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Part I, Lecture 1 addendum Ulrik Buchholtz

Hurewicz fibrations

As I mentioned yesterday, it’s sometimes useful to think of families of types as akin to Hurewicz
fibrations. Here’s the definition:

A continuous map p : E → B of topological spaces is a Hurewicz fibration if for every space X,
any homotopy F : X × I → B, and continuous map f : X → E, such that p ◦ f = F ◦ σ0, there is a
homotopy F̃ : X × I → E such that f = F̃ ◦ σ0 and F = p ◦ F̃ :
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Here, I = [0, 1] is the topological interval, and σ0 : X → X × I sends x to (x, 0).
This property is called the homotopy lifting property and is equivalently expressed as saying that p

has the right lifting property with respect to all maps of the form σ0.
Optional(!) exercise: Show that every covering map is a Hurewicz fibration.

Some notes on judgments

For more discussions on judgments, derivations, etc., I’ll refer you to works by Per Martin-Löf [3–5],
Bob Harper [2, Ch. 1–3], and Granström [1] (who was a student of Per Martin-Löf).

In the next 2–4 weeks we’re defining a particular formal system in the manner of Per Martin-Löf
(many variations are possible). It’s a kind of definition that is unfamiliar, so at the same time we’re
discussing how to think about it, as well as how to prove something about it (e.g., give example
derivations and indicate how to model parts of it).

The formal system is a model of informal mathematics: the atomic judgments say that we can
construct a certain type or a certain element of a type (and we can judge some types or elements to
be (judgmentally) equal).

Some notes on judgmental equality

One way of thinking about judgmental equality vs identifications is via Frege’s distinction between
Sinn and Bedeutung (1892). These are translated into English as sense and reference, or mode of
presentation and denotation. The classical example is

the morning star = the evening star,

where the identification is non-trivial because the two sides have different senses/give different modes
of presentation.

In term of groupoids, consider the (set-presented) groupoid X with objects {1, 2} and identifications
X(1, 1) = X(1, 2) = X(2, 1) = X(2, 2) = {?}. Here, 1 and 2 have different senses, but the same
reference. And this is reflected in the fact that X is equivalent to the trivial groupoid with one object
T . (So indeed X and T , as groupoids, themselves have different senses, but the same reference!)

For another example, the propositions “2 + 2 = 4” and “for any integer n > 2, there are no
non-trivial integral solutions to an+ bn = cn” have very different senses, but the same reference: truth.
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