin U for any A, B : U. Since the identity types of U
are equivalent to types in U/, we also say that the universe is locally small.

Definition 24.5.1. (i) A type A is said to be essentially small if there is a type X : I/ and an
equivalence A ~ X. We write

ess-small(A) = ¥ xqnA =~ X.

(i) Amap f : A — B is said to be essentially small if for each b : B the fiber fibs(b) is
essentially small. We write

ess-small(f) := [ ;.pyess-small(fibs(b)).

(iii) A type A is said to be locally small if for every x,y : A the identity type x = y is essentially
small. We write
loc-small(A) =TT (x,4:4)ess-small(x = y).
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Lemma 24.5.2. The type ess-small(A) is a proposition for any type A.
Proof. Let X be a type. Our goal is to show that the type
E(Y:u)X ~Y
is a proposition. Suppose there is a type X’ : i and an equivalence e : X ~ X’, then the map
(X~Y)— (X' ~Y)

given by precomposing with e~! is an equivalence. This induces an equivalence on total spaces

However, the codomain of this equivalence is contractible by Theorem 13.1.2. Thus it follows by
?? that the asserted type is a proposition. O

Corollary 24.5.3. For each function f : A — B, the type ess-small(f) is a proposition, and for each type
X the type loc-small(X) is a proposition.

Proof. This follows from the fact that propositions are closed under dependent products, estab-
lished in Theorem 12.1.3. O

Theorem 24.5.4. For any small type A : U there is an equivalence
map-famy : (A — U) ~ (Z(X:u)X — A).

Proof. Note that we have the function

9 AB. (Z(ua)B(x),pr1 ) (A = U) = (EixanX = A).
The fiber of this map at (X, f) is by univalence and function extensionality equivalent to the type
Y (B:A—U) L6 4,0 B(x))=X) P11 ~ foe.
By Exercise 12.14 this type is equivalent to the type
Y B:a—u)] 1 (a:4)B(a) = fibg(a),
and by ‘type theoretic choice’, which was established in Theorem 12.2.1, this type is equivalent to
IT (a:n)Exa0) X =~ fibs(a).

We conclude that the fiber of ¢ at (X, f) is equivalent to the type ess-small(f). However, since
f: X — Ais amap between small types it is essentially small. Moreover, since being essentially
small is a proposition by Lemma 24.5.2, it follows that fib,((X, f)) is contractible for every
f: X — A. In other words, ¢ is a contractible map, and therefore it is an equivalence. O

Remark 24.5.5. The inverse of the map
¢ (A—U)— (E(X:U)X — A).

constructed in Theorem 24.5.4 is the map (X, f) + fibs.
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Theorem 24.5.6. Let f : A — B be a map. Then there is an equivalence
ess-small(f) ~ is-classified(f),

where is-classified (f) is the type of quadruples (F, F, H, p) consisting of maps F: B — U and F: A —
Y(xu) X, a homotopy H : Fo f ~ pry o F, such that the commuting square

s Yxu) X
Pr

:

—
o >

F
is a pullback square, as witnessed by p°. If f comes equipped with a term of type is-classified(f), we also
say that f is classified by the universal family.

Proof. From Exercise 12.15 we obtain that the type of pairs (F, H) is equivalent to the type of
fiberwise transformations

[T (p:5)fibs (b) = F(D).
By Theorem 17.5.3 the square is a pullback square if and only if the induced map

[T :p)fibf(b) — F(b)

is a fiberwise equivalence. Thus the data (F, F, H, pb) is equivalent to the type of pairs (F,e)
where e is a fiberwise equivalence from fibs to F. By Theorem 12.2.1 the type of pairs (F,e) is
equivalent to the type ess-small(f). O

Remark 24.5.7. For any type A (not necessarily small), and any B : A — U, the square

Alxy). (B(x)y)
—

Y(x:a) B(x) Yixu) X
| o
A 5 U

is a pullback square. Therefore it follows that for any family B : A — U of small types, the
projection map pry : }(y.4) B(x) — A is an essentially small map. To see that the claim is a direct
consequence of Lemma 17.5.1 we write the asserted square in its rudimentary form:

Axy). (B(x).y)
Y (eea) EI(B(x)) 202 v an) EL(X)
Prll J{Prl
A 5 U.

In the following theorem we show that a type is small if and only if its diagonal is classified
by U.

Theorem 24.5.8. Let A be a type. The following are equivalent:

3The universal property of the pullback is not expressible by a type. However, we may take the type of p : is-equiv(h),
where h: A = B Xy (Lixay X ) is the map obtained by the universal property of the canonical pullback.
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(i) Ais locally small.

(ii) Therearemaps: Ax A —Uand1: A — Y_(xu) X, and a homotopy H : I 054 ~ pry o T such
that the commuting square

A—1 Yxu) X

I

AXA ——— U
is a pullback square.

Proof. In Exercise 10.2 we have established that the identity type x = y is the fiber of 4 at
(x,y) : A x A. Therefore it follows that A is locally small if and only if the diagonal d4 is
essentially small. Now the result follows from Theorem 24.5.6. O

Univalent universes are object classifiers

Definition 24.5.9. Consider amap p : E — Band amap f : X — Y. The type cart(f, p) of
cartesian morphisms from f to p is the type of quadruples (g, 1, H, t) consisting of maps

g:Y—B
h: X —E,

a homotopy H: go f ~ poh, and a term ¢ witnessing that the commuting square

is a pullback square.

Definition 24.5.10. A map p : E — B is called an object classifier if for everymap f : X = Y,
the type cart(f, p) of cartesian morphisms

from f to p is a proposition.
Proposition 24.5.11. Consider a map p : E — B. The following are equivalent:
(i) The map p is an object classifier.

(ii) The function
trfip, + (x =y) — (fiby(x) ~ fiby(y))

is an equivalence.

Corollary 24.5.12. A universe is an object classifier if and only if it is univalent.
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Smallness of images

However, the construction of the fiberwise join in Exercise 20.3 suggests that we can also define
the image of f as the infinite join power f**°, where we repeatedly take the fiberwise join of f
with itself. The reasons for defining the image in this way are twofold: we will be able to use
this construction to show that the set-quotients of a small type are small, and second, we many
interesting types appear in this construction.

Lemma 24.5.13. Consider a map f : A — X, an embedding m : U — X, and h : homx (f, m). Then
the map
homy (f * g,m) — homx(g, m)

is an equivalence for any g : B — X.

Proof. Note that both types are propositions, so any equivalence can be used to prove the claim.
Thus, we simply calculate
homy (f * g, m) =TT (.x)fibfag (x) — fibm (x)

> T (x:x) fibg (x) * fibg (x) — fiby (x)

~ [T (xx)fibg (x) — fiby (x)

~ homy (g, m).
The first equivalence holds by Exercise 12.14; the second equivalence holds by Exercise 20.3, also
using Theorem 12.4.1 and Exercise 12.3 where we established that that pre- and postcomposing by

an equivalence is an equivalence; the third equivalence holds by Lemma 23.3.1 and Exercise 12.3;
the last equivalence again holds by Exercise 12.14. O

For the construction of the image of f : A — X we observe that if we are given an embedding
m: U — X and amap (i,I) : homx(f, m), then (i, I) extends uniquely along inr: A — A xx A
to a map homx(f * f,m). This extension again extends uniquely along inr : A xx A — A xx
(Axx A) toamap homyx(f * (f * f),m) and so on, resulting in a diagram of the form

A Asvy A 5 Asy (Axx A) =0 .

Definition 24.5.14. Suppose f : A — X is a map. Then we define the fiberwise join powers
Ay

Construction. Note that the operation (B, g) +— (A *x B, f * ) defines an endomorphism on the
type
Ypu)B — X.

We also have (@, indg) and (4, f) of this type. For n > 1 we define

A;}("H) = Axx AY

Frl) = e o, O
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Definition 24.5.15. We define A¥™ to be the sequential colimit of the type sequence

%0 %1 inr %2 inr
AX AX AX
Since we have a cocone
%0 %1 inr %2 inr
AX AX AX

le}l{y/

we also obtain a map f** : AY° — X by the universal property of AY°.
Lemma 24.5.16. Let f : A — X be a map, and let m : U — X be an embedding. Then the function

*00

— oin-seqg : homx (f**, m) — homx(f,m)
is an equivalence.

Theorem 24.5.17. Forany map f : A — X, the map f** : AY> — X is an embedding that satisfies the
universal property of the image inclusion of f.

Lemma 24.5.18. Consider a commuting square

A— B

|

C —— D.

(i) If the square is cartesian, B and C are essentially small, and D is locally small, then A is essentially
small.

(ii) If the square is cocartesian, and A, B, and C are essentially small, then D is essentially small.

Corollary 24.5.19. Suppose f : A — X and g : B — X are maps from essentially small types A and B,
respectively, to a locally small type X. Then A X x B is again essentially small.

Lemma 24.5.20. Consider a type sequence

fo

Ay Aq

where each Ay is essentially small. Then its sequential colimit is again essentially small.

Theorem 24.5.21. For any map f : A — X from a small type A into a locally small type X, the image
im(f) is an essentially small type.

Recall that in set theory, the replacement axiom asserts that for any family of sets {X;};c;
indexed by a set I, there is a set X[I] consisting of precisely those sets x for which there exists an
i € I'such that x € X;. In other words: the image of a set-indexed family of sets is again a set.
Without the replacement axiom, X[I] would be a class. In the following corollary we establish a
type-theoretic analogue of the replacement axiom: the image of a family of small types indexed
by a small type is again (essentially) small.

Theorem 24.5.22. For any map f : A — B from an essentially small type A into a locally small type B,
the image of f is again essentially small.
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Exercises

24.1 Consideramap f : A — Bintoaset B,andletR : A — (A — Prop) be the equivalence

relation given by
R(x,y) := f(x) = f(y).

Show that the map g : A — im(f) satisfies the universal property of the set quotient of R.

24.2 Show that the set truncation of a loop space is a group.

24.3 Recall that a normal subgroup H of a group G is a subgroup of G such that ghg~! is in
H for every h : H and g : G. Given a normal subgroup H of G, we write G/H for the
quotient of G by the equivalence relation where ¢ ~ ¢’ if and only if thereis a h : H such
that ¢h = ¢’. Show that G/H is again a group.

244 (a) Show that any proposition is locally small.

(b) Show that any essentially small type is locally small.
(c) Show that the function type A — X is locally small whenever A is essentially small
and X is locally small.

24.5 Let f : A — B be a map. Show that the following are equivalent:

(i) The map f is locally small in the sense that for every x,y : A, the action on paths of f

aps: (x=y) = (f(x) = f(v))
is an essentially small map.
(ii) The diagonal & of f as defined in Exercise 17.2 is classified by the universal fibration.
24.6 Use Theorems 12.2.1 and 24.5.4 and Corollary 12.3.2 to show that the type

span(A, B) := Y(s41)(S — A) x (§ = B)

of small spans from A to B is equivalent to the type A — (B — U) of small relations from
Ato B.

25 Truncations

25.1 The universal property of the truncations

Definition 25.1.1. Let X be a type. A map f : X — Y into an k-type Y is said to satisfy the
universal property of k-truncation if the precomposition map

—of:(Y=2Z)—= (X—2)
is an equivalence for every k-type Z.

Remark 25.1.2. Amap f : X — Y into an k-type Y satisfies the universal property of k-truncation
if of for every g : X — Z the type of extensions

X
1N
Y > Z
is contractible. Indeed, the type of such extensions is the type

Ynyszhof~g,

which is equivalent to the fiber of the precomposition map — o f at g.
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Theorem 25.1.3. Suppose the map f : X — Y into an k-type Y. The following are equivalent:
(i) The map f satisfies the universal property of k-truncation.

(ii) For any type family P of k-types over Y, the precomposition map

~of (M P®)) = (M x) ()

is an equivalence. This property is also called the dependent universal property of the k-
truncation.

Proof. The direction from (ii) to (i) is immediate, so we only have to show that (i) implies (ii).
Suppose P is a family of k-truncated types over Y. Then we have a commuting square

(Y = L) P(]/)) =, (X = L) P(y))

prie- | Jprie-

(Y%Y) — (X%Y)

Since the total space } .y P (y) is again k-truncated by Exercise 10.3, it follows by the universal
property of the k-truncation that the top map is an equivalence, and by the universal property
the bottom map is an equivalence too. It follows from Corollary 17.5.5 that this square is a
pullback square, so it induces equivalences on the fibers by Theorem 17.5.3. In particular we
have a commuting square

(M P®) — (MxPF()

l l

flb( )(Idy) —_— ﬁb(prlo—)(f)

prio=
in which the left and right maps are equivalences by Exercise 12.17, and the bottom map is an
equivalence as we have just established. Therefore the top map is an equivalence, so we conclude
that f satisfies the dependent universal property. O
Theorem 25.1.4. For any x,y : X, there is an equivalence

(¥lkp1 = [Wler) = [lx = yllx-

Proof. Let x : X. Then we define a family E, : || X||s.1 — U=F as the unique extension

—||x=
x oyl e

= Y
R -

X[k

This unique extension exists by the universal property of (k + 1)-truncation, because the universe
U=k is itself a (k + 1)-truncated type by Exercise 13.1.
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To see that there is an equivalence

(Ix[x = ¥) =~ Ex(y)

for each y : || X||x41, it suffices by Theorem 9.2.2 to show that the total space

X1 X 1) Ex (¥)

is contractible. At the center of contraction we have (|x|,_, |refly|;). It remains to construct the
contraction

TT (X TL (et () (6l Ireflel) = (v, p).
We note that the type (x|, [refly|;) = (, p) is k-truncated, since it is an identity type in the
total space
Ey: Xl Ex(¥),

which is (k + 1)-truncated by Exercise 10.3 and Theorem 10.3.2. Therefore it suffices by Theo-
rem 25.1.3, applied twice, to construct a term of type

H(y:X)l—I(p:x:y)(\x\kHr [refleli) = (Ilks1, |Pl)-

We get such an identification for each p : x = y by path induction on p. O

25.2 The truncations as recursive higher inductive types

Recall from Theorem 10.3.6 that a map f : A — B is (k + 1)-truncated if and only if the action on
paths

aps: (x =y) = (f(x) = f(v))

is a k-truncated map, for each x,y : A. Moreover, in Exercise 17.2 we established that the fibers
of the diagonal map J; : A — A xp A are equivalent to the fibers of the maps apy, so it is also
the case that f is (k + 1)-truncated if and only if the diagonal ¢ is k-truncated.

In the following theorem, we add yet another equivalent characterization to the truncatedness
of a map. We will use this theorem in two ways. First, a simple corollary gives a useful
characterization of k-truncated types. Second, we will use this theorem to derive an elimination
principle of the (k 4 1)-sphere that can be applied to families of k-types

Theorem 25.2.1. Consider a map f : A — B. Then the following are equivalent:
(i) The map f is k-truncated.

(ii) The commuting square

a—TL .8

Ax. constxl J)\y. consty,

k+1 k+1
AS k+1 BS
fS

is a pullback square.
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Proof. We prove the claim by induction on k > —2. The base case is clear, because the map
AST' 5 BS'isa map between contractible types, hence an equivalence. Therefore the square

A——— B

| |

ASTt B!

is a pullback square if and only if A — B is an equivalence.
For the inductive step, assume that for any map g : X — Y, the map g is k-truncated if and
only if the square

X —Y

| |

Xsk+1 Ysk+1
is a pullback square, and consider amap f : A — B. Then f is (k 4 1)-truncated if and only if

aps: (x =y) — (f(x) = f(y)) is k-truncated for each x,y : A. By the inductive hypothesis this
happens if and only if the square

(x=y%" — (f(x) = f(y)s"

is a pullback square, for each x,y : A. Now we observe that this is the case if and only if the
square on the left in the diagram

W)™ — Tieym (x =)

I
®
=
=
Nay
I
-

is a pullback square. The square on the right is a pullback square, so the square on the left is
a pullback if and only if the outer rectangle is a pullback. By the universal property of S¥*?2 it
follows that the outer rectangle is a pullback if and only if the square

A— B

| |

Ask+2 Bsk+2
is a pullback. [

Theorem 25.2.2. Consider a type A. Then the following are equivalent:

(i) The type A is k-truncated.
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(ii) The map
Ax.consty : A — (SF1 = A)

is an equivalence.

Proof. We prove the claim by induction on k > —2. The base case is clear, because the map AS™!
is contractible.
For the inductive step, assume that any type X is k-truncated if and only if the map

Ax.consty : X — (SF1 = X)

is an equivalence. Then A is (k + 1)-truncated if and only if its identity types x = y are k-
truncated, for each x,y : A. By the inductive hypothesis this happens if and only if

(x=y) = (S = (x=y))

is a family of equivalences indexed by x,y : A. This is a family of equivalences if and only if the
induced map on total spaces

(Cosn =) = (Bt =)

is an equivalence. Note that we have a commuting square

A Ask+2

l l

(Zewwa v =v) — (S (= 0)%")

in which both vertical maps are equivalences. Therefore the top map is an equivalence if and
only if the bottom map is an equivalence, which completes the proof. O

Proof. Immediate from the fact that A is k-truncated if and only if the map A — 1 is k-truncated.
O

Definition 25.2.3. Consider a type X. A k-truncation of X consist of a k-type Y, and a map
f : X — Y satisfying the universal property of k-truncation, that for every k-type Z the precom-
position map

—of:(Y=2Z)=(X—2)

is an equivalence.

We define || X||x by the ‘hubs-and-spokes’ method, as a higher inductive type. The idea is
to force any map SKX — || X||; to be homotopic to a constant function by including enough
points (the hubs) for the values of these constant functions, and enough paths (the spokes) for
the homotopies to these constant functions.

Definition 25.2.4. For any type X we define a type || X||x as a higher inductive type, with
constructors

7 X = || X[k
hub : (S1 — || X[le) = [IX ]k
spoke : H(f:SkH*)H)(Hk)H(t:skﬂ)f(t) = hub(f).
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Remark 25.2.5. The induction principle for || X|| asserts that for any family P of types over || X||«,
if we have a dependent function a : [] (,.x)P(77(x)) and a dependent function

B IT (f.s0+1 5 x)10) (H(t;sk+1)P(f(f))) — P(hub(f))
equipped with an identification

1(f.81) : tre(spoke(f, ), 8(t)) = B(f, ),

for every f : S**1 — ||X|lr, g : TT (s P(f(t)), and every ¢ : S**1, then we obtain a dependent
function

B TT egx ) P((x))
equipped with an identification H(x) : h(1(x)) = a(x) for any x : X.
Proposition 25.2.6. For any type X, the type || X ||y is k-truncated.
Proof. By Theorem 25.2.2 it suffices to show that the map
8= Ax.consty : || X — (S — [|X]l)
is an equivalence. Note that the inverse of this map is simply the map
hub = (871 — [ X[lx) = IIX |k,
which is a section of § by the homotopy spoke. Therefore it remains to show that
hub(consty) = x.
for every x : || X||x. Note that spoke(consty, hub(const,)) ! is such an identification. O
Recall that the (k + 1)-sphere is k-connected in the following sense.

Lemma 25.2.7. For any family P of k-types over S¥*1, the evaluation map at the base point
evy (H (t:sk+1)P(t)> — P(x*)

is an equivalence.

Theorem 25.2.8. For any family P of k-types over || X||x, the function

—on: (H (XIHXHk)P(x)) — (H (x:X)P(U(x»)
is an equivalence.

Proof. We first show that for any family P of k-types over || X||¢, the function

—on: (H (x:HXHk)P(x)> — (H (x;x)P(W(x))>

has a section. To see this, we apply the induction principle of || X||x. For any function « :
[T (x:x)P(1(x)) we need to construct a function 1 : [T (y.x|,)P(x) such that hon ~ a, so it

suffices to show that the k-truncatedness of the types in the family P imply the existence of the
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terms B and # of the induction principle of || X||. In other words, we need to show that for every
f:SM1 — || X||x and every g : [T .sk1)P(f(t)) there are

B(f,8) : P(hub(f))
V(£ 8) : I (g1 trp(spoke(f, £), 8 (1)) = B(f,8)-
Since we have already shown that || X||x is k-truncated, it suffices to show the above for f :=

const,, for any x : || X||z. Now the type of g is just the function type S¥*1 — P(x), so by the
truncatedness of P(x) it suffices to construct

B(consty, const;) : P(hub(consty))
y(consty, consty) : TT (.gk+1ytrp(spoke(consty, t), ) = B(consty, consty)
for any x : X and y : P(x). Now we simply define
B(consty, consty ) := trp(spoke(consty, ), y).
Then it remains to construct an identification
trp(spoke(consty, t),y) = trp(spoke(consty, %), )

for any ¢ : SkH, but this follows at once from Lemma 25.2.7, because the identity types of a
k-truncated type is again k-truncated. This completes the proof that the precomposition function

—on: (H (x:HXHk)P(x)) - (H (x:X)P(U(x)))
has a section s for every family P of k-types over || X]||.

To show that it is an equivalence, we have to show that s is also a retraction of the precompo-
sition function — o 7, i.e., we have to show that

s(hoy)=h
for any 1 : [T (. x|,)P(x). By function extensionality, it is equivalent to show that
IT (x:x)1) 8o ) (x) = h(x).

Now we observe that the type s(h o 77)(x) = h(x) is a k-type, and therefore we already know that
the function

—onp: (T gy sCrom () = h(x)) = (TT s o ) (7(x)) = h(n(x)))
has a section. In other words, it suffices to construct a dependent function of type

[ x)s( o) (n(x)) = h(y(x)).
Here we simply use that s is a section — o 17, and we are done. O

Corollary 25.2.9. Forany type X, the map n : X — || X||x satisfies the universal property of k-truncation.
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25.3 Theorems not to forget

Theorem 25.3.1. Consider a type X and a family P of (k + n)-truncated types over || X||x. Then the
precomposition map

—on: (Tx10PW)) = (T (e PO1(x)))

is (n — 2)-truncated.

Exercises

25.1 Consider an equivalence relation R : A — (A — Prop). Show that the map ||, o inl :

A — || AR Al|g satisfies the universal property of the quotient A/R, where A UR A is the
canonical pushout

T
Z(x,y:A)R(xry) —— A
nlJ{ linr
A——— AURA
25.2 Consider the trivial relation 1 := Ax.Ay.1: A — (A — Prop). Show that the set quotient

A/11is a proposition satisfying the universal property of the propositional truncation.
25.3 Show that the type of pointed 2-element sets

L(xp)X

is contractible.
25.4 Define the type F of finite sets by
IF := im(Fin),

where Fin : N — U is defined in Definition 6.4.1.

(a) Show that F ~ Z(n]N) Ll,:in(n).
(b) Show that FF is closed under £ and IT.

25.5 (a) A type Y is called k-separated if for every type X the map
X[l = Y) = (X =)

is an embedding. Show that Y is k-separated if and only if it is (k + 1)-truncated.
(b) A type Y is called n-fold k-separated if for every type X the map

(IX[lk =Y) = (X =)
is (n — 2)-truncated. Show that Y is n-fold k-separated if and only if it is (k + n)-

truncated.

26 The real projective spaces

26.1 The type of 2-element sets

Theorem 26.1.1. The type
Y(xip)X
is contractible.
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Corollary 26.1.2. For any 2-element type X, the map

given by p — try(p, 12) is an equivalence.

26.2 Classifying real line bundles
26.3 The finite dimensional real projective spaces

27 The classifying type of a group

27.1 The classifying type of a group

Theorem 27.1.1. For every group G there is a pointed connected 1-type BG equipped with group
isomorphism
Q(BG) ~ G






Chapter VI

Synthetic homotopy theory

28 Homotopy groups of types

28.1 The suspension-loop space adjunction

We get an even better version of the universal property of 2 X if we know in advance that the
type X is a pointed type: on pointed types, the suspension functor is left adjoint to the loop
space functor. This property manifests itself in the setting of pointed types, so we first give some
definitions regarding pointed types.

Definition 28.1.1. (i) A pointed type consists of a type X equipped with a base point x : X.
We will write U, for the type } (x.s) X of all pointed types.

(i) Let (X, *x) be a pointed type. A pointed family over (X, xx) consists of a type family
P : X — U equipped with a base point *p : P(xx).

(iii) Let (P,*p) be a pointed family over (X, *x). A pointed section of (P, *p) consists of a
dependent function f : [](,.x)P(x) and an identification p : f(xx) = *p. We define the
pointed Il-type to be the type of pointed sections:

() P(%) 1= E(p1 o ) f ($x) = #p

In the case of two pointed types X and Y, we may also view Y as a pointed family over X.
In this case we write X —, Y for the type of pointed functions.

(iv) Given any two pointed sections f and g of a pointed family P over X, we define the type of
pointed homotopies

f e g =TT () = (),
where the family x — f(x) = g(x) is equipped with the base point p+ g~ 1.

Remark 28.1.2. Since pointed homotopies are defined as certain pointed sections, we can use the
same definition of pointed homotopies again to consider pointed homotopies between pointed
homotopies, and so on.

Example 28.1.3. For any type X, the suspension X is a pointed type where the base point is
taken to be the north pole IN.

Definition 28.1.4. Let X be a pointed type with base point x. We define the loop space (X, x)
of X at x to be the pointed type x = x with base point refly.

219
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Definition 28.1.5. The loop space operation () is functorial in the sense that
(i) For every pointed map f : X —, Y there is a pointed map
Q(f) : AX) = Q(Y),
defined by Q(f)(w) := psraps(w)* p;l, which is base point preserving by right-inv(py).
(ii) For every pointed type X there is a pointed homotopy

(iii) For any two pointed maps f : X —, Y and g : Y —, X, there is a pointed homotopy
witnessing that the triangle

of pointed types commutes.

In order to introduce the suspension-loop space adjunction, we also need to construct the
functorial action of suspension.

Definition 28.1.6. (i) Given a pointed map f : X —, Y, we define a map
L(f) : ZX = XY
Definition 28.1.7. We define a pointed map
ex 1 X =4 Q(ZX)

for any pointed type X. This map is called the counit of the suspension-loop space adjunction.
Moreover, ¢ is natural in X in the sense that for any pointed map f : X —, Y we have a
commuting square

X X5 0(2X)
fj |oen
Y —— Q(XY)

Construction. The underlying map of ex takes x : X to the concatenation

merid(x) merid(xx) !
N d( )g1 d(+x) N

This map preserves the base point, since merid(xx) * merid(*x) ™! = refly. O

Definition 28.1.8. (i) For any pointed type X, we define the pointed identity function idy :=
(idx, refl,).
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(if) For any two pointed maps f : X =+ Y and g: Y —. Z, we define the pointed composite

go« f=(gof,ape(ps) " pg)-

Definition 28.1.9. Given two pointed types X and Y, a pointed map from X to Y is a pair (f, p)
consisting of amap f : X — Y and a path p : f(xo) = yo witnessing that f preserves the base
point. We write

X =Y

for the type of pointed maps from X to Y. The type X —, Y is itself a pointed type, with base
point (consty,, refl, ).

Now suppose that we have a pointed map f : X —, Y with p : f(x9) = yo. Then the
composite

X~ aEx) 29 a)
yields a pointed map f : X — Q(Y). Therefore we obtain a map
Txy: (EX = Y) = (X =, Q(Y)).

It is not hard to see that also Tx y is pointed. We leave this to the reader. The following theorem
is also called the adjointness of the suspension and loop space functors. This is an extremely
important relation that pops up in many calculations of homotopy groups.

Theorem 28.1.10. Let X and Y be pointed types. Then the pointed map
Txy : (ZX =4 Y) =4 (X =4 Q(Y))

is an equivalence. Moreover, T is pointedly natural in X and Y.

28.2 Homotopy groups

Definition 28.2.1. For n > 1, the n-th homotopy group of a type X at a base point x : X consists
of the type
|70 (X, 2) | = ([ (X, 2) o

equipped with the group operations inherited from the path operations on )" (X, x). Often we
will simply write 77, (X) when it is clear from the context what the base point of X is.
For n = 0 we define 119(X, x) := || X||o-

Example 28.2.2. In ?? we established that Q)(S!) ~ Z. It follows that
m((sh) =2z and m(SY)y =0  forn>2.

Furthermore, we have seen in ?? that ||S! ||y is contractible. Therefore we also have 71(S') = 0.

28.3 The Eckmann-Hilton argument

Given a diagram of identifications

)

|
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inatype A, wherer: p = p’ and v’ : p’ = p”, we obtain by concatenation an identification
r=7": p = p”. This operation on identifications of identifications is sometimes called the vertical
concatenation, because there is also a horizontal concatenation operation.

Definition 28.3.1. Consider identifications of identifications r : p = p’ and s : ¢ = ¢/, where
p, v :x=y,and q,q' : y = z are identifications in a type A, as indicated in the diagram

We define the horizontal concatenation 7+, s: p*q = p'* ¢’ of r and s.

Proof. First we induct on r, so it suffices to define refl, =, s : p=q = p+ q'. Next, we induct on p,
so it suffices to define reflreq, = s : refly = g = refl, - q'. Since refl, » ¢ = g and refl, « g’ = g, we take

reflreﬂy LS =S. O
Lemma 28.3.2. Horizontal concatenation satisfies the left and right unit laws.

In the following lemma we establish the interchange law for horizontal and vertical concate-
nation.

Lemma 28.3.3. Consider a diagram of the form

Then there is an identification

(rer") o (ses') = (rons) = (" o).

Proof. We use path induction on both r and #/, followed by path induction on p. Then it suffices
to show that

(reflieft, * reflren,) o (5+5) = (reflieq, = s) * (reflief, 4 5').

Using the computation rules, we see that this reduces to

which we have by reflexivity. O
Theorem 28.3.4. For n > 2, the n-th homotopy group is abelian.

Proof. Our goal is to show that

Msmx)r-s=s-r
Since we are constructing an identification in a set, we can use the universal property of 0-
truncation on both r and s. Therefore it suffices to show that

H(r,s:reflxozreflx0)|r|0 ) |S|O = |S|O ) |r|0'



28. EXERCISES 223

Now we use that |r|, - |s|y = |r*s|, and |s|, - 7|y = [s* 7|y, to see that it suffices to show that
r+s = s, for every r,s : refly = refly. Using the unit laws and the interchange law, this is a
simple computation:

I
195)
2
O

Exercises

28.1 Show that the type of pointed families over a pointed type (X, x) is equivalent to the type

Z(Y:Z/{*)Y =5 X
28.2 Given two pointed types A and X, we say that A is a (pointed) retract of X if we have
i:A—4 X,aretractionr : X —, A, and a pointed homotopy H : 7 0, i ~y id*.

(a) Show that if A is a pointed retract of X, then ()(A) is a pointed retract of Q(X).
(b) Show that if A is a pointed retract of X and 71,,(X) is a trivial group, then 7r,(A) is a
trivial group.

28.3 Construct by path induction a family of maps

I1 (A,B:Z/{)H (a:A)H (b:B) ((A,a)=(B,b)) — Z(e:AgB)e(a) =b,
and show that this map is an equivalence. In other words, an identification of pointed types is
a base point preserving equivalence.
28.4 Let (A,a) and (B, D) be two pointed types. Construct by path induction a family of maps
H(f,g:A—)B)H(p:f(a):h)H (q:g(a)=b) ((f P) ( )) - Z(H:ng)P = H({l) *q,

and show that this map is an equivalence. In other words, an identification of pointed maps is
a base point preserving homotopy.
28.5 Show thatif A <— S — B is a span of pointed types, then for any pointed type X the square

(AUSB =, X) —— (B =, X)

l l

(A= X) —— (S =+ X)

is a pullback square.
28.6 Let f : A —, B be a pointed map. Show that the following are equivalent:
(i) fisan equivalence.

(ii) For any pointed type X, the precomposition map
—ouf (B = X) =i (A =4 X)

is an equivalence.
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28.7 In this exercise we prove the suspension-loopspace adjunction.

(a) Construct a pointed equivalence
Txy : (B(X) = Y) > (X = Q(Y))

for any two pointed spaces X and Y.
(b) Show that forany f : X —, X' and g : Y/ —., Y, there is a pointed homotopy
witnessing that the square

Tyt y!

(E(X) = Y) ——— (X' =, Q")
hHgohoZ(f)l thQ(g)ohof
(Z(X) =+ Y) — (X =+ Q(Y))

28.8 Show that if

|

X

:

is a pullback square of pointed types, then so is

—_

Q(C) —— Q(B)

| |

Q(A) — Q(X).

28.9 (a) Show that if X is k-truncated, then its n-th homotopy group 71, (X) is trivial for each
choice of base point, and each n > k.
(b) Show that if X is (k 4 I)-truncated, and for each 0 < i < I the (k + i)-th homotopy
groups 7y ;(X) are trivial for each choice of base point, then X is k-truncated.
It is consistent to assume that there are types for which all homotopy groups are trivial,
but which aren’t contractible nonetheless. Such types are called co-connected.
28.10 Consider a cospan

ALX&B

of pointed types and pointed maps between them.

(a) Define the type of pointed cones cone, (C), where the vertex C is a pointed type. Also
characterize its identity type.
(b) Define for any pointed cone (p, g, H) with vertex C the map

cone-map,.(p,q,H) : (C' —. C) — cone,(C').

Now we can say that the cone (p, g, H) satisfies the universal property of the pointed
pullback of the cospan A — X < A if this map is an equivalence for each pointed
type C'.

(c) Now consider a commuting square
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where f and g are assumed to be pointed maps between pointed types (they come
equipped with a : f(ag) = xp and B : g(by) = xo, respectively). Show that if C is a
pullback (in the usual unpointed sense), then C can be given the structure of a pointed
pullback in a unique way, i.e., show that the type of

Cco - C
v : p(co) = ag
d:q(co) =bo

eraps(7)ra= H(co)" (apg(6)* B)

for which C satisfies the universal property of a pointed pullback, is contractible.
(d) Conclude that a commuting square of pointed types is a pointed pullback square if
and only if the underlying square of unpointed types is an ordinary pullback square.

29 Connected types and maps

In this section we introduce the concept of k-connected types and maps. We define k-connected
types to be types with contractible k-truncation, and a k-connected map is just a map of which
the fibers are k-connected. The idea is that a type is k-connected if and only if its homotopy
groups 77;(X) are trivial for all i < k.

One of the main theorems in this section is a characterization of k-connected maps in terms
of their action on homotopy groups: A map f : X — Y is k-connected if and only if it induces
isomorphisms

mi(f,x) s (X, x) — (Y, f(x))

of homotopy groups, for each i < k and each x : X, and a surjective group homomorphism

Tt (f, %) @ 1 (X, x) = e (Y, f(x)

on the (k + 1)-st homotopy group, for each x : X. If one drops the condition that f induces a
surjective group homomorphism on the (k + 1)-st homotopy group, then the map is only a k-
equivalence, i.e., a map of which || f||; is an equivalence. We see from the above characterization
that any k-connected map is a k-equivalence, and also that any (k + 1)-equivalence is a k-
connected map. Nevertheless, the difference between the classes of k-equivalences and k-
connected maps is somewhat subtle.

We will study k-equivalences and k-connected maps synchronously, because understanding
the subtle differences between the results about either of them will increase the understanding of
both classes of maps. For instance, we will show that the k-connected maps enjoy a dependent
elimination property, while the k-equivalences only satisfy a non-dependent elimination property.
We will see that the k-equivalences satisfy the 3-for-2 property, while one of the cases of the
3-for-2 property fails for k-connected maps.

The k-connected maps can be characterized as the class of maps that is left orthogonal to
the class of k-truncated maps, where a map f : A — B is said to be left orthogonal to a map
g+ X — Y if the type of diagonal fillers of any commuting square of the form

A—— X

fl o 4 lg

B——Y
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is contractible. Similarly, the class of k-equivalences is the class of maps that is left orthogonal
to any map between k-truncated types. However, this result is not entirely sharp, because
there are more maps that the k-equivalences are left orthogonal to. It turns out that a map is a
k-equivalence if and only if it is left orthogonal to any map ¢ : X — Y for which the naturality
square

X —2% Ly
dl |
1X|

is a pullback square. Such maps are called k-étale, and they induce isomorphisms

Y
ke Yl

(8, %) : (X, x) = (Y, g(x))

on homotopy groups fori > k.

In the final part of this section we will use the results about k-equivalences to show that the
n-sphere is (n — 1)-connected, for each n : IN, and that the join A * B is (k + I + 2)-connected if
A is k-connected and B is [-connected.

29.1 Connected types

Definition 29.1.1. A type X is said to be k-connected if its k-truncation || X||; is contractible. We
define
is-conny (X) := is-contr|| X||x-

Remark 29.1.2. Since the (—2)-truncation of any type is just 1, it follows that every type is (—2)-
connected. Furthermore, since any proposition is contractible as soon as it comes equipped with
a term, it follows that any type is (—1)-connected as soon as it is inhabited.

In Theorem 29.1.4 below, we will see that a type X is 0-connected if and only if it is inhabited
and every two points are connected by an unspecified path. In this sense 0-connected types are
also called path connected, or just connected. Thus, it is immediate that the circle is an example
of a connected type.

Similarly, in the case where k = 0 the theorem states that a type X is 1-conneced if and only if
it is inhabited and for every x,y : X the identity type x = y is path connected. In other words, a
type is simply connected if it is 1-connected! The 2-sphere is an example of a simply connected
type. This fact is shown in Corollary 29.4.4 below, where we will show more generally that the
n-sphere is (1 — 1)-connected, for each n : IN.

Lemma 29.1.3. Ifa type is (k + 1)-connected, then it is also k-connected.

Proof. This follows from the fact that ||| X||x11llx = | X||x- Indeed, if || X||;1 is contractible, then
its k-truncation is also contractible, so it follows that || X||x is contractible. O

For the following theorem, recall that a type X is said to be inhabited if it comes equipped
with a term || X _1.

Theorem 29.1.4. Consider a type X. Then the following are equivalent:
(i) The type X is (k + 1)-connected.

(ii) The type X is inhabited, and the type x = y is k-connected for each x,y : X.
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Proof. Suppose first that X is (k 4+ 1)-connected. It is immediate that X is inhabited in this case.
Moreover, since we have equivalences

(n(x) =ny) = llx =yl

for each x, y : X, it follows from the assumption that || X ||, is contractible that the type ||x = y/||x
is equivalent to a contractible type. This proves that (i) implies (ii).

To see that (ii) implies (i), suppose that X is inhabited and that its identity types are k-
connected. Our goal is to construct a term of type

is-contr|| X||x11,

which is a proposition, so we may eliminate the assumption that X is inhabited and assume to
have x : X. Now we simply take 7(x) for the center of contraction of || X||x1. To construct the
contraction, note that by the dependent universal property of (k + 1)-truncation we have an
equivalence

(Mt 1) = v) = (T (x) = 1))

Therefore it suffices to construct an identification 77(x) = #(y) for every y : X. However, this
type is contractible, since it is equivalent to the contractible type ||x = y/|x. This completes the
proof of (ii) implies (i). O

In the case where k > —1 we can improve Theorem 29.1.4 and characterize a high degree of
connectedness entirely in terms of the triviality of homotopy groups. This is what connectedness
is all about.

Theorem 29.1.5. Consider a type X, and suppose that k > 0. Then the following are equivalent:
(i) The type X is k-connected.
(ii) The type X is connected, and for every x : X the loop space
Q(X, x)
is (k — 1)-connected.
(iii) For eachi < k and each x : X, the i-th homotopy group ;(X, x) is trivial.

Proof. If X is k-connected for k > 0, then it is certainly connected, and Q(X, x) is (k — 1)-
connected by Theorem 29.1.4. Thus, the fact that (i) implies (ii) is immediate.

To see that (ii) implies (i), note that if X is connected and its loop spaces are (k — 1)-connected,
then all its identity types are (k — 1)-connected, since we have

IT (xy:x)is-contr([|x = yllk—1) = IT(xy:x) 1x = yll -1 = is-contr([|lx = yllx—1)
= I (xy:x) (X = y) = is-contr(||x = yllx—1)
= H(x:X)is-contr(Hx = x”k—l)'

In the first step of this calculation we use that X is connected, so ||x = y/||_1 is contractible; then
we use that is-contr(||x = y||x_1) is a proposition; and finally we use the universal property of
identity types to arrive at our assumption that the loop spaces of X are (k — 1)-connected. Since
we have shown that the identity types are (k — 1)-connected, it follows by Theorem 29.1.4 that X
is k-connected, which concludes the proof that (ii) implies (i).

It is easy to see by induction on k > 0 that (ii) holds if and only if (iii) holds, since we have

i1 (X, x) = 7 (Q(X, x)). O
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Remark 29.1.6. If X is assumed to be a pointed type in Theorem 29.1.5, then conditions (ii) and
(iii) only have to be checked at the base point.

29.2 k-Equivalences and k-connected maps
We now study two classes of maps that differ only slightly: the k-equivalences and the k-
connected maps.
Definition 29.2.1.
(i) Amap f : X — Yis said to be k-connected if its fibers are k-connected. We will write
is-conng(f) := I (yy)is-conng(fibg ().

(ii) Amap f: X — Y is said to be a k-equivalence if

1A e X e = WY Il

is an equivalence. We will write
is-equivy (f) := is-equiv (]| f|[x)-

Example 29.2.2. Any equivalence is a k-connected map, as well as a k-equivalence. Moreover, for
any k-connected type X the map const, : X — 11is k-connected. It is also immediate that any map
between k-connected types is a k-equivalence.

Example 29.2.3. A (—1)-connected map is a map f : X — Y for which the propositionally
truncated fibers

[Ifibs ()1

are contractible. Since propositions are contractible as soon as they are inhabited, we see that a
map is (—1)-connected if and only if it is surjective.

A (—1)-equivalence, on the other hand, is justa map f : X — Y that induces an equivalence
| X||=1 =~ [|Y||=1. The map const;, : 1 — 2 is an example of such a map, showing that (—1)-
equivalences don’t need to be surjective.

However, it is the case that every surjective map f : X — Y is in fact (—1)-equivalence. To
see this, we need to show that

1Y ll—x = [IX]] -1

Such a map is constructed by the universal property of (—1)-truncation. Thus, it suffices to
construct a function Y — || X||_1. Since we have assumed that f is surjective, we have for every
y:Yaterm

s(y) = [Ifibe(y) ]| -1-
Thus, we define a function Y — || X||_1 by
y = llerall-a(s())-

This concludes the proof that f is a (—1)-equivalence, since we have shown that || X||_1 <> [|Y]|_1.
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Remark 29.2.4. An immediate difference between the classes of k-equivalences and k-connected
maps is that the k-connected maps are stable under base change, while the k-equivalences are
not. By this, we mean that for any pullback square

E -2, E

P/l J{P
B’ T> B,

if the map p is k-connected, then the map p’ is also k-connected. In such a pullback diagram,
the map p’ is sometimes called the base change of p along f. By Theorem 17.5.3 we have an

equivalence
fib, (b') =~ fib, (f(b"))

forany b’ : B/, so it is indeed the case that if the fibers of p are k-connected, then so are the fibers
of p.

An example showing that the k-equivalences are not stable under base change is given by the
pullback square

Qs —— 1
1 — Sk+1

We will show in Corollary 29.4.4 that the (k + 1)-sphere is k-connected, so the map 1 — S**1 is
a k-equivalence. However, its loop space is only (k — 1)-connected, and indeed we will show
in ?? that 7134 (S*1) = Z for k > 0, showing that Q(S**1) is not k-connected. Thus, the map
Q(Sk1) — 1 s not a k-equivalence.

Elimination properties

We will show that a map f : X — Y is a k-equivalence if and only if the precomposition function

—of:(Y=2)=» (X—2)

is an equivalence for every k-type Z. On the other hand, we will show that f is k-connected if
and only if the precomposition function

-of: (H(y:Y)P(y)> — (H(x;X)P(f(x))>

is an equivalence for every family P of k-types over Y. In other words, the k-connected maps
satisfy a dependent unique elimination property, while the k-equivalences only satisfy a non-
dependent unique elimination property.

Theorem 29.2.5. Consider a function f : X — Y. Then the following are equivalent
(i) The map f is a k-equivalence.
(ii) For every k-type Z, the precomposition function
—of:(Y=2)=(X—2)

is an equivalence.
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Theorem 29.2.6. Let f : X — Y be a map. The following are equivalent:
(i) The map f is k-connected.

(ii) For every family P of k-truncated types over Y, the precomposition map

~of (M P®)) = (M x) P((0)))
is an equivalence.

Proof. Suppose f is k-connected and let P be a family of k-types over Y. Now we may consider
the following commuting diagram

T (o) P(v) ! P(f(x)
[T llfibr (W)l — P(y) IT ex) IT () T1 (i) =) P (W)

N

H(y:Y)ﬂbf(y) _>P(y) — H(y:Y IT (x:X) H(pf(x) =y) ( )

which commutes by htpy-refl. In this diagram, the five maps going around counter clockwise are
all equivalences for obvious reasons, so it follows that the top map is an equivalence.

Now suppose that f satisfies the dependent elimination property stated in (ii). In order to
construct a center of contraction of [|fibs(y) || for every y : Y, we use the dependent elimination
property with respect to the family P given by P(y) := |[fibs(y) k- O

Corollary 29.2.7. For any type X, the unit 17 : X — || X||x of the k-truncation is a k-connected map.
The inclusions
We will prove the following implications

Proposition 29.2.8 Proposition 29.2.9

is-equivy 1 (f) is-conn(f) is-equivg(f)

showing that the class of k-connected maps is contained in the class of k-equivalences, and that
the class of (k + 1)-equivalences is contained in the class of k-connected maps. Neither of these
implications reverses.

Proposition 29.2.8. Any k-connected map is a k-equivalence.
Proposition 29.2.9. Any (k + 1)-equivalence is k-connected.

Proof. Consider a (k + 1)-equivalence f : X — Y. Recall that the map || f||x;1 comes equipped
with a homotopy H : || f|[x+1 0% ~ 7 o f witnessing that the square

f

X ———Y

a K

[ XNer1 = (¥ llisa
(£ 41
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commutes. We be using this homotopy, and we will use Theorem 29.2.6 to show that f is
k-connected. Thus, our goal is to show that

—of : (T P®)) = (M) ()

is an equivalence for any family P of k-types over Y.

Note that any family P of k-types over Y extends to a family P of k-types over || Y/|x1, since
any univalent universe of k-types that contains P is itself a (k + 1)-type by Exercise 13.1. The
extended family P of k-types over ||Y||;1 comes equipped with a family of equivalences

e:T1yvP(n(y)) = P(y).
Now consider the commuting diagram

—ollfllk+1

IT vl PY) —— TT ey PO g (%))

\n

- IT () Pl f k1 (1 (x)))
\/hHAx.trp(H(x),h(x))
Ty P(1(y)) [T (ex)P(n(f(x)))
hH)\y.ey(h(y)N ﬁHAx.ef(X)(h(x))
H(y:Y)P(y) ——of> H(xX)P(f(x))

This diagram commutes by the homotopy

Ah. eq-htpy (Ax. ape(£(x)) (apdy (H(x))) 7).

In this diagrams all the maps pointing downwards are equivalences for obvious reasons: the
two maps — o 17 are equivalences since P is a family of k-types, and the remaining three maps
pointing downwards are all postcomposing with an equivalence. The top map is an equivalence
since || f |51 is assumed to be an equivalence. Thus we conclude that the bottom map — o f is an
equivalence. O

The 3-for-2 property

An important distinction between the class of k-equivalences and the class of k-connected maps
is that the k-equivalences satisfy the 3-for-2 property, while the k-connected maps do not.
Remark 29.2.10. It is not hard to see that the k-connected maps don’t satisfy the 3-for-2 property.
For example, consider the following commuting triangle

d
*2>Sl

N/

where d; : S' — S! is the degree 2 map. Since the circle is a 0-connected type, it follows that
the maps S! — 1 are O-connected. However, the fiber of d, at the base point is equivalent to the
booleans, which is a non-contractible set so it is certainly not 0-connected.

Sl
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Lemma 29.2.11. The k-equivalences satisfy the 3-for-2 property, i.e., for any commuting triangle
A—" B
N
X,
if any two of the three maps are k-equivalences, then so is the third.

Proof. This follows immediately from the fact that equivalences satisfy the 3-for-2 property. [

Proposition 29.2.12. Consider a commuting triangle
A—" B
N /e
X
with H : f ~ g o h. The following three statements hold:
(i) If f and h are k-connected, then g is k-connected.

(ii) If g and h are k-connected, then f is k-connected.

(iii) If f and g are k-connected, then h is a k-equivalence.

Proof. The first two statements combined assert that if / is k-connected, then f is k-connected
if and only if g is k-connected. To see that this equivalence holds, consider for any family P of
k-truncated types over X the commuting square

TT () P(%) ¢ IT (0:3)P(3(b))
—o l l—oh
TT () P(f(a)) TT () P(8(1(2)))

As.Aa.trp(H(a),s(a))

In this square, the bottom map is given by postcomposing with the family of equivalences
trp(H(a)) indexed by a : A, so it is an equivalence. The map on the right is an equivalence by
Theorem 29.2.6, using the assumption that / is a k-connected map. The square commutes by the
homotopy

As.eq-htpy (Aa.apds(H(a))).

Therefore it follows that the precomposition map — o f is an equivalence if and only if the
precomposition map — o g is. By Theorem 29.2.6 we conclude that f is connected if and only if g
is. This proves statements (i) and (ii).

Statement (iii) follows from the facts that any k-connected map is a k-equivalence by ?? and
that the k-equivalences satisfy the 3-for-2 property ?2. O
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The acion on homotopy groups
Theorem 29.2.13. Consider amap f : X — Y, and suppose that k > —1. The following are equivalent:
(i) The map f is a k-equivalence.

(i) The map f is a (—1)-equivalence, and for every 0 < i < k and every x : X, the induced group
homomorphism
i(f, %) 2 (X, x) = (Y, f(x))
is an isomorphism.

Definition 29.2.14. A map f : X — Y is said to be a weak equivalence if it is a 0-equivalence,
and it induces an isomorphism

i(f,x) s (X, x) = (Y, f(x)
on homotopy groups, for every x : X and everyi > 1.

The following corollary is an instance of Whitehead’s principle, which asserts that a map
between any two spaces is a homotopy equivalence if and only if it is a weak equivalence. Thus,
by the following corollary, Whitehead’s principle holds for k-types.

Corollary 29.2.15. Consider two k-types X and Y, and consider a map f : X — Y between them. Then
the following are equivalent:

(i) The map f is an equivalence.
(ii) The map f is a weak equivalence.
Theorem 29.2.16. Consider a map f : X — Y. The following are equivalent:
(i) The map f is (k + 1)-connected.
(ii) The map f is surjective, and for each x, x' : X the action on paths
apy : (x = x') = (f(x) = f(x))
is k-connected.
Theorem 29.2.17. Consider a surjective map f : X — Y. The following are equivalent:
(i) The map f is k-connected.
(ii) The induced maps on loop spaces
Q(f,x) : Q(X, x) = Q(Y, f(x))
is (k — 1)-connected for every x : X.
(iii) The induced maps on homotopy groups
i(f,x) s mi(X, x) = (Y, f(x))
are isomorphisms for 0 < i < k, and it is surjective for i = k + 1.

Remark 29.2.18. If f : X — Y is a pointed map between connected types, then conditions (ii) and
(iii) in ?? only have to be checked at the base point.
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29.3 Orthogonality

The idea of orthogonality is that a map f : A — B is left orthogonal to a map g : X — Y if for
every commuting square of the form

with H : (io f) ~ (g o h), the type of diagonal fillers is contractible. The type of diagonal fillers
is the type of maps j : B =+ X equipped with homotopies

K:jof~h
L:gojn~i
and a homotopy M witnessing that the triangle

gojofg%K>hog

iof
commutes. A slicker way to express this condition is to assert that the map
(B— X) = Lasx)L(i:B—y)iof ~ goh

given by j — (jo f, g o j, htpy-refl) is an equivalence. Indeed, the type of triples (h,i, H) in the
codomain is the type of commuting squares with respect to which we stated the orthogonality
condition. Now we may even recognize the above map as a gap map of a commuting square,
and we arrive at our actual definition of orthogonality.

Definition 29.3.1. A map f : A — B is said to be left orthogonal to amap g : X — Y, or
equivalently the map g is said to be right orthogonal to f, if the commuting square

XB —of XA

S

YB_—Of>YA

is a pullback square.
Theorem 29.3.2. Let f : A — B be a map. The following are equivalent:

(i) The map f is k-connected.

(ii) The map f is left orthogonal to every k-truncated map. is a pullback square.
Theorem 29.3.3. Let f : A — B be a map. The following are equivalent:

(i) The map f is a k-equivalence.
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(ii) The map f is left orthogonal to every map between k-truncated types.
(iii) The map f is left orthogonal to every map g : X — Y for which the naturality square

X —% 4y

”l l”
XNk === 1Yl
gl

is a pullback square. Such maps are called k-étale.

29.4 The connectedness of suspensions

We will use connected maps to prove the connectedness of suspensions.

Proposition 29.4.1. Consider a pushout square

LB

l.’

-
—— W

b

—

1
Ifthemap f : S — A is k-connected, then so is the map j : B — X.

Proof. We claim that the map j : B — X is left orthogonal to any k-truncated map p : Y — Z,
which is equivalent to the property that j is k-connected. To see that j is left orthogonal to p,
consider the commuting cube

% /}B\ zX
1> <L
NS

In this cube, the front left square is a pullback square because the map f : S — A is assumed
to be k-connected, and therefore it is left orthogonal to the k-truncated map p. The back left
and front right squares are pullback squares by the pullback property of pushouts. Therefore it
follows that the back right square is a pullback square. This shows that j is left orthogonal to
p. O

Lemma 29.4.2. A pointed type X is (k + 1)-connected if and only if the point inclusion
1—-X

is a k-connected map.
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Proof. Since X is assumed to have a base point xj : X, it follows that X is (k + 1)-connected if
and only if its identity types (x = y) are k-connected. Now the claim follows from the fact that
there is an equivalence

ﬁbconstxo (y) ~ (x0 = ]/) -

Theorem 29.4.3. If X is an k-connected type, then its suspension XX is (k + 1)-connected.

Proof. The type X is k-connected if and only if the map const, : X — 1is a k-connected map.
Recall that the suspension of X is a pushout

const
X —51

Is
©X

const. |
=~
Therefore we see by Proposition 29.4.1 that the point inclusions N,S : 1 — XX are both k-
connected maps. By Lemma 29.4.2 it follows that X is a (k + 1)-connected type. O
Corollary 29.4.4. The n-sphere is (n — 1)-connected.

Proof. The 0-sphere is (—1)-connected, since it contains a point. Thus the claim follows by
induction on n : IN, using Theorem 29.4.3. O

29.5 The join connectivity theorem

Theorem 29.5.1. If X is k-connected and Y is I-connected, then their join X = Y is (k + 1 4 2)-connected.

Theorem 29.5.2. Consider a pullback square

]

A— X.

—

If the maps A — X and B — X are k- and I-connected, respectively, then the map A LUC B — X is
(k + 1 + 2)-connected.

Theorem 29.5.3. The connected maps contain the equivalences, are closed under coproducts, pushouts,
retracts, and transfinite compositions.

Exercises

29.1 Show that every type is equivalent to a disjoint union of connected components, i.e., show
that for every type X there is a family of connected types B; by a set I, with an equivalence

X >~ Y inBi

29.2 Let f : A —, B be a pointed map between pointed n-connected types, for n > —1. Show
that the following are equivalent:
(i) f isan equivalence.

(ii) Q"*1(f) is an equivalence.
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29.3

294

29.5

29.6

29.7

29.8

299

Show that if
A—— B

s
X —Y
is k-cocartesian in the sense that the cogap map is k-connected, then the map cofib(f) —

cofib(g) is k-connected.
Show thatif f : X — Y is a k-connected map, then so is

AN = 11X = (1Y

forany [ > —2.
Consider a commuting square
A—— B
fl lg
X —Y
(a) Show that if the square is k-cartesian and g is k-connected, then so is f.
(b) Show that if f is k-connected and g is (k + 1)-connected, then the square is k-cartesian.

(a) Show that any sequential colimit of k-connected types is again k-connected.
(b) Show that if every map in a type sequence

A Aq Ay

is k-connected, then so is the transfinite composition Ag — Aco.
Recall that a commuting square is called k-cartesian, if its gap map is k-connected. Show
that (k + 1)-truncation preserves I-cartesian squares for any ! < k, i.e., show that for any
I <k, if a square

7.8
lg

— X
f

SPELYCN

is [-cartesian, then the square

ll9llx+1
ICllx+1 ——— [IBllk+1

lelml Ugum

[Alkr1 == X[kt
ks

is [-cartesian.

Generalize Remark 29.2.10 to show that for every k > —1, the k-connected maps do not
satisfy the 3-for-2 property.

Consider a commuting square

Show that the following are equivalent:
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29.10

29.11

29.12
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(i) The map A — X Xy B is n-connected. In this case the square is called n-cartesian.
(ii) For each x : X the map
fibr(x) — fibg(f(x))
is n-connected.
Consider a map f : A — B. Show that the following are equivalent:
(i) The map f is a weak equivalence.
(ii) The map f is co-connected, in the sense that f is k-connected for each k.

(iii) The map f is left orthogonal to any map between truncated types of any truncation
level.

(iv) The map f is left orthogonal to any truncated map, for any truncation level.

Thus we see that, while the classes of k-connected maps and k-equivalences differ for finite
k > —1, they come to agree at cc.

Consider a pointed (k + 1)-connected type X. Show that every k-truncated map f : A — X

trivializes, in the sense that there is a k-type B and an equivalence ¢ : A ~ X x B for which
the triangle

A—% 5 XxB

N e

commutes.
Consider a k-equivalence f : B’ — B. Show that the base-change functor induces an
equivalence

(Z(E:L{)Z(p:EaB)is'etalek(p)) ~ (Z(E':u)Z(p/:EqB/)is'eta|ek(}’/)>-

In other words, for every k-étale map p’ : E' — B’ there is a unique k-étale map p : E — B
equipped with a map g : E' — E such that the square

-9,
P'l 7

B —— B
f

commutes and is a pullback square. In this sense k-étale maps descend along k-equivalences.

30 A second perspective on groups

30.1

The category of pointed connected 1-types

Proposition 30.1.1. Consider a k-connected map f : X — Y, and a family P of (k + n)-truncated types
over Y, where n > 0. Then the precomposition map

o f : (Muw)P®)) = ([ @x) PU(0)))

is (n — 2)-truncated.
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Proposition 30.1.2. Consider a pointed (k + 1)-connected type X, and a family Y : X — US"F of
(n + k)-truncated types over X. Then the map

ev-pt : (H (x:X)Y(x)) — Y(pt)
induced by the point inclusion 1 — X, is an (n — 2)-truncated map.

Proof. Note that we have a commuting triangle

( [T (x:X)Y<x)>
7ocons‘tp/ ev-pt
IT (1) Y(pt) oot Y(pt),
( ) ;

so the map on the left is an (1 — 2)-truncated map if and only if the map on the right is. For the
map on the left, the claim follows immediately from Proposition 30.1.1, since the point inclusion
constpt : 1 — X is a k-connected map by ?2. O

Definition 30.1.3. If X : Upt and Y : X — Ui, then we introduce the type of pointed sections,
ITx) Y (%) 3= sy v (x)) S(PY) = Pt
This type is itself pointed by the trivial section Ax. pt.

Corollary 30.1.4. Consider a pointed k-connected type X, and a family Y : X — L{pgt’”k of pointed
(n + k)-truncated types over X. Then the type H’(*x: X) Y(x) is (n — 1)-truncated.

Proof. Note that we have a pullback square

H(X:X)Y(x) “evpt Y(x),

so the claim follows from the fact that ev-pt is an (n — 1)-truncated map. O
Theorem 30.1.5. The type hom, 1\ (G, H) is an n-type for any G, H : (n, k)GType.

Proof. If X is (k — 1)-connected, and Y is (n + k)-truncated, then the type of pointed maps
X —pt Y is n-truncated. O

Corollary 30.1.6. The type (n,k)GType is (n + 1)-truncated.

Proof. This follows immediately from the preceding corollary, as the type of equivalences G ~ H
is a subtype of the homomorphisms from G to H. O

If k > n + 2 (so we're in the stable range), then hom,, ;) (G, H) becomes a stably groupal
n-groupoid. This generalizes the fact that the homomorphisms between abelian groups form an
abelian group.
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Corollary 30.1.7. The automorphism group Aut G of a higher group G : (n,k)GType is a 1-groupal
(1 4 1)-group, equivalent to the automorphism group of the pointed type B*G.

Proposition 30.1.8. For any two pointed n-connected (n + k + 1)-truncated types X and Y, the type of
pointed maps
X =Y

is k-truncated.

Corollary 30.1.9. For any two pointed n-connected (n + 1)-truncated types X and Y, the type of pointed
maps
X =Y

is a set.

Theorem 30.1.10. The pre-category of n-connected (n + 1)-truncated types in a universe U is Rezk
complete.

30.2 Equivalences of categories

Definition 30.2.1. A functor is...

Definition 30.2.2. A functor F : C — D is an equivalence if ...

30.3 The equivalence of groups and pointed connected 1-types
Theorem 30.3.1. The loop space functor

Type(l) — Group

is an equivalence of categories.

31 The Hopf fibration

Our goal in this section is to construct the Hopf fibration. The Hopf fibration is a fiber sequence
S'— 8% s%

More generally, we show that for any type A equipped with a multiplicative operation y : A —
(A — A) for which p(x, —) and (-, x) are equivalences, there is a fiber sequence

A— Ax A—-» LA

The construction of this fiber sequence is known as the Hopf construction. We then get the Hopf
fibration from the Hopf construction by using the multiplication on S! constructed in §15.3 after
we show that S! x S! ~ 83,

We then introduce the long exact sequence of homotopy groups. The long exact sequence is
an important tool to compute homotopy groups which applies to any fiber sequence

F — E — B.
In the case of the Hopf fibration, we will use the long exact sequence to show that

m(S°) = mi(S?)
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for any k > 3.

Since the Hopf fibration is closely related to the multiplication operation of the complex
numbers on the unit circle, the Hopf fibration is sometimes also called the complex Hopf fibration.
Indeed, there is also a real Hopf fibration

S" 8! —» s,
This is just the double cover of the circle. There is even a quaternionic Hopf fibration

S3 — 87— s%,
which uses the multiplication of the quaternionic numbers on the unit sphere. The main difficulty
in defining the quaternionic Hopf fibration in homotopy type theory is to define the quaternionic
multiplication

mulgs : §° — (S° — 7).

The construction of the octonionic Hopf fibration

§7 < 81— 88
in homotopy type theory is still an open problem. Another open problem is to formalize Adams’
theorem [1] in homotopy type theory, that there are no further fiber sequences of the form

sk s — s,

fork,l,m > 0.

31.1 Fiber sequences

Definition 31.1.1. A short sequence of maps into a pointed type B with base point b consists of
maps

F—sEg-".B

equipped with a homotopy p o7 ~ const,. We say that a short sequence as above is an unpointed
fiber sequence if the commuting square

is a pullback square.

Definition 31.1.2. A short sequence of pointed maps into a pointed type B with base point b
consists of pointed maps

F%ELB

equipped with a pointed homotopy p o i ~ const,. We say that a short sequence as above is an
fiber sequence if the commuting square

F
const*l
1

& — ™
=

|

consty,

is a pullback square.
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31.2 The Hopf construction

The Hopf construction is a general construction of a fiber sequence
A—AxA—»ZXA,

that applies to any H-space A. Our definition of an H-space is chosen such that it provides only
the necessary structure to apply the Hopf construction. We give an unpointed and a pointed
variant, and moreover we give a coherent variant that is more closely related to the traditional
definition of an H-space.

Definition 31.2.1.

(i) An unpointed H-space structure on a type A consists of a multiplicative operation
H:A—(A—A)
for which u(x, -) and u(-, x) are equivalences.

(ii) If A is a pointed type with base point e : A, then an H-space structure on A is an unpointed
H-space structure on A equipped with an identification (e, e) = e.

(iii) A coherent H-space structure on a pointed type A with base point e : A consists of an
unpointed H-space structure y on A that satisfies the unit laws, i.e.,  comes equipped
with identifications

left-unity, : p(e,a) = a
right-unit,, : p(a,e) =a
coh-unity, : left-unit, (e) = right-unit,, (e).

Example 31.2.2. The loop space ((A) of any pointed type is a coherent H-space, where the
multiplication is given by path concatenation.

By an unpointed fiber sequence, we mean a sequence

F—sE-"uB

where only the type B is assumed to be pointed (with base point b), and the square

F E
const*l lp
1 B

i
—

—
consty,

is a pullback square. The most immediate

Theorem 31.2.3 (The Hopf construction). Consider a type A equipped with an H-space structure .
Then there is an unpointed fiber sequence

A—>AxA—» XA

If A and the H-space structure are pointed, then this unpointed fiber sequence is an fiber sequence.
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Proof. Note that there is a unique map h : A * A — XA such that the cube

AxXA

AV@X\A
>

Ax A

commutes. By this commuting cube it is enough to show that the two back squares are pullback
squares, because then it follows by ... that the two front squares are pullback squares. We then
define the Hopf fibration to be

Ay AvaA yya

which is a fiber sequence by the fact that the front left square in the cube is a pullback square.
Thus, we have to show that the two squares

AxA LA AxA LA
N
A— 31 A— 51

are pullback squares. Thus, we have to show that the maps

fib-sq : fibpr, (x) — fibconst, (*)
fib-sq : fibpr, (x) — fibconst, (*)

are equivalences for each x : X. Note that there are commuting squares

. fib- . fib- .
fibpr, (X) —— fibeonst, () fibpr, (X) —— fibconst, (*)
A— A A—m—— 3 A
p(x,~) p(=x)

In both squares both vertical maps are equivalences by Exercise 8.6. Moreover, we have assumed
that p(x, —) and p(—, x) are equivalences for each x : X, so the claim follows. O

Corollary 31.2.4. There is a fiber sequence
S' — slxsl - 8%

Lemma 31.2.5. The join operation is associative
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Proof.

A+— AxC — AxC

I | I

AXB+— AXxBxC —— AxC

| | |

B—BxC—C

Corollary 31.2.6. There is an equivalence S' x S! ~ S5,
Theorem 31.2.7. There is a fiber sequence S' — 83 — S2.
Lemma 31.2.8. Suppose f : G — H is a group homomorphism, such that the sequence

f

0 G H 0

is exact at G and H, where we write O for the trivial group consisting of just the unit element. Then f is a
group isomorphism.

Corollary 31.2.9. We have 715(S?) = Z, and for k > 2 we have 71;.(S?) = m(S?).

31.3 The long exact sequence
Definition 31.3.1. A fiber sequence F < E — B consists of:
(i) Pointed types F, E, and B, with base points xy, 1o, and by respectively,

(ii) Base point preserving mapsi : F —, Eand p : E —, B, with a : i(xg) = yp and
B:p(vo) = bo,

(iii) A pointed homotopy H : consty, ~ p 0. i witnessing that the square

1

F—— E
b
lcoTth;B,

commutes and is a pullback square.
Lemma 31.3.2. Any fiber sequence F — E — B induces a sequence of pointed maps

arF) 29 aE) 2% am) 2 F L E "5 B,

in which every two consecutive maps form a fiber sequence.
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Proof. By taking pullback squares repeatedly, we obtain the diagram

Q(F) — 1
o) [sorsan,
Q(E) —— Q(B) —— 1
L e
P
1 W B. 0

Definition 31.3.3. We say that a consecutive pair of pointed maps between pointed sets

ALBLC

is exact at B if we have
(3 f(@) =b) & (2(b) =)
forany b : B.

Remark 31.3.4. If a pair of consecutive pointed maps between pointed sets

ALBLC

is exact at B, it directly that im(f) = fibg(c). Indeed, such a pair of pointed maps is exact at B if
and only if there is an equivalence e : im(f) =~ fibg(c) such that the triangle

im(f) —<— fibg(c)

N/

commutes. In other words, im(f) and fibg(c) are equal as subsets of B.

Lemma 31.3.5. Suppose F — E —» B is a fiber sequence. Then the sequence

il e,
IFllo == [IEllo == [[Bllo

is exact at || El|o-

Proof. To show that the image im |i|o is the fiber fibj, (|boly), it suffices to construct a fiberwise
equivalence

IT )i )1o) Ifibyage (Ml =1 = [l pllo(x) = [bol-

By the universal property of O-truncation it suffices to show that

IT (. lIfibyi, (xlo) -1 == lIpllo(1x]o) = [bolo-
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First we note that

Ipllo(xlg) = [bolg = [P(x)]o = Ibolo
~ |lp(x) = bol| -1

Next, we note that

fibyio (1x10) = Lysiiego) lillo(w) = |xlg
~ |2 lillo(lylo) = [xlollo
~ | Zq:piW)lo = [xlollo
~ | Zq:plliy) = x[|-1llo-

Therefore it follows that

[fibyjig ([xlo)11-1 = X ¢yep) li(y) = x| 11l -1
~ (| :p)i(y) = x[| -1

Now it suffices to show that ( Y(,.r) i(y) = x) = p(x) = bo. This follows by the pasting lemma
of pullbacks

O

Theorem 31.3.6. Any fiber sequence F — E — B induces a long exact sequence on homotopy groups

70 (1)

nn(F) 7'[”(}7)

70, (E) T, (B)

()

>7T1(F)*> 1 (E) ), m1(B)

wo(F) s mo(E) TP ()

314 The universal complex line bundle

Definition 31.4.1. A coherently associative unpointed H-space structure on a type X consists
of
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31.5 The finite dimensional complex projective spaces

Remark 31.5.1. The universe of types that are merely equal to the circle does not classify complex
line bundles.

Exercises

31.1 Consider an unpointed H-space X of which the multiplication is associative, and consider
x : X. Construct a unit for the multiplication, and show that it satisfies the coherent unit
laws.

31.2 (a) Show that the type of associative unpointed H-space structures on 2 is equivalent to 2.

(b) Show that the type of associative (pointed) H-space structures on (2, 1) is contractible.

31.3 Show that any fiber sequence

F—E—»B

where the base points are xq : B, yg : F, and zp : E induces a fiber sequence of connected

components
BAut(yo) — BAut(zg) — BAut(xp).

31.4 Show that there is a fiber sequence
S < 8% — ||S?[|,

where the map S? — ||S?||, is the unit of the 2-truncation.

31.5 Show that CP* is a coherent H-space. Note: the 2-sphere is not an H-space, and yet its
2-truncation is!

31.6 Construct for every group G of order n + 1 a fiber sequence

G — V(iFin(n2)) st —» V (i:Fin(n)) st

31.7 Show that there is a fiber sequence
RP*® — CP* — CP®.
31.8 Show that the type of (small) fiber sequences is equivalent to the type of quadruples
(B, P, by, xp), consisting of
B:U
P:B—U
bo :B
X : P(bo)

32 The Blakers-Massey theorem

The Blakers-Massey theorem is a connectivity theorem which can be used to prove the Freuden-
thal suspension theorem, giving rise to the field of stable homotopy theory. It was proven in the
setting of homotopy type theory by Lumsdaine et al, and their proof was the first that was
given entirely in an elementary way, using only constructions that are invariant under homotopy
equivalence.
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32.1 The Blakers-Massey theorem

Consider a span A <— S — B, consisting of an m-connected map f : S — A and an n-connected
map g : S — B. We take the pushout of this span, and subsequently the pullback of the resulting
cospan, as indicated in the diagram

=
AX (g B —23B (32.1)

[ l

A;——m——>Au53

The universal property of the pullback determines a unique map u : § — A X4 sp) B as
indicated.

Theorem 32.1.1 (Blakers-Massey). The map u : S — A X5 sg) B of Eq. (32.1) is (n + m)-connected.

32.2 The Freudenthal suspension theorem

Theorem 32.2.1. If X is a k-connected pointed type, then the canonical map
X — Q(XX)
is 2k-connected.

Theorem 32.2.2. 71,(S") = Z forn > 1.

32.3 Higher groups

Recall that types in HoTT may be viewed as co-groupoids: elements are objects, paths are
morphisms, higher paths are higher morphisms, etc.

It follows that pointed connected types B may be viewed as higher groups, with carrier ()B.
The neutral element is the identity path, the group operation is given by path composition, and
higher paths witness the unit and associativity laws. Of course, these higher paths are themselves
subject to further laws, etc., but the beauty of the type-theoretic definition is that we don’t have
to worry about that: all the (higher) laws follow from the rules of the identity types. Writing
G for the carrier (B, it is common to write BG for the pointed connected type B, which comes
equipped with an identification G = (OBG. We call BG the delooping of G.

The type of pointed types is Upt := }(a4) A. The type of n-truncated types is sno=
Y(aw) is-trunc, A and for n-connected types it is U~" := Y 444) is-conn, (A). We will combine
these notations as needed.

Definition 32.3.1. We define the type of higher groups, or co-groups, to be
0oGrp := Z(G:U)Z(BG;M;O)G ~ OBG.

When G is an co-group, we also write G for its first projection, called the carrier of G.
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Remark 32.3.2. Note that we have equivalences

ooGrp = Y L(peuz0) G = QBG
= Z(G:Z/{pt)Z(BG:u’;O)G ~ot QOBG
~ U’
for the type of higher groups.

Automorphism groups form a major class of examples of co-groups. Given any type A and any
object a : A, the automorphism group at a is defined as automorphism group Auta := (a = a).
This is indeed an co-group, because it is the loop space of the connected component of A at a, i.e.
we define BAuta :=im(a:1 — A) = (x: A) X ||a = x||_1. From this definition it is immediate
that Auta = (OBAuta, so we see that Auta is indeed an example of an co-group.

If we take A = Set, we get the usual symmetric groups S, := Aut(Fin(n)), where Fin(n) is a
set with n elements. (Note that BS,, = BAut(Fin(1n)) is the type of all n-element sets.)

We recover the ordinary set-level groups by requiring that G is a O-type, or equivalently, that
BG is a 1-type. This leads us to introduce:

Definition 32.3.3. We define the type of groupal (n — 1)-gropuoids, or n-groups, to be
nGrp = L cugm Lpcuz0) G ~pt ABG.
We write Grp for the type of 1-groups.

The type of n-groups is therefore equivalent to the type of pointed connected (n + 1)-types.
Note thatif A is an (n + 1)-type, then Auta is an (n + 1)-group because Auta is n-truncated.

For example, the integers Z as an additive group are from this perspective represented by
their delooping BZ = S!, i.e., the circle. Indeed, any set-level group G is represented as its
delooping BG := K(G, 1).

Moving across the homotopy hypothesis, for every pointed type (X, x) we have the funda-
mental co-group of X, IT (X, x) := Autx. Its (n — 1)-truncation (an instance of decategorifi-
cation, see §32.4) is the fundamental n-group of X, I1,(X, x), with corresponding delooping
BIT, (X, x) = ||BAutx||,.

Double loop spaces are more well-behaved than mere loop spaces. For example, they are
commutative up to homotopy by the Eckmann-Hilton argument [3, Theorem 2.1.6]. Triple loop
spaces are even better behaved than double loop spaces, and so on.

Definition 32.3.4. A type G is said to be k-tuply groupal if it comes equipped with a k-fold
delooping, i.e. a pointed k-connected BXG : I/{pztk and an equivalence G ~ QFBFG.
Mixing the two directions, we also define
(n,k)GType := Z(G:L{Fﬁ”)z(BkG:ugtk)G ~or OFBFG
>k,<n+k
~ Z/lﬁ n+

for the type of k-tuply groupal n-groupoids'. We allow taking n = oo, in which case the
truncation requirement is simply dropped.

I This is called nif; in [BaezDolan1998], but here we give equal billing to 1 and k, and we add the “G” to indicate
group-structure.
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Table VI.1: Periodic table of k-tuply groupal n-groupoids.

k\n 0 1 2 cee 00
0  pointed set pointed groupoid  pointed 2-groupoid --- pointed co-groupoid
1 group 2-group 3-group -+ co-group
2 abelian group braided 2-group braided 3-group -++  braided oo-group
3 —— symmetric 2-group  sylleptic 3-group -+-  sylleptic co-group
4 —— —— symmetric 3-group ---  ?? co-group
(@) —— —— —— -+ connective spectrum

Note that nGrp = (n — 1,1)GType. This shift in indexing is slightly annoying, but we keep it
to stay consistent with the literature.
Note that for each k > 0 there is a forgetful map

(n,k+1)GType — (n,k)GType,

given by B¥*1G s QBF*1G, defining a sequence
- —— (n,2)GType —— (n,1)GType —— (n,0)GType.
Thus we define (1, 00)GType as the limit of this sequence:

(n,00)GType := limg(n, k)GType
= Z(B‘G:H (k:N)upZtkéHk)H (k:]N)BkG “pt QBIG.

In §32.4 we prove the stabilization theorem (Theorem 32.4.10), from which it follows that
(n,00)GType = (n,k)GType for k > n + 2.

The type (o0, c0)GType is the type of stably groupal co-groups, also known as connective
spectra. If we also relax the connectivity requirement, we get the type of all spectra, and we can
think of a spectrum as a kind of co-groupoid with k-morphisms for all k € Z.

The double hierarchy of higher groups is summarized in Table VI.1. We shall prove the
correctness of the n = 0 column in ??.

A homomorphism between higher groups is any function that can be suitably delooped.

Definition 32.3.5. For G, H : (1, k)GType, we define

hom ) (G, H) = L (:Gos ) L (415G ety Y (B ~pe B
~ (B : B¥G —p B¥H).

For (connective) spectra we need pointed maps between all the deloopings and pointed homo-
topies showing they cohere.

Note that if h,k : G — H are homomorphisms between set-level groups, then / and k are
conjugate if Bh, Bk : BG —t BH are freely homotopic (i.e., equal as maps BG — BH).
Also observe that

7(B*G —pt B'H) = | B*G —pe VB*Hl|o
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~ |2/ B*G —p B¥H|Jg
~0

for j > n, which suggests that hom,, 1 (G, H) is n-truncated. To prove this, we deviate slightly
from the approach in [BuchholtzDoornRijke] and use the following intermediate result.

32.4 The stabilization theorem for higher groups

Definition 32.4.1. The decategorification Decat G of a k-tuply groupal (1 + 1)-group is defined
to be the k-tuply groupal n-group ||G||,,_1, which has delooping || B*G||,,;x_1. Thus, decategorifi-
cation is an operation

Decat : (n,k)GType — (n — 1,k)GType.

The functorial action of Decat is defined in the expected way. We also define the co-decategorification
co-DecatG of a k-tuply groupal co-group as the k-tuply groupal n-group || G||,, which has deloop-
ing || BG4

Definition 32.4.2. The discrete categorification Disc G of a k-tuply-groupal (n + 1)-group is
defined to be the same co-group G, now considered as a k-tuply groupal (n + 2)-group. Thus,
the discrete categorification is an operation

Disc : (n,k)GType — (n + 1,k)GType.

Similarly, the discrete co-decategorification co-DiscG of a k-tuply groupal (1 + 1)-group is de-
fined to be the same group, now considered as a k-tuply groupal co-group.

Remark 32.4.3. The decategorification and discrete categorification functors make the (1 4 1)-
category (n,k)GType a reflective sub-(oo, 1)-category of (n + 1,k)GType. That is, there is an
adjunction Decat - Disc. These properties are straightforward consequences of the universal
property of truncation. Similarly, we have co-Decat — co-Disc such that the counit induces an
isomorphism co-Decat o co-Disc = id.

For the next constructions, we need the following properties.

Definition 32.4.4. For A : Up: we define the n-connected cover of A to be A(n) := fiby Al
We have the projection p1 : A(n) —pt A.

Lemma 32.4.5. The universal property of the n-connected cover states the following. For any n-connected
pointed type B, the pointed map

(B —pt A(n)) —pt (B —pt A),

given by postcomposition with p, is an equivalence.

Proof. Given amap f : B —pt A, we can form a map f: B — A(n). First note that for b : B
the type [fb|n, =| 4], IPtln is (n — 1)-truncated and inhabited for b = pt. Since B is n-connected,
the universal property for connected types shows that we can constructa qb : |fb|, = |pt|, for
all b such that qo : gbo - ap|_|, (fo) = 1. Then we can define the map f(b) := (fb,qb). Now f is

|

pointed, because (fo,40) : (fbo, gbo) = (ap,1).
Now we show that this is indeed an inverse to the given map. On the one hand, we need to

show thatif f : B —p; A, then pry o f = f. The underlying functions are equal because they both
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send b to f(b). They respect points in the same way, because app;(fg) = fo. The proof that the
other composite is the identity follows from a computation using fibers and connectivity, which
we omit here, but can be found in the formalization. O

The next reflective sub- (oo, 1)-category is formed by looping and delooping.

looping Q) : (n,k)GType — (n — 1,k +1)GType
(G, BXG) — (QG, B*G(k))

delooping B : (n,k)GType — (n+ 1,k —1)GType
(G, B¥G) — (QF-1BKG, BXG)

We have B - ), which follows from Lemma 32.4.5 and ) o B = id, which follows from the fact
that A(n) = A if A is n-connected.

The last adjoint pair of functors is given by stabilization and forgetting. This does not form a
reflective sub-(co, 1)-category.

forgetting F : (n,k)GType — (n,k —1)GType
(G, B¥G) — (G,QB*G)

stabilization S : (1, k)GType — (n,k + 1)GType
(G, B*G) = (SG, ||ZB*G||141),
where SG = ||QF1EZBYG||,

We have the adjunction S 4 F which follows from the suspension-loop adjunction ~ - Q) on
pointed types.

The next main goal in this section is the stabilization theorem, stating that the ditto marks
in Table V1.1 are justified.

The following corollary is almost [3, Lemma 8.6.2], but proving this in Book HoTT is a bit
tricky. See the formalization for details.

Lemma 32.4.6 (Wedge connectivity). If A : Upt is n-connected and B : Upy is m-connected, then the
map ANV B — A x Bis (n + m)-connected.

Let us mention that there is an alternative way to prove the wedge connectivity lemma: Recall

that if A is n-connected and B is m-connected, then A * B is (n + m + 2)-connected [joinconstruction].

Hence the wedge connectivity lemma is also a direct consequence of the following lemma.

Lemma 32.4.7. Let A and B be pointed types. The fiber of the wedge inclusion AV B — A x B is
equivalent to QYA x QB.

Proof. Note that the fiber of A — A x B is OB, the fiber of B - A x B is Q0A, and of course the
fiber of 1 — A x Bis QYA x Q)B. We get a commuting cube

OA x QOB
OB 1 0OA

> ><]
~ |

A

X —

s
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in which the vertical squares are pullback squares.
By the descent theorem for pushouts it now follows that ()A * (OB is the fiber of the wedge
inclusion. O

The second main tool we need for the stabilization theorem is:
Theorem 32.4.8 (Freudenthal). If A : Uy" with n > 0, then the map A — QX.A is 2n-connected.

This is [3, Theorem 8.6.4].
The final building block we need is:

Lemma 32.4.9. There is a pullback square

YO0A —— AV A

a |

AT>A><A

forany A : Ups.

Proof. Note that the pullback of A : A — A X A along either inclusion A — A X A is contractible.

1/ \1
ST
\ A/

AxA

N\
/

%
1

in which the vertical squares are all pullback squares. Therefore, if we pull back along the wedge
inclusion, we obtain by the descent theorem for pushouts that the square in the statement is
indeed a pullback square. O

Theorem 32.4.10 (Stabilization). If k > n+2, then S : (n,k)GTIype — (n,k + 1)GType is an
equivalence, and any G : (n, k)GType is an infinite loop space.

Proof. We show that Fo S =id = So F : (n,k)GType — (n,k)GType whenever k > n + 2.
For the first, the unit map of the adjunction factors as

B¥G — QEB*G — Q||ZB*G || si1

where the first map is 2k — 2-connected by Freudenthal, and the second map is n + k-connected.
Since the domain is 11 + k-truncated, the composite is an equivalence whenever 2k —2 > n + k.
For the second, the counit map of the adjunction factors as

IZQBGllu ik — [|IB*Gllnsx — B*G,

where the second map is an equivalence. By the two lemmas above, the first map is 2k — 2-
connected. O
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For example, for G : (0,2)GType an abelian group, we have B"G = K(G, n), an Eilenberg-
MacLane space.

The adjunction S - F implies that the free group on a pointed set X is Q|| 2X||; = 1 (2X). If
X has decidable equality, XX is already 1-truncated. It is an open problem whether this is true in
general.

Also, the abelianization of a set-level group G : 1Grp is 712(2BG). If G : (n, k)GType is in the
stable range (k > n + 2), then SFG = G.

32.5 Eilenberg-Mac Lane spaces

Exercises

32.1 Show that if X is m-connected and f : X — Y is n-connected, then the map
X — fiby (%)

where s : Y — My is the inclusion of Y into the cofiber of f, is (1 + n)-connected.
32.2 Suppose that X is a connected type, and let f : X — Y be a map. Show that the following
are equivalent:

(i) f is n-connected.
(ii) The mapping cone of f is (1 + 1)-connected.

32.3 Apply the Blakers-Massey theorem to the defining pushout square of the smash product
to show that if A and B are m- and n-connected respectively, then there is a (m + n +
min(m, n) 4+ 2)-connected map

Q(A) * Q(B) — Q(A A B).

32.4 Show that the square
1—2

]

X — X+1

is both a pullback and a pushout. Conclude that the result of the Blakers-Massey theorem
is not always sharp.
32.5 Show that for every pointed type X, and any # : IN, there is a fiber sequence

K(711(X), 1 +1) = | X1 = 1 X
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(-,-),21 cartesian product, 44
—17,20 anti-reflexive, 38
@, see empty type anti-symmetric
05,19 poset, 89
0y # 15,45 apy, see action on paths
On, 14 ap-comp, 29
0z, 20 ap-concat, 29
1, see unit type ap-id, 29
15,19 ap-inv, 29
17,20 ap-refl, 29
2, see booleans apd I 30
3-by-3 lemma associativity
for pushouts, 146 of addition on IN, 30
3-for-2 property of addition on Z, 45
of contractible types, 53 of dependent function composition, 12
of equivalences, 44 of function composition, 10
of pullbacks, 120 of multiplication on IN, 30
of path concatenation, 27
A + B, see coproduct of X-types, 45
a = x, see identity type attaching cells, 135
A — B, see function type Aut, 93
A ~ B, see equivalence automorphism group, 93
as relation, 90 axiom
truncatedness, 90 function extensionality, 78
A X B, see cartesian product univalence, 87
action on generators axiom K, 64
for the circle, 102
action on paths, 28-29 B4, see function type
ap-comp, 29 base, 99
ap-concat, 29 base case, 14
ap-id, 29 B-rule
ap-inv, 29 for I'l-types, 9
ap-refl, 29 bi-implication, 84, 88
fibers of, 133 bi-invertible map, see equivalence
addp, 16 binomial coefficient, 17, 80
addn (m) is an embedding, 67 binomial theorem, 80
addz, 23 Bishop on the positive integers, 13
addition on N, 16-17 boolean algebra, 19, 23
annihilation laws boolean logic, 19
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boolean operations, 19
booleans, 19
02,19
15,19
computation rules, 19
conjunction, 19
consty is not an equivalence, 45
disjunction, 19
exclusive disjunction, 23
if and only if, 23
implication, 23
induction principle, 19
neg,, 19
negation, 19
Peirce’s arrow, 23
rules, 23
Sheffer stroke, 23

canonical pullback, 122
cart map
cart-mapg, 166
is an equivalence, 166
cart(S,S8’), 165
cart-descg, 165
cartesian product, 22
annihilation laws, 44
as pullback, 124
computation rule, 22
indy, 22
induction principle, 22
rules, 23
universal property, 81
cartesian square, 119
cartesian transformation
of spans, 165
category, 97
of groups, 97
of posets, 98
of semi-groups, 97
of sets, 97
poset, 97
category laws, 97
for functions, 10
center of contraction, 47
change of variables, 5
characterization of identity type
contractible type, 53
coproduct, 59-60
fiber, 49

INDEX

fundamental theorem of identity types,
54-62
2-type, 4243
choice, 79
choice™, 79
circle, 99-115, 135, 171
base, 99
fundamental cover, 107-115
total space is contractible, 112
is a 1-type, 113
loop, 99
Sl ~ 2,142
classical-Prop
classical-Prop ~ 2,90
classified by the universal family, 205
closed term, 2
closed type, 2
cocartesian square, 137
cocone, 136
cocone-map, 137
cocones(X), 136
as a pullback, 141
codiagonal, 171
cofibs, 142
cofiber, 142
coherently invertible, 82
is a proposition, 84
coherently invertible map, 50
is a contractible map, 50
commutativity
of addition on IN, 30
of addition on Z, 45
of coproducts, 45
of multiplication on IN, 30
commuting cube, 148
comp(g, f), 10
composition
of dependent functions, 12
associativity, 12
unit laws, 12
of equivalences, 44
of functions, 10
associativity, 10
unit laws, 11
of group homomorphisms, 94
of morphisms, 97
of semi-group homomorphisms, 93
computation rules
for N, 15
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for pushouts, 157
of booleans, 19
of cartesian product, 22
of coproduct, 20
of X-types, 22
of the circle, 99
of unit type, 18
of Z,21
con-inv, 30
concat, 26
is a family of equivalences, 44
is an embedding, 98
concat’, 44
is a family of equivalences, 44
concat-list, 24
concatenation
for identifications, 26
of lists, 24
cone
on a cospan, 118
cone-map, 119
cone(-), 118
cons(a,l), 24
consty, 11
constant family, 5
constant function, 11
context, 1-3
empty context, 2
contractible
retract of, 78
weak function extensionality, 77
contractible map, 49-53
is an equivalence, 49
contractible type, 46-54
3-for-2 property, 53
center of contraction, 47
closed under cartesian product, 53
closed under retracts, 53
contraction, 47
identity types of, 53
is a proposition, 62
is equivalent to 1, 53
contraction, 47
conversion rule
term, 6
variable, 3
coproduct, 20-21
computation rules, 20
disjointness, 59—-60
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functorial action, 46
identity type, 59-60
indy, 20
induction principle, 20
inl, 20
inr, 20
is commutative, 45
rules, 23
unit laws, 44
universal property, 84
Z,20

cospan, 118

d|n
is a proposition if d > 0, 67
dependent action on generators
for the circle, 99
dependent action on paths, 30, 99
dependent function
dependent action on paths, 30
dependent function type, 7-12
B-rule, 9
change of bound variable, 8
computation rules, see - and #-rules
congruence rule, 8
elimination rule, see evaluation
n-rule, 9
evaluation, 9
formation rule, 8
introduction rule, see A-abstraction
A-abstraction, 8
A-congruence, 8
dependent pair, 21
dependent pair type, 21-22
(_/ - )/ 21
computation rule, 22
EqZ/ 42
identity type, 42-43
indy:, 22
induction principle, 22
left unit law, 53
pri, 22
pro, 22
rules, 23
dependent type theory, 1-7
dependent universal property
of the circle, 100
derivation, 5-6
Desc(S), 161
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desc-famg, 161

is an equivalence, 161
descg1, 107
descent, 117

empty type, 134
descent data, 161

for the circle, 107
descent theorem

for pushouts, 166
dgeng1, 99
diagonal

of a map, 133

fibers of, 133
of a type, 206
fibers of, 133

disjoint sum, see coproduct
disjointness of coproducts, 5960
distributivity

of inv over concat, 30

of muly over addyy, 30

of ITover X, 79

Eg1, 108
embedding, 58-59, 184, 185
closed under homotopies, 60

diagonal is an equivalence, 133

pullbacks of embeddings, 128
empty context, 2
empty type, 18-19

indg, 18

induction principle, 18

is a proposition, 62

rules, 23

universal property, 84

encoding of a type in a universe, 31

enough universes, 33-35
Eq,, 38
Eq-fib, 49
Eq]N ’ 36
EqZ/ 42
eg-equiv, 87
eq-htpy, 77
eq-pair, 43
equiv-eq, 87
is a group isomorphism, 98
equivalence, 3946
3-for-2 property, 44
closed under homotopies, 44
composition, 44

has an inverse, 41
inverse, 41
is a contractible map, 53
is an embedding, 58
pointed equivalence, 90
postcomposition, 84
precomposition, 82
pullback of, 128
equivalence induction, 87
equivalence relation, 197, 199

observational equality on IN, 37

ess-small(A), 203
ess-small(f), 203
essentially small
is a proposition, 204
map, 203
type, 203
is locally small, 209
n-rule, 88
for I1-types, 9
ev-inl-inr, 84
ev-pair, 81
ev-pt, 47, 85
ev-refl, 81
evaluation, 9
exponentiation function on IN, 17
extensionality principle
for functions, 77
for propositions, 88
for types, 87

INDEX

f + g, see functorial action, of coproducts

f ~ g, see homotopy
factorial operation, 17
family, 3
constant family, 5
fiber of, 4
fibers of projection map, 53
of finite types, 36
transport, 29
trivial family, 5
universal family, 32
family of equivalences, 54-56, 127
family of maps, 126
fibe(b), 49
fiber, 49
as pullback, 125

characterization of identity type, 49

Eq-fib, 49



INDEX

of a family, 4
of tot(f), 54
fiber product, 124
fiberwise join, 172
Fibonacci sequence, 14, 17, 23
fibrant replacement, 54
Fin, 80
Fin, 36
finite types, 36
first projection map, 22
flatten-list, 24
flattening lemma
for pushouts, 163, 168
fold-list, 24
function
action on paths, 29
addition on IN, 16-17
binomial coefficient, 17
const, 11
constant function, 11
exponentiation on IN, 17
factorial operation, 17
has a retraction, 41
has a section, 41
has an inverse, 41
is an equivalence, 41
maxp, 17
minpy, 17
mulyy, 17
pri, 22
pro, 22
predy, 23
succyy, 14
succy, 21
swap, 12
is an equivalence, 41
function extensionality, 77
function type, 1, 9
composition, 10
identity function, 10
functorial action
of coproducts, 46
fundamental cover
of the circle, 107-115
fundamental theorem of identity types, 42,
54-62,77, 87,95
formulation with retractions, 61
formulation with sections, 61
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gof,10
I'ta: A2
IT'ta=b:A2
I' - A = Btype, 2
I' - Atype, 1
gap map, 123
gengi, 102
Goldbach’s Conjecture, 30
graph
of a function, 90
Group, 92
identity type, 96
is a 1-type, 96
is a category, 97
group, 32,92
automorphism group of set, 93
homomorphism, 94
is a category, 97
loop space of 1-type, 92
Sn, 93
Z,93
group homomorphism
isomorphism, 94
preserves units and inverses, 98
group operations
onZ,?23
groupoid laws
of homotopies, 39-40
of identifications, 2628

H - f, see homotopy, whiskering operations
h - H, see homotopy, whiskering operations
has an inverse, 41
has-inverse( f), 41
has-inverse(id) ~ (id ~ id), 84
helix, 108
higher inductive type
circle, 99
hom(G, H) for groups, 94
hom(G, H) for semi-groups, 93
homomorphism
of groups, 94
homotopy, 39-40
commutative diagram, 40
groupoid laws, 39-40
htpy-concat, 39
htpy-inv, 39
htpy-nat, 51
htpy-refl, 39
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iterated, 39

naturality, 51

whiskering operations, 40
homotopy fiber, see fiber
homotopy induction, 77
Homotopy interpretation, 25
horizontal line, see inference rule
htpy-concat, 39

is a family of equivalences, 83
htpy-concat’

is a family of equivalences, 83
htpy-eq, 77

is an equivalence, 77
htpy-inv, 39

is an equivalence, 83
htpy-nat, 51
htpy-refl, 39
hypothetical term, 2

Id4, see identity type
ida, 10
identification, 25
identification elimination, 25
identity function, 5, 10
is an equivalence, 41
identity homomorphism
for groups, 94
of semi-groups, 93
identity morphism, 96
identity system, 57-58
identity type, 2, 24-31
action on paths, 28-29
as pullback, 133
con-inv, 30
coproduct, 59-60
distributive-inv-concat, 30
identification, 25
identification elimination, 25
induction principle, 25
inv-con, 30
lift, 30
Mac Lane pentagon, 31
of a fiber, 49
of a Il-type, 77
of a X-type, 4243
of a universe, 87
of cone(C), 118
of contractible type, 53
of Group, 96

INDEX

of retract is retract, 45
of Semi-Group, 95
of U, 90
path, 25
path induction, 25
path-ind, 25
refl, 25
rules, 25-26
total space is contractible, 48
tower of identity types, 28
transport, 29
universal property, 81
iff-eq, 88
image, 191
ind4, 20
ind@ ’ 18
indq, 18
ind2 ’ 19
indpy, 14
indy, 22
indy, 22
indexed term, 3
indexed type, 3
induction principle
for equivalences, 87
for homotopies, 77
for N, 15
identification elimination, 25
list(A), 24
of booleans, 19, 23
of cartesian products, 22
of coproduct, 20
of empty type, 18
for N, 14
of X-types, 22
of the circle, 99
of the identity type, 25
of unit type, 18
of Z,20
path induction, 25
singleton induction, 47
inductive step, 14
inductive type, 13-31
booleans, 19
cartesian product, 22
circle, 99-115
coproduct, 20-21
dependent pair type, 21-22
empty type, 18-19
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identity type, 24-31
list(A), 24
natural numbers, 13
unit type, 18
inference rule, see rule
conclusion, 1
hypotheses, 1
injective function, 64
inl, 20
is an embedding, 60
inr, 20
is an embedding, 60
integers, 20-21, 23
—17,20
0z, 20
17,20
add Zr 23
computation rules, 21
Fibonacci sequence, 23
group laws, 45
in-neg, 20
in-pos, 20
induction principle, 20
mulz, 23
negy, 23
predy, 23
succy, 21
interchange rule, 6
inv, 27
is an equivalence, 44
inv-con, 30
inverse
of an equivalence, 41
is an equivalence, 41
inverse law operations
for identifications, 28
inverse laws
for a group, 92
for addition on Z, 46
for semi-group isomorphisms, 94
inverse operation
for identifications, 27
is a contractible map, 49
equivalence, 53
is a proposition
contractible type, 62
d|nford>0,67
empty type, 62
is a set, 64
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natural numbers, 65

is an embedding, 58

(—1)-truncated map, 67

@0 — A, 60

addp (m), 67

composite of embeddings, 60

equivalence, 58

if the action on paths have sections, 61

injective map into a set, 64

inl (for coproducts), 60

inr (for coproducts), 60

left factor of embedding if right factor
is an equivalence, 61

muln (m) for m > 0, 67

right factor of embedding if left factor
is an embedding, 60

succyy, 67

is an equivalence, 41

action on paths of an embedding, 58
concat’(q), 44

concat(p), 44

contractible map, 49
htpy-concat’(K), 83

htpy-concat(H), 83

htpy-eq, 77

htpy-inv, 83

identity function, 41

inv, 44

inverse of an equivalence, 41

neg,, 45

pair-eq, 43

pry of contractible family, 53

succyz, 45

swap function, 41

tot(f) of family of equivalences, 55

trB(p), 44

is contractible

factor of contractible cartesian product,
53

fiber of an equivalence, 53

identity type of contractible type, 53

iff singleton induction, 48

is a property, 84

total space of an identity system, 57

total space of identity type, 48

total space of opposite identity type, 53

unit type, 47

is family of equivalences

iff tot(f) is an equivalence, 55
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is-coh-invertible(f), 50
is-contr(A), see contractible type
is a proposition, 84
is-contr( f), see contractible map
is-decidable
is a proposition, 90
is-emb(f), 58
is-equiv(f), 41
is a proposition, 84
is-equiv(f) = is-coh-invertible(f), 84
is-equiv(f) ~ is-contr(f), 84
is-equiv(f) ~ path-split(f), 84
is-function(R), 90
is-group, 92
is a proposition, 92
is-group’, 92
is a proposition, 92
is-iso for semi-groups, 94
is a proposition, 94
is-prop’(A), 62
is-prop(A), 62
is-prop(A) <> (A — is-contr(A)), 62
is-prop(A) <> is-emb(const, ), 62
is-prop(A) < is-prop’(A), 62
is-set(A), 64
is-set(A) > axiom-K(A), 64
is-truncg (A), 65
is-truncy (A) — is-truncgq1(A), 65
is-unital, 91
is a proposition, 92
is-classified( f), 205
iso(x,vy), 97
iso-eq for groups, 96
iso-eq for semi-groups, 95
isomorphism, 86
in a pre-category, 97
of groups, 94
of semi-groups
preserves unit, 98
is-truncy
is a proposition, 84
iterated homotopies, 39
iterated loop space, 35

join, 143

XxY,143

judgment, 1-3
I'ka:A,?2
I'a=b:A2
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I'- A= Btype,2
I'- Atype, 1
judgmental equality
conversion rules, 3
is an equivalence relation, 3
of terms, 2
of types, 2

k-truncated map, see truncated map
k-truncated type, see truncated type
k-type, 65, 78

universe of k-types, 90

A-abstraction, 8
A-congruence, 8
laws
of a category, 97
left-inv, 28
left-unit, 28
left unit law, see unit laws
of X-types, 53
length-list, 24
lift, 30
list(A), see lists in A
lists in A
concat-list, 24
cons, 24
flatten-list, 24
fold-list, 24
induction principle, 24
length-list, 24
nil, 24
reverse-list, 24
sum-list, 24
listsin A, 24
loc-small(A), 203
locally small, 206
map, 209
type, 203
loop, 99
loop space, 35
of 1-type is a group, 92

Mac Lane pentagon, 31
mapping cone, 143
maximum function, 17
minimum function, 17
monoid, 91

morphism, 96

muly, 17
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muln (m) is an embedding if m > 0, 67
muly, 23
multiplication

onIN, 17

IN, see natural numbers
n-sphere, 140
\% fr 171
natural numbers, 2, 13-17
indy, 14
is a closed type, 2
is a poset with divisibility, 89
is a poset with <, 89
is a set, 65
observational equality, 36
operations on IN
O, 14
add]N ’ 16
addition, 16-17
binomial coefficient, 17
exponentiation, 17
Fibonacci sequence, 14, 17
maxpy, 17
minpy, 17
mulyg, 17
n!, 17
succyy, 14
rules for N
computation rules, 15
elimination, see induction
formation, 13
induction, 15
induction principle, 14
introduction rules, 14
semi-ring laws, 30
naturality square of homotopies, 51
—A, see negation
neg,, 19
is an equivalence, 45
negy, 23
negation
of types, 19
negation function
on booleans, 19
nil, 24

objects, 96
observational equality
qu, 42
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of coproducts, 59
of Il-types, 39
on 2, 38
is least reflexive relation, 38
is reflexive, 38
on booleans
02 # 15,45
on N, 36
is an equivalence relation, 37
is least reflexive relation, 37
is preserved by functions, 37
), see loop space
)", see iterated loop space
R°P, 90
opposite relation, 90
order relation, 38

pair-eq, 43
is an equivalence, 43
pairing function, 21
partially ordered set, see pset89
pasting property
for pushouts, 142
of pullbacks, 129
path, 25
path constructor, 99
path induction, 25
path-ind, 25
path-split, 61
is a proposition, 84
path-split(f), 61
pattern matching, 17
I1-type, see dependent function type
pointed equivalence, 90
pointed map, 35
pointed type, 35
poset, 89
closed under exponentials, 89
is a category, 97
IN with divisibility, 89
N with <, 89
type of subtypes, 89
pri, 22
of contractible family is an equivalence,
53
pro, 22
pre-category, 96
identity morphism, 96
morphisms, 96
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objects, 96
of groups, 97
of semi-groups, 97
of sets, 97
preorder, 97
Rezk complete, 97
pre-image, see fiber
precomposition map, 82
predy, 23
predecessor function, 23
preorder, 97
product of types, 22
program, 7
projection map
second projection, 22
projection maps
first projection, 22
proof by contradiction, 19
proof of negation, 19
Prop, 62
is a poset, 89
is a set, 88
property, 63
proposition, 62-63
closed under equivalences, 63
is locally small, 209
propositional extensionality, 88, 89
propositions as types
conjunction, 22
pt,, 18
pullback
3-for-2 property, 120
cartesian products of pullbacks, 134
gap map, 123
I1-type of pullbacks, 135
Z-type of pullbacks, 151
pullback square, 119

characterized by families of equivalences,

127
universal property, 134
pushout
pasting property, 142
pushout square, 137
pushout-product, 172

refl, 25
reflexive

poset, 89
reflexive relation, 37

INDEX

relation, 135
anti-reflexive, 38
functional, 90
opposite relation, 90
order, 38
reflexive, 37
retr(f), 41
retract
identity type, 45
of a type, 41
retraction, 41
reverse-list, 24
Rezk-complete, 97
right-inv, 28
right-unit, 28
right unit law, see unit laws
rules
for booleans, 23
for cartesian product, 23
for coproduct, 23
for dependent function types
B-rule, 9
change of bound variable, 8
congruence, 8
n-rule, 9
evaluation, 9
formation, 8
A-abstraction, 8
A-congruence, 8
for dependent pair type, 23
for empty type, 23
for function types, 9
for N
computation rules, 15
formation, 13
induction principle, 14
introduction rules, 14
for type dependency
change of variables, 5
interchange, 6
rules for judgmental equality, 3—4
rules for substitution, 4
rules for weakening, 4-5
term conversion, 6
variable conversion, 3
variable rule, 5
for unit type, 23
identity type, 25-26
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S, 99, see circle
sec(f), 41
second projection map, 22
section
of a map, 41
section of a family, 3
Semi-Group, 91
identity type, 95
is a 1-type, 95
is a category, 97
semi-group, 91
has inverses, 92
homomorphism, 93
is a pre-category, 97
unital, 91
semi-ring laws
for N, 30
set, 32, 64-65
isomorphism, 86
set-level structure, 91
sets
form a category, 97
Y-type, see dependent pair type
as pullback of universal family, 205
associativity of, 45
universal property, 81
sing-comp, 47
sing-ind, 47
singleton induction, 47
iff contractible, 48
small type, 33
Sn, 93
S”, 140
span, 135
strongly cartesian cube, 151
structure identity principle, 91
subset, 63
substitution, 4
as pullback, 126
subtype, 63
poset, 89
subuniverse
closed under equivalences, 91
succyy, 14
is an embedding, 67
succy, 21
is an equivalence, 45
successor function
on N, 14
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onZ,?21
is an equivalence, 45

sum-list, 24
suspension, 139

as cofiber, 143
swap function, 12

is an equivalence, 41
symmetric groups, 93

T, see universal family
term, 2
closed term, 2
indexed, 3
term conversion rule, 6
tots(g), 56
tot(f), 54
fiber, 54
of family of equivalences is an equiva-
lence, 55
tower of identity types, 28
trg, 29
is a family of equivalences, 44
transitive
poset, 89
transport, 29
trivial family, 5
truncated
map
by truncatedness of diagonal, 133
pullbacks of truncated maps, 128
truncated family of types, 66
truncated map, 65
truncated type, 62-68
closed under embeddings, 65
closed under equivalences, 65
closed under exponentials, 79
closed under I, 78
universe of k-types, 90
truncation level, 62—-68
truth tables, 19
Twin Prime Conjecture, 30
type, 1
closed type, 2
indexed, 3
type family, 3
type theoretic choice, 79

U=k 90
U,V, W, see universe
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uniform family, 6
uniform term, 7
uniquely uniqueness
of pullbacks, 121
unit
of a unital semi-group, 91
unit law operations
for identifications, 28
unit laws
coproduct, 44
dependent function composition, 12
for a unital semi-group, 91
for addition on IN, 30
for addition on Z, 45
for function composition, 11
for multiplication on IN, 30
unit type, 18
computation rules, 18
induction principle, 18
indq, 18
is a closed type, 18
is contractible, 47
rules, 23
singleton induction, 47
*, 18
universal property, 85
unital semi-group, 91
has inverses, 92
univalence axiom, 87, 91
families over S!, 107
implies function extensionality, 88
univalent universe, 87
universal family, 31-38
universal property
cartesian product, 81
coproduct, 84
empty type, 84
identity type, 81
of propositional truncation, 187
of pullbacks, 119
of pullbacks (characterization), 120
of pushouts, 137, 141
of suspensions, 140
of the circle, 100
of the image, 184
2-types, 81
unit type, 85
universe, 31-38
enough universes, 33-35

INDEX

of contractible types, 90
of k-types, 90
of propositions, 90
of sets, 90
small types, 33
Uy, 35,90
identity type, 90

variable, 2
variable conversion rules, 3
variable declaration, 2
variable rule, 5
vertex

of a cone, 118

weak function extensionality, 77, 78, 88
weakening, 2, 4-5
(binary) wedge, 143
(indexed) wedge, 143
wedge inclusion, 172
well-formed term, 2
well-formed type, 1
whiskering operations
of homotopies, 40

Yoneda lemma (type theoretical), 81

Z, see integers
fundamental cover of S!, 108
is a group, 93
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